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PREFACE 


The present textbook is an expansion and revision of an experi¬ 
mental text with the same title, lithoprinted in 1948. The latter, 
in turn, was an outgrowth of mimeographed material prepared by the 
writer for use in an elementary course at Hofstra College, entitled 
Foundations of Mathematical Thought. 

The chief aim of the text is to provide a unified and substantial 
approach to the logical structure of mathematics, and to develop a 
corresponding philosophical point of view toward mathematical 
knowledge. This is carried out by emphasis both on postulational 
foundations and on the process of logical reasoning itself, together 
with applications to science and other fields of thought. 

However, the text is not intended to supply a technical treatment 
either of logic or of the foundations of mathematics. The presenta¬ 
tion is introductory and somewhat exploratory in nature. 

The text is organized in two parts. Part I is devoted primarily to 
philosophical aspects, historical background, elementary symbolic 
logic, and connections with scientific method. 

Part II is largely concerned with modern postulational (or “axio¬ 
matic”) methods, abstract postulational systems (including a finite 
geometry and various important algebraic systems), foundations of 

standard branches of mathematics, and some modern foundational 
points of view. 

As preparation for the text it seems essential that students should 
have had at least plane geometry and intermediate algebra in high 
school. Trigonometry and college or advanced high school algebra 
would be desirable. 

It is believed that by a suitable choice of chapters, or sections 

within chapters, the text can be adapted to various types of courses 

with different levels of difficulty — such as general education courses 

background courses for prospective teachers of secondary mathe^ 

matics, and introductory foundational courses for specialists in pure 
mathematics. 

Three chapter* (Chapters 4, 9, and 10) have been added since the 
lithoprinted edition, and are definitely more advanced than the others 
Chapter 4 includes propositional functions and leads into the logic 
of classes; Chapters 9 and 10 include groups, rings, Boolean algebras 
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relations, and lattices. These chapters are marked by asterisks 
to indicate that they may be omitted without damage to the con¬ 
tinuity; they are hardly intended for elementary courses. 

Sample outlines for varied courses, based on the text, are suggested 

on page xviii. _ 


There are manj r persons who have contributed, knowingly or 
unknowingly, to the completion ol this book. I shall mention a few 
of them here. 

First, I wish to thank Professor L. F. Ollmann, Chairman of the 
Department of Mathematics at Hofstra College, for assigning to me 
the elementary course which provided the stimulus for this text, and 
for allowing me complete freedom to develop the course in the class¬ 
room as I saw fit. Moreover, through his cooperation, it was possible 
for me to undertake the revision of the lithoprinted text during the 
academic year 1951-52. I am grateful also to those past students of 
mine who served as subjects of experimentation both before and 
after the lithoprinted edition was available. 

For orientation toward the ideas presented in the text 1 owe much 
to two of my former teachers at Harvard University, Professors 
E. V. Huntington and Ralph Beatley, and to such authors as 
C. J. Keyser, John Wesley Young, and E. T. Bell. I believe that I 
should note the less tangible but real assistance I have received from 
exposure to the standards of mathematical exposition upheld by the 
late Professors W. F. Osgood and W. C. Graustein. Also, for stimu¬ 
lating an early interest in mathematics I cite the influence of my 
father, Edward Lincoln Stabler, to whom this work is dedicated. 

For’reading the lithoprinted edition critically and offering helpful 
suggestions for its revision 1 am greatly indebted to the following 
persons: Professor D. R. Davis of New Jersey State Teachers College 
at Montclair; Mr. Frank Hawthorne of Hofstra College; Professors 
R. L. Wilder and M. O. Reade of the University of Michigan. Pro¬ 
fessor Reade also commented on the revised and expanded manu¬ 
script For special advice concerning Chapters 3 and 4, I am grateful 
to my colleague Mr. W. Lysle Marshall, now of the University of 
Delaware. Naturally, I remain responsible for any errors or defi¬ 


ciencies in the final text. „ 

To the Editorial Department of the Addison-Wesley Press 

particularly Mr. Warren Blaisdell and Mi's. Olga Crawford, I extend 

a special word of thanks. Furthermore, I appreciate the assistance 
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of the following: Miss Rita Vanderhoof for typing the final manu¬ 
script; Mr. Richard Lamm and Mr. Edward Pinkiert for suggestions 
from the student point of view; Mrs. Gladys Meyer Williams for 
aid in typing one of the earliest drafts of the manuscript; Miss 
Wilma Cope and Miss Mary Pawelko for help with proofreading; 
the Hofstra Mimeographing Department for mimeographing prior 
to the experimental edition; Edwards Brothers of Ann Arbor, 
Michigan, for lithoprinting the experimental edition. 

For their kind permission to quote from copyrighted material I 
wish to thank the following: Professors Albert Einstein and Leopold 
Infeld for use of passages from their book, The Evolution of Physics, 
published by Simon and Schuster; The Macmillan Company 
for use of two problems taken from A Primer of Formal Logic by 
J. C. Cooley; Scripta Mathematica for use of a passage from Thinking 
about Thinking by C. J. Keyser; and the Yale University Press for 
use of a passage by Henry Margenau from The Development of the 
Sciences, edited by L. L. Woodruff. 

Finally, I am obligated to my wife for invaluable aid at all stages 

of the text. She prepared the photographic copy for the lithoprinted 

edition and has served continually as typist, critic, proofreader and 
adviser. 


Hempstead, New York 
October 1952 


E. R. S. 
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INTRODUCTION 


The purpose of this text is not to give training in standard mathe¬ 
matical techniques or to develop proficiency in the use of mathematics 
as a tool for the solution of applied problems, but rather to present 
introductory material for the dual study of the role of thought in 
mathematics and the role of mathematics in thought. Such a study 
should be significant for both mathematical specialists and non¬ 
specialists, for both prospective scientists and philosophers. 

More specifically the aims of the text are: first, to stimulate the 
reader to expand his own philosophical point of view toward mathe¬ 
matics, especially its foundations and applications and to a certain 
extent its historical development: second, to consider the place of 
logical reasoning and the significance of logical structure in both 
mathematical thought and scientific thought; third, to investigate 
modern postulational concepts and methods, and some significant 
postulational systems in modern mathematics, in contrast with class¬ 
ical postulational organization as represented by Euclid; fourth, to 
suggest some applications of the topics studied to other fields of 
intellectual activity ; fifth, to give some introduction to more advanced 
topics in the foundations of mathematics with the hope of encourag¬ 
ing further study and reading in this direction. 

For convenience in grouping topics, the text is divided into two 
parts, of which the second is somewhat more advanced mathema- 


\ M fr aHCal , Th0Ugkt in RcMl,m 10 Lo <> ic ^ Science, 
contains the following chapters devoted to the indicated topics. 

Chapter 1 is a general introduction to the nature of mathematical 
knowledge and truth, based on illustrations including non-Euclidean 
geometries and novel kinds of arithmetic, and in particular showing 
the dependence of mathematical facts on agreements in the form f 
postulates, definitions, and methods of reason” ™ ° f 

Chapter 2 discusses the approximate historical origin of logical 
systems or postulationally organized structures of thought in EucHd’s 
FWte, and after evaluating Euclid by modern standards of rigor 

algebra^ and Its'value fngeneral^' ° rganiZati ° n in arithmetic and 

Chapters 3 and 4 attempt an elementary analysis of the active 
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xvi 

aspect of logical systems, that is, logical reasoning, from the stand¬ 
point of modem symbolic logic, and present examples of how not to 
reason, based on common logical fallacies. 

Chapter 5 considers the application of logical reasoning, and, more 
generally, “reflective thinking,” to scientific method and the formula¬ 
tion of scientific theories, with historical illustrations based on 
Newton and Einstein; it makes a comparison of scientific truth and 
mathematical truth. 

Part II, Some Significant Postulaiional Systems, Concepts, and 
Methods, includes the following chapters, with the specified subject 
matter. 

Chapter 6 develops an important part of elementary algebra as a 
logical system, postulationally organized after the manner of high 
school demonstrative geometry. 

Chapter 7 illustrates the modem trend in postulational organiza¬ 
tion by presenting an abstract geometric system, in the form of a 
finite or miniature geometry. 

Chapter 8 builds on the preceding two chapters to give a more 
detailed discussion of modern postulational concepts and methods. 

Chapter 9 is devoted to a discussion of some postulational systems 
of wide bearing in mathematics and logic — namely, groups, rings, 
and Boolean algebras. 

Chapter 10 is concerned with relations, order systems, and lattices, 
and their connections with previous topics. 

Chapter 11 presents a survey of mathematical foundations, cover¬ 
ing geometry, algebra, natural numbers, and logic, together with 
some modern points of view in the foundations of mathematics. 

The learning methods of the text are dictated by the program out¬ 
lined. Exercises are included which put emphasis on illustration of 
new ideas, analysis of reasoning processes, formulation of proofs, 
and development of points of view. Some of the exercises are essen¬ 
tially discussion questions; others are more nearly reading assign¬ 
ments. However, for simplicity, they are all designated merely as 
“exercises.” 

The following books are recommended for supplementary reading 
and reference: 

M. Richardson, Fundamentals of Mathematics, Macmillan, 1941. 

Cooley, Gans, Kline, and Wahlert, Introduction to Mathematics, 
Houghton Mifflin, Second Edition, 1949 (first edition, 1937). 
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They will be referred to respectively as “Richardson” and “Cooley, 
Gans.” Both of these books have an aim similar to ours but their 
approach is different. Both books also contain surveys of certain 
topics found in standard textbooks on college algebra, analytic 
geometry, and calculus. The present text, however, concentrates 
on subject matter which is useful for our purpose and which is less 
readily available in a unified treatment elsewhere. Other valuable 
books, in addition to the two ment ioned, are referred to as the occasion 
arises. 

A bibliography is included which lists all books and articles referred 
to in the text and some selected additional references. 


SUGGESTED OUTLINES 

The following lists are purely suggestive of the possibilities for 
classwork in different types of courses. The designations “brief” 
and “normal” refer to courses meeting two and three hours a week 
respectively. It is assumed that in most courses considerable time 
will be desired for class discussion. (In some cases additional chapters 
or sections might be assigned entirely for outside reading.) 

One-semester general education course (brief): Chapters 1, 2, 3, 5 

One-semester course for prospective teachers of secondary mathe¬ 
matics (normal): Chapters 1, 2, 3, 5, 6, 7, part of 8 

One-semester course for specialists in pure mathematics (normal): 
Chapters 1, 2, 3, 6, 7, 8, part of 11 

Two-semester general education course (brief): Chapters 1, 2, 3, 5, 
6 , 7, part of 8, part of 11 

Two-semester course for specialists in pure mathematics (normal): 
All chapters 
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PART I 


MATHEMATICAL THOUGHT 
IN RELATION TO LOGIC 

AND SCIENCE 



CHAPTER 1 


THE NATURE OF MATHEMATICAL KNOWLEDGE 

1-1 Introduction. The absolute truth viewpoint. We begin our 
discussion with consideration of a popular view concerning the nature 
of mathematical facts. It is commonly maintained that mathe¬ 
matics is the only science in which the results are absolutely true and 
unchangeable, and in which all the answers can be completely deter¬ 
mined. Thus, if a person wishes to emphasize that he knows a 
given fact to be definitely the case, he may say that he is just as sure 
of the fact, in question as he is that 2x2 = 4. This simple state¬ 
ment epitomizes what is considered to be the unqualified truth and 
certainty of all mathematical facts. In this chapter we shall in¬ 
vestigate the degree of justification for this absolute truth point 

of view, with the aid of illustrations drawn from various mathematical 
sources. 

On close reflection, just what is meant by claiming that it is an 
a solute f act that 2 X 2 = 4? Does this statement express some- 

it islnc w ‘t , n ? tm ' e ° f the ,eaI " orld ’ 80 fundamental that 
t is incapable of logical proof? Or is it a fact which can be proved 

geom a e L’ y inTh fi d t Similar n° ^ in provin § ‘>*°rems of 

geometry. In the first case, the statement is actually taken as an 

be Pr inihr UmP H° n ’ regardless of h0 ' v fundamental it is held to 
be. In the second case, it must be recognized that a logical proof 

, al ! y lnd td'vays falls back on previously accepted statements 
«hich themselves either are proved from other statements or else 
are assumed to be correct. Some of the statements in question will 

necessarily involve definitions or agreements as to the meaning of 

the symbols used. Whichever point of view we adopt toward 

a fact capable onogLIproof-we^thaf" PrinCiple ° r as 

tion itself, or else that it nhto- a u A 1 1 ther an assump- 

from other assumptions and agreements. 6 ““ ° f ’° giCal reasoni ng 

Exercises 

1. Attempt to formulate a proof that 2X2 = 4 mi, 
proof with the somewhat informal proof proposed below C ° mPare y ° Ur 
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Proposed, proof: We presuppose knowledge of the natural numbers (posi¬ 
tive integers) used in counting, 1, 2, 3, 4, ... . In this list of integers each 
integer is to be defined as equal to its predecessor “plus” 1. Thus 2=1 + 1, 

3 = 2 + 1, 4 = 3+1, etc. It is possible to give a general definition for 
adding any two natural numbers. Also, it is possible to arrive at a general 
principle of combining or grouping in adding three natural numbers a, b, c, 
to the effect that 

(a + b) + c = a + (b + c). 

Next, it is possible to define multiplication with natural numbers in such 
a way as to fall back on addition. In particular, we agree that 

a • 1 = a, a(b + 1 ) = ab + a. 

Thus to obtain 2 • 2 we start with 2-1 = 2. Then by definition of 2 as 
1 + 1, we have 

2 • 2 = 2(1 + 1 ) 

= 2 ( 1 ) + 2 
= 2 + 2. 

Our problem is thus reduced to adding 2 and 2. We now use the definition 
of 2 again, together with the grouping principle for the three numbers a, b, c 
mentioned above, obtaining 

2 + 2 = 2 + (1 + 1 ) 

= (2 + 1) + 1 

= 3 + 1 = 4 by definition of the numbers 3 and 4. 
This completes our proof. 

2. In the proof given above that 2-2 = 4, identify the steps which made 
use of definitions and those which made use of assumptions (or principles 
not specifically proved here). 

3. Could you conceive of any situation where it would be correct to write 
2X2 = 0 or 2X2 = 11? (More light will be thrown on this later in the 

chapter.) 

4. Is it true that 2 and 2, and 0 and 0, are the only pairs of numbers (equal 
or unequal) which give the same result when added as when multiplied? 
(Let x and y designate such a pair of numbers. Then we want x : + y = xy. 
Solve for y in terms of x. Is there any value which cannot be assigned to x ?) 

5. Is it possible to have two unequal numbers which are the squares of 
each other? (Here we allow use of complex numbers. Let x and y be the 
required numbers. Then we want both y = x 2 and x = y 2 . Thus x = x\ 
x* — x = 0, x(x 3 — 1) = 0, etc.) 

1-2 An addition table for days of the week. As an illustration 
of the need for revision of the popular attitude toward arithmetic, 
let us consider a new type of addition table in which the results 
will look somewhat different from usual. 
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This new table will be based on days of the week. It will show 
what day of the week we arrive at by counting forward a certain 
number of days from a given day of the week. First we number the 
days of the week in the obvious way, beginning with 1 for Sunday 
and ending with 7 for Saturday. If we wish to know which day of 
the week is 5 days after Wednesday (day number 4), we think 


and since 


4 + 5 = 9, 
9 = 7 + 2, 


we see that the day obtained is two days after Saturday, that is, it 
is day number 2, or Monday. The result may be summarized by 
writing 

4 + 5 = 2 (instead of 9). 

To avoid offending our sense of propriety we may think of the 4, 5, 2, 
and + in this statement as mere symbols having the meaning already 
indicated. Similarly, to show that 4 days after Friday is Tuesday 
we can write 

6 + 4 = 3 (instead of 10). 

The essential point is that we are not interested in numerical results 

greater than 7. Hence, we always cut down our answer by 7 (or a 

multiple of 7) until it is less than or at most equal to 7. Thus we 
would write 


7 + 7 = 7. 


If we want to count forward 24 days from Thursday we think of 
24 days as (21 + 3) days and write 


5 + 3=1, 

neglecting the 21 days (or three full weeks), 
result. Of course we might have written 


giving Sunday as the 


o T = 




cutting down our answer by 28, but it seems simpler to neglect in 
being n added. ^ mU ' tiple ° f 7 C ° ntained in the number <* days 

J+ ie '7 f these considerations, our addition table for days of the 

The . Z \ t0 the use of from 1 to 7 inclusive 

The table !s to be read from left to right as shown by the underscored 
entries corresponding to the s um 


5 + 4 = 2. 
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We look for 5 in the column to the left of the vertical line and 4 in 
the row above the horizontal line. Opposite the 5 and below the 4 
we find the “sum” 2. 


+ 


1 

2 

3 

4 


1 


2 

3 

4 

5 


5 

6 
/ 


G 

1 


2 

3 

4 

5 

6 
7 
1 
2 


3 

4 

5 
0 
7 
1 
2 
3 


i 

5 

6 

*** 

1 

1 

2 

3 

4 


5 6 7 

6 7 1 

7 1 2 

1 2 3 

2 3 4 

3 4 5 

4 5 6 

5 6 7 


Let us comment on certain contrasts between this table and the 
tables of ordinary arithmetic, aside from the obvious differences in 
some of the addition combinations. 

In the first place, we use in the main body of the table no symbols 
except those contained in the vertical and horizontal margins. In 
technical language we say that the table is a closed system, meaning 
that every sum indicated by the table is one of the original symbols 
1, 2, , 7 contained in the border of the table. Other symbols 

such as 8, 9, 10, ... , 14 are outsiders, so to speak. The system is 
“closed” in the sense that no outsiders are permitted to enter. This 
very simple concept of a closed system is an extremely important 
one, both in the foundations of mathematics and in numerous 
branches of mathematics. 

In the second place, the symbol “7” has the property that when 
added to any of the other symbols the result is that other symbol. 
Thus, if a is any symbol chosen from the given list of symbols (1, . . . , 
7), then we have a + 7 = a (or 7 + a = a). In ordinary arithmetic 
the number which has the same property as our symbol “7” is the 
number zero (0). From this standpoint, “7” can be designated as 

the zero-symbol or zero-element of the system. 

In the third place, for each symbol in the table there is a unique 
corresponding symbol which, when added to the first, yields the 
zero-symbol. Although no negative signs are used, we notice that 
this property is similar to the property connecting any number with 
its negative in ordinary computation with positive and negative 
numbers. Let us call symbols in the table “opposite” if when 
added together their sum is the zero-symbol, 7. To “subtract one 
symbol in the table from another, it will appear (from Exercises 2 
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and 3 below) that all we have to do is add the opposite symbol — 
just as in ordinary algebra we subtract a number by adding its 
negative. 

Exercises 


1. Use the table above to find the day of the week which is (a) 5 days 
after Wednesday, (b) 16 days after Saturday, (c) 87 days after Tuesday, 
(d) 173 days after Thursday. 

2. Use the table to solve the equations (a) x -f 5 = 3, (b) 4 + x = 1, 
and interpret as problems involving days of the week. 

3. If a and b stand for arbitrary symbols in the table, let us define a — b 
to mean the solution of the equation x -f 6 = a. Let b = “opposite” of 6. 
Explain why a — b = a -f 6. 

4. Construct a table for addition of clock hours, using symbols from 1 to 

12 . 

5. Use the table of Exercise 4 to answer the following questions: (a) What 
time of day will it be 41 hours after 11 a.m.? (b) What time of day will it be 
79 hours after 8 p.m.? (c) What isthe “zero-element” of the system? (d) What 
is the “opposite” of 9 in this system? Of 5? Of 12? 

6. Suppose the calendar were so constructed that every month had 30 
days. Then a uniform system could be used for adding days of the month. 
Fill out the following table to cover the situation in this case: 



7. In trigonometry, angles are equivalent (not strictly equal), as far as 

their trigonometric functions are concerned, when they differ by a multiple 

of 360° or 2 tt radians. Construct a table for adding the following angles 

(m radians) in such a way that all the sums are recorded as less than 2 tt 
U, 7T/2, 7T, 37T/2. 


1-3 Modulo arithmetic. The closed tables of the preceding sec¬ 
tion illustrate what may be referred to as “modulo arithmetic.” 
lhe table for addition of days of the week, and the table for addition 
ot clock hours mentioned in Exercise 4, are essentially tables for addi- 
tion modulo 7” and “modulo 12,” respectively. When we add 
modulo 7 we record only remainders above a multiple of 7 so that 
a modulo 7 addition table would be obtained from our table for days 
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of the week by changing every 7 to 0. This would be appropriate 
from another point of view also, as we have seen that the symbol 7 
acts in the table like the ordinary number 0. 

The simplest possible example of modulo arithmetic is the system 
of odd and even integers. Remembering that an even integer is one 
which is a multiple of 2 and an odd integer is one which is not, it is 
easy to fill out the following tables showing the results of adding and 
multiplying with odd and even integers: 


+ 

even 

odd 

X 

even 

odd 

even 

even 

odd 

even 

even 

even 

odd 

odd 

even 

odd 

even 

odd 


We now replace “even” by “0” and “odd” by “ 1 ” to designate the 
respective remainders of even and odd integers above a multiple of 2. 
We obtain a modulo 2 system indicated by the following tables. 
The modulus of the system is 2. (Note that the word modulus is a 
noun, while modulo is used as if it were an adjective.) 

Modulo 2 tables 


+ 

0 

1 

X 

0 

1 

0 

0 

1 

0 

0 

0 

1 

1 

0 

1 

0 

1 


As further illustrations let us construct tables for addition and multi¬ 
plication modulo 3 and modulo 4. In accordance with the above 
statements, the tables are constructed by recording only remainders 
above multiples of 3 or 4, as the case may be. 

Modulo 3 tables 


+ 

0 

1 

2 

X 

0 

1 

2 

0 

0 

1 

2 

0 

0 

0 

0 

1 

1 

2 

0 

1 

0 

1 

2 

2 

2 

0 

1 

2 

0 

2 

1 


Modulo 4 tables 


+ 

0 

1 

2 

3 

X 

0 

1 

2 

3 

0 

0 

1 

2 

3 

0 

0 

0 

0 

0 

1 

1 

2 

3 

0 

1 

0 

1 

2 

3 

2 

2 

3 

0 

1 

2 

0 

2 

0 

2 

3 

3 

0 

1 

2 

3 

0 

3 

2 

1 
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In each of these systems we note that the symbol 0 behaves most 
of the time like the number 0 in ordinary arithmetic. In each case 
we have a + 0 = 0 + a = a. Also, always 0 • a = a • 0 = 0. In the 
modulo 4 system, however, we have 0 occurring in an unusual way 
as a product, namely 2x2 = 0. The meaning of this statement is 
obvious enough: it simply says that 2 times 2 gives a result that is 0 
more than a multiple of 4. Nevertheless, many persons, seeing this 
statement without the accompanying explanation, would be inclined 
to brand it as absurd, if not malicious! (Compare with Exercise 3 of 
Section 1-1.) 

In ordinary arithmetic or algebra, if we have the product of two 
numbers equal to 0 we know that at least one of these numbers must 
be 0. But in modulo arithmetic we see that it is sometimes possible 
to have two nonzero symbols whose product is the zero symbol. This 
is the case for the pair of equal symbols, 2 and 2 in the modulo 4 
system, or for 5 and 3 in the modulo 15 system. It is convenient to 
have a special name for symbols of this kind, as indicated by the 
following definition: two nonzero symbols (equal or unequal) whose 
product is the zero symbol are called divisors of zero. 

Modulo arithmetic is helpful not only in broadening mathematical 
perspective, but also in the study of modern abstract algebra (which 
turns out to be quite different in point of view from traditional 
algebra). In a somewhat modified form, modulo arithmetic is an 
important part of that branch of higher mathematics dealing with 
integers and known as theory of numbers.* 


In theory of numbers the emphasis is on the concepts of congruence and 
residue classes, rather than on our modulo tables. For example, the num- 

• 25 ^ f ld be “ con g ruent ” modulo 6, meaning that their dif- 

ence is a multiple of 6, or (what amounts to the same thing) that each 

remainder on division by 6. The notation used is 13 ^ 25 

?5 - 1 ( J2 a C °?f Uent 10 25 modul ° 6 ”)- Similarly, 13 - 1 mod 6 and 

belong /L * ^ ers T g ™ enfc J 0 ,®** other modulo 6 are said to 

belong to the same residue class ” modulo 6. Every intecer will hp mn 

SI«sv rf th v nt r re °- 2 ’ 3 ’ 4 ' 5 moduI ° “I 

»od^o 6 aAhbwi and multiplication tables we are in a sense representing all 
tegers or residue classes modulo 6, by the restricted list of symbols 0 

’ f- Thus + we say 2 • 5 = 4 in the modulo 6 multiplication table’ 

anv inw te plet thlS ^ mean that auy mte S er congruent to 2 multiplied by 

c . on , gru( f t 5 yieMs an mteger congruent to 4, all modulo Q 

suit aTlSf t 6 d *JS ked by elementar y algebra. For further details con- 
i any textbook on theory of numbers. 
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In Part II of this text we shall investigate the logical background 
of modulo arithmetic and divisors of zero in a more fundamental way 
than is possible at the present time. Here the important thing is to 
note that there are valid and useful numerical statements, apparently 
differing from those of ordinary arithmetic, yet arrived at by changing 
the meaning of certain symbols and operations in a restrained manner. 
Thus the justification of the absolute truth point of view seems con¬ 
siderably weakened. 

Exercises 

1. Construct tables of addition and multiplication for the modulo 5 sys¬ 
tem. Are there divisors of zero in this system? 

2. Repeat Exercise 1 for the ifiodulo 6 system. 

3. Do the same for the modulo 7 system. 

4. Give an explanation of why some modulo systems have divisors of zero 
and some do not. 

5. In ordinary algebra if we solve the equation x 2 = x, we obtain x 2 — x 
= 0, then x(x — 1) = 0, whence x = 0 or x = 1. Can we arrive at the same 
conclusion (a) in modulo 5 arithmetic, (b) in modulo 6 arithmetic? Why or 
why not? 

1-4 Change of number base. One aspect of ordinary arithmetic 
which is related somewhat to modulo arithmetic is the concept of a 
number base. Our method of symbolizing numbers is known as the 
system of Hindu-Arabic numerals (sometimes just Arabic numerals). 
The essential feature of the system is that of positional notation, in 
which each digit of a number indicates a coefficient of a corresponding 
power of the number base, ten. Hence the number 234 means 

2(10 2 ) + 3(10') +4, 
or 

2(10 2 ) + 3(10') +4(10°), 

since by definition 10° = 1. Thus we count up to the given number 
by tens and powers of ten. (Of course, if we were using modulo 10 
arithmetic we would think of 234 as being reduced to 4, since it is 4 
more than a multiple of 10.) 

Traditionally we count by tens probably because of the number 
of fingers on two hands. But if a human being normally had four 
fingers, or perhaps six, on each hand we might equally reasonably 
count by the numbers which we call eight and twelve, respectively. 

There is historical evidence that certain civilizations made use of 
number bases of twenty and sixty. Evidence of the influence of 
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twelve or sixty as a base in certain common units of measure should 
be easy to cite. Number words in our own and other languages 
give indication of mixed ideas as to desirable bases in the past. (A 
textbook on the history of mathematics can be referred to for more 
detailed information on these points.) 

Regardless of history, we know that if we desire to do so we can 
symbolize numbers by use of the base two, five , seven , twelve, or any 
desired positive integer (other than 1). It is good training in open- 
mindedness in arithmetic to practice working with numbers using 
some of these other bases. It is important to note, however, that 
the numbers and operations remain the same as in ordinary arith¬ 
metic. The only change is in the appearance of numbers when dif¬ 
ferent bases are used. The method of positional notation remains the 
same as in the Hindu-Arabic system. 

I oi example, using base five, the number seventeen would be 
written as “32,” since 

Seventeen = 3(5‘) + 2. 

Note that the only digits used in writing numbers with base five are 
1, 2, 3, 4, 0. As in the ordinary base ten system, we have no single 
digit for the number base. Counting in the base five system would 
be as follows: 

1, 2, 3, 4, 10, 11, 12, 13, 14, 20, 21, 22, 23, 24, 30, 31, 32, 33, 

34, 40, 41, 42, 43, 44, 100, etc. 

As a further illustration, let us change the ordinary number 478 
to base five. First, we must take the highest power of 5 which is 
less than 478, namely, 125 or 5 3 . The number of 125’s contained in 
4/8 is 3, with a remainder of 103. Thus 

478 = 3(5 3 ) + 103. 

Next we ask how many times 25 or 5 2 is contained in 103. This is 
4 with a remainder of 3. 

103 = 4(5 2 ) + 3. 

Finally, 5 1 is contained 0 times in 3 with a remainder of 3 or V*»o\ 
so combining steps we have ^ * * 

478 = 3(5 3 ) + 4(5 2 ) + 0(50 + 3(5°). 

In other words, 478 (base ten) = 3403 (base five) 
or, for short, 


478tcn = 3403five, 
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indicating the base in word form below the given number. As a 
check, simply evaluate again the number 3403 fiV c by powers of 5 
in ordinary arithmetic (as in the second equality above), obtaining, 
in ordinary notation, 

3(125) + 4(25) + 0(5) + 3 = 478**. 


Exercises 


1. Express the following ordinary numbers using base five: 37, 89, 143, 
2398. 

2. Change the following numbers, with indicated number base, back to 
a number with base ten: 27 e i R i.t, 1,001, OlOtwo, 2222 t hrcc, 546023 S evcn, 8012 n ino- 

3. Express the following ordinary numbers using the indicated base: 
43 — base two, 398 — base seven, 161 — base three, 1513 — base six. 

4. Some persons believe that the number twelve would form a more de¬ 
sirable number base than the number ten. With twelve as a base, two addi¬ 
tional symbols are needed, say “t” for ten and “e” for eleven. 

(a) Change to base ten the following numbers written with base twelve: 
2t5e, 309t. 

(b) Change to base twelve the following ordinary numbers: 1136, 7045. 

5. Make up multiplication tables for numbers written with the following 
bases (in each case going up to “10” times “10”): (a) base/ive, (b) base six, 

(c) base seven, (d) base eight. 

6. (a) Illustration. Do the following multiplication problem using base 
seven, then check by doing the same problem with base ten: 


54 


seven X 32 S even 
Base seven 
54 
32 
141 
225 
2421 


39 


ten X 23ten 
Base ten 


39 

23 

117 

78 

897 


Check: 2421 se ven = 2(7 3 ) + 4(7 2 ) + 2(7‘) + 1 

= 686 + 196 + 14 + 1 
= 897ten. 


In the same way do the following problems and check: 

(b) 32nve X 41 nve. (d) 3e X 4t (base twelve). 

(c) 142 s ix X 53aix- (c) 17ei«ht X 23cinht» 

7. Investigate the “Russian peasant method” of multiplication, which 
depends on the indirect use of a binary number base, i.e., base two. (See 
H. T. Davis, College Algebra, Prentice-Hall, 1940, Chapter XIX.) 
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1-5 Euclidean and non-Euclidean geometries. So far we have 
found need for modification of the absolute truth point of view, rely¬ 
ing on illustrations drawn from arithmetic. But this point of view 
really is just about as widespread and traditional in geometry as in 
arithmetic. Thus it is common to cite such geometric propositions 
as the Pythagorean theorem (“in a right triangle the square of the 
hypotenuse equals the sum of the squares of the other two sides”), 
and the theorem concerning the angle sum of a triangle (“the sum 
of the angles of a triangle equals one straight angle, or 180°”), as 
illustrations of the absolute finality of geometric knowledge. 

If someone challenges the absoluteness of these theorems the 
typical reply is that there can be no question about it, because ever 
since the time of Euclid (300 b.c.), or earlier, it has been known that 
these and other geometric statements are actually provable without 
any guesswork. If the challenger then asks on what basis the proofs 
rest, the stock answer is “the proofs depend entirely on logical 
reasoning applied to self-evident truths.” These supposedly self- 
evident truths are the axioms and postulates of geometry. The sup¬ 
posedly complete reliance on logical reasoning is thought to guarantee 

a method of arriving at unquestionably true results from the self- 
evident axioms and postulates. 


The only trouble with this comfortably reassuring position in 
geometry is that it has been very thoroughly exploded by significant 
events in the history of mathematics and science! These significant 
events were principally the following: (1) the rise and mathematical 
evelopment of the non-Euclidean geometries during the 19th cen- 
ury; (2) studies in the postulational and logical foundations of 
geometry in general (with considerable emphasis on Euclidean 
geometry and deficiencies in Euclid’s logical rigor), beginning in the 
a ter part of the 19th and continuing into the 20th century: (3) the 
ormulation of the Einstein theory of relativity during the early part 
ot the 20th century. All of these events will be important for us in 
a number of different connections in this text. Here we wish to 
consider primarily the impact of event number (1) or, let us say, the 

tence of non-Euclidean geometries, on the absolute truth point 
oi view in geometry. * 

m , FlrSt ’ * et us clarif y the terminology. Euclidean geometry of 
(as ref6rS the genera ‘ type ° f geometry first logically organized 

eUnZ^n k° W 7 EuClid ' ™ S is the type studied » the 

dard high school courses in plane and solid geometry. On the 
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other hand, there are two main varieties of non-Euclidean geome¬ 
tries, known respectively as Lobachevskian (or hyperbolic ) geometry, 
and Riemannian (or elliptic ) geometry, after the mathematicians 
Lobachevski and Riemann, credited with founding them.* 

Although these two standard non-Euclidean geometries disagree 
in certain important respects with Euclidean geometry, it should be 
noted that they are not by any means the only systems of geometry 
w r hich differ from Euclid’s system. They are simply the ones which 
are historically significant, and for which the name “non-Euclidean” 
is usually reserved. Furthermore, they are certified by mathemati¬ 
cians to be just as sound logically as Euclidean geometry. 

In order to emphasize the bearing of non-Euclidean geometries on 
the absolute truth point of view, let us consider the familiar Euclidean 
theorem about the angle sum of a triangle, which we have mentioned 
above as a geometric counterpart of “2 X 2 = 4” in arithmetic. The 
Euclidean theorem means that the sum of the angles of a triangle is 
exactly 180°, neither more nor less by one-millionth of a second. No 
question of actual measurement of the angles of a physical triangle, 
drawn on paper or determined by surveyors’ stakes, is involved; we 
know that the theorem refers to theoretical or mathematical triangles. 

We now exhibit for comparison with the Euclidean angle sum 
theorem the corresponding theorems of the Lobachevskian and 
Riemannian geometries: 

Euclidean theorem. The sum of the angles of a triangle is equal 
to 180°. 

Lobachevskian theorem. The sum of the angles of a triangle is less 
than 180°. 

Riemannian theorem. The sum of the angles of a triangle is greater 
than 180°. 

Thus the conflict here among the three geometries is clear-cut.f 


* Lobachevski (1793-1S56) was a Russian geometer who began expound¬ 
ing his system of geometry about 1830. The name of a Hungarian mathe¬ 
matician, Bolyai, is also associated with the Lobachevskian^ 
Riemann (1826-186G) was a German mathematician of wide interests, \\1 
contribution to the other system of non-Euclidean geometiy, dating from his 
doctoral dissertation at Gottingen about 1850, was from the more advanced 

point of view of differential geometry. . „ .. a _. ome _ 

t The degree as a unit of angular measure is the same in all three geome 

tries. In other words, in each theorem we can read one straight ang 
instead of 180°. 
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The question naturally arises as to how equal validity is possible 
for such mutually contradictory statements. To answer this ques¬ 
tion it is desirable to recall, first, the general nature of proofs of 
theorems in geometry and, second, a typical proof used for the Eu¬ 
clidean angle sum theorem. 

It is easy to see that in geometry, or any logically organized branch 
of mathematics, the proof of a specified theorem depends in the last 
analysis on those assumptions (postulates or axioms) and definitions 
used either directly or indirectly (through the intermediary means of 
previous theorems) in the statements making up the proof. 

Next we inquire what the basis of proof is for the Euclidean angle 
sum theorem. The customary procedure in proving this theorem in 
high school plane geometry is to 
draw a construction line (DE) 
through the vertex ( B ) of the tri¬ 
angle, parallel to the base (ylC) (see 
Fig. 1-1). Then the three angles 
of the triangle are shown to be equal 
respectively to the three angles at 
the vertex B on one side of the con¬ 
structed line. Thus the sum of the angles of the triangle must be 
equal to one straight angle. The proof seems innocent enough but 
it cannot be valid in the non-Euclidean geometries. Why not? 

The only possible explanation is that certain fundamental assump¬ 
tions or definitions used in this proof are not valid in non-Euclidean 
geometries. It is not hard to guess that the source of the trouble 
lies m the parallel construction line, or its use for the purpose of 
proving that certain required alternate interior angles are equal. 
The exercise below will be helpful in completing this discussion. 



EXERCISE 


,, s “ h °° geom ® t 7 textbooks usually'include a postulate, often called 

on n , Euc “ ean P arallel postulate,” to the effect that “through a point not 
n a line there is one, and only one, line parallel to the given line.” Both 
parts of this postulate are really used in the proof outlined above for the 
angle sum theorem. Show in detail how each part is involved. (This will 
require mvestigatmg the basis of proof of a “previous theorem” also.) 

1-6 The postulates and other properties of the three geometries 
e are now in a position to give a brief explanation of the reason for 
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conflicting theorems concerning the sum of the angles of a triangle 
in the Euclidean and non-Euclidean plane geometries. Here we 
omit a number of refinements, but shall give a few more details in 
footnotes. 

The explanation is essentially as follows. The crucial postulate 
used in the proof of the Euclidean angle sum theorem — namely, 
the Euclidean parallel postulate — is contradicted by the postulates 
about parallel lines adopted in the non-Euclidean geometries. The 
three postulates in question are listed here in similar form for pur¬ 


poses of comparison (see Fig. 1-2): 

_P_ ? 


£ - £ - £ - 

(a) Euclidean (b) Lobachevskian (c) Riemannian 

(hyperbolic) (elliptic) 

Fig. 1-2 


Euclidean -parallel postulate * Through a point not on a given line 
there is one and only one line parallel to the given line. 

Lobachevskian parallel postulate. f Through a point not on a given 
line there are two lines parallel to the given line. 

Riemannian parallel postulate. Through a point not on a given 
line there is no line parallel to the given line. 

In Lobachevskian (hyperbolic) geometry the other postulates 
remain the same as in the Euclidean case. In Riemannian (elliptic) 
geometry, to avoid contradictions a few additional changes have to 

* This is not the actual statement of Euclid’s own famous “postulate of 
parallels.” The latter involves the concept of a transversal of two lines, and 
paradoxically does not make use of the word “parallel.” Euclid’s postulate 

will be presented and discussed briefly in Sec. 2-4. 

f Referring to Fig. 1-2 (b), we note that if two lines through P are paral el 
to line l, then infinitely many lines through P (such as the dotted lines in the 
figure) will fail to intersect l. The word “ parallel ” in Lobachevskian geome¬ 
try is usually reserved for the bounding lines between those lines through 
which intersect and those which fail to intersect l. The other lines through 
P which fail to intersect l can be defined to be “ultraparallel” to 1. 
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be made in postulates assumed either tacitly or explicitly in Euclidean 
geometry. For example, in piemannian geometry, a straight line is 
assumed to be unbounded but is not assumed infinite in length; two 
straight lines may enclose an area; and there may possibly be more 
than one straight line joining two distinct points. 

Inasmuch as the Euclidean parallel postulate plays such a crucial 
role in the proof of the Euclidean angle sum theorem, it is hardly 
surprising that changes made in this postulate will lead to changes 
in the angle sum theorem. 

Of course, there are certain theorems of Euclidean geometry which 
depend only on postulates common to all three geometries. Accord¬ 
ingly, these theorems will be common to all of the geometries. In 
this category, for example, are the standard theorems on congruent 
triangles, isosceles triangles, and relations of sides opposite unequal 
angles in a triangle (and vice versa). 

There will be a still larger body of theorems which are common to 
Euclidean and Lobachevskian geometry, but which do not all hold 
in Riemannian geometry. These include all of the theorems proved 
in high school plane geometry textbooks prior to the introduction of 
parallel lines. One of these, which does not hold in Riemannian 
geometry, is the theorem stating that the exterior angle of a triangle 
is greater than either opposite interior angle, for the proof of this 
theorem requires a tacit assumption that a straight line is infinite in 
length. Actually, it is provable in Riemannian geometry that all 
straight lines in the plane are closed paths and are of a finite constant 
length. Furthermore, all the perpendiculars to a given straight line 
meet either in a single common point or in two distinct points, de¬ 
pending on the particular subdivision of Riemannian geometry under 

consideration.* 

For a list of characteristic distinguishing properties of the three 
geometries, a table is included at the end of this section. Here 
however, our main object is to emphasize the distinction between the 
geometries as based on the various postulates about parallel lines and 
corresponding theorems about the angle sum of a triangle. 

The object ion which most persons have to the non-Euclidean 


* There are two varieties of Riemannian plane geometry: thev are known 

“ ***** and double elliptic geometry. In the first variety th^rTS 

varip a f nd ^ nly ° D ? St . raight Iine throu gh two distinct points. In the second 
vanety there exist infinitely many straight lines through certain pairs of 
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parallel postulates when they see them for the first time is to the 
effect that they are absurd or impossible, usually meaning contrary 
to common sense. Three considerations seem pertinent in reply to 
this objection. 

(1) History provides many examples of serious mistakes due to 
reliance on common-sense judgments. We need only refer to numer¬ 
ous outdated teachings in astronomy, geography, physics, chemistry, 
medicine, and other sciences. 

(2) Contradiction of common sense is not the same as logical con¬ 
tradiction. A technical device (which will be considered in Section 
11-2) shows that the non-Euclidean geometries are just as free from 
logical contradiction as Euclidean geometry is. The same kind of 
logical reasoning is used in both. Hence, from the standpoint of pure 
mathematics both the Euclidean and non-Euclidean geometries con¬ 
stitute equally sound geometric doctrines (using the word “doctrine” 
in the sense of a theory or logically organized structure of thought). 

(3) Again from the standpoint of pure mathematics, it does not 
help to claim that the non-Euclidean postulates contradict our 
physical experience regarding parallel lines. Mathematically, par¬ 
allel lines, like triangles, circles, and all other geometric concepts, are 
idealized abstractions which cannot actually be identified with their 
physical counterparts, such as pencil marks on paper, chalk marks 
on blackboard, surveyors’ “lines of sight,” or astronomers’ light rays. 
Hence parallel lines cannot strictly be subjected to experimental ob¬ 
servations by the use of drawing or surveying instruments. In any 
case, there is no logical compulsion to be guided by experimental 
evidence in constructing a pure geometry (although this may often 


be desirable). 

The following is a popularized version of the device mentioned in 
item (2) above, for the case of Riemannian plane geometry. Imagine 
a world populated by intelligent beings who are restricted entirely to 
the surface of a large sphere in ordinary three-dimensional Euclidean 
space. They are led to construct a plane geometry to describe their 
space, which seems “flat” to them (just as in the Middle Ages the 
earth was asserted to be flat). “Straight lines” or lines of shortest 
distance are observed by them to exist on their “ plane." These cor¬ 
respond to paths known to observers from the outside as great circles 
on the sphere. (A great circle is the circle in which a plane through 
the center of a sphere cuts the sphere. Familiar examples are the 
meridians and equator of the earth.) But any two great circles on a 
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sphere inteisect (in two points). Furthermore, all great circles are 
unbounded and have a constant finite length. These are the proper¬ 
ties which would be the natural characteristics of “straight lines” 
for our intelligent beings. They would willingly adopt as a postulate 
the common-sense fact that no parallel “lines” exist. And they 
might be expected to prove that the sum of the angles of a triangle 
is greater than 180° — inasmuch as one of their “triangles” seen by 
an outside observer would be a spherical triangle (formed by arcs of 
three great circles), and it is a theorem of solid Euclidean geometry 

that the sum of the angles of a spherical triangle is greater than 
180 . 

The upshot of this illustration is that the type of plane geometry 
constructed by the intelligent beings would be Riemannian (double 
elliptic) plane geometry, which is thus seen to be logically and ab¬ 
stractly analogous to Euclidean geometry on the surface of a sphere. 
Hence any contradiction in Riemannian plane geometry would be 
reflected in a corresponding contradiction in Euclidean spherical 
geometry. This same example will be presented from a more ad¬ 
vanced postulational point of view in Section 11-2.* 

K now we pass from pure mathematics to applied mathematics, 
then the point of view shifts somewhat and we consider the three 

T e T° ! g j e0met,y as possible com Pcting descriptions 
(although admittedly idealized and hence at best approximate de¬ 
scriptions) of the real physical space in which we live. Which one 
of these offers the best description is a problem for the physicist or 

£1?" H t0 deCidC ' At tl,C PreSent Stage of ^velopment of 

no cTeaf a T aStr ° n0m ' C u kn0 "' lpdge ' thU «>«“•««» seems to have 
the ! t ’ CU u ans ' ver - The Problem will be considered again later in 

(see Section 5-6) 6 d ‘ SCUSS re,ati ° n t0 ph >' sical 

non FohT 6 ^ CUri ° US ab ° Ut P0Ssible practical -^Plications of the 
non-Euchdean geometries on a more restricted scale we mention 

srs d r he s ai a r 

— ^ The aut lor of thls study made extensive use of the non 
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• In this list, properties 1, 2, and 3 in each column are to be considered as fundamental postulates, with the exception of the bracketed por¬ 
tions, which are provable. Properties 4 to 10 in each case are theorems, 
t A special property of double elliptic geometry. 
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Euclidean geometries (from the advanced point of view of differential 
geometry) and reached the conclusion that the best geometry to 
describe visual space (i.e., space as psychologically observed by per¬ 
sons with normal vision) is the Lobachevskian, or hyperbolic, 
geometry. 

Even without considering practical applications to visual space or 
physical space, however, the great value of the non-Euclidean geom¬ 
etries in the development of mathematical and physical thought can 
hardly be denied. For they have contributed to a better under¬ 
standing of the postulational method in mathematics and its signifi¬ 
cance for science than would have been possible if mathematicians, 
physicists, and astronomers still felt obliged to accept Euclidean 
geometry as a revelation of ultimate geometric truth. 


exercises 

1* .^ ve exam ples of “outdated teachings” in several of the specific fields 
mentioned above, or in some other science. Try to find cases in which com¬ 
mon sense or intuition has been superseded by less obvious judgments. 

2. In building up a theoretical system of pure geometiy, why is it impossible 
to establish the necessity for any postulate by experimental or observational 
means Consider simple postulates, e.g., “there is one and only one line 
through two distinct points,” as well as the parallel postulate. Also con¬ 
sider such questions as the meaning of a mathematical point, line, or figure. 

, Do you thlnk ifc ' vouId conceivably be possible to give a proof of tlie 
angle sum theorem in Euclidean geometry without use of the Euclidean 
parallel postulate or some equivalent postulate (assuming that all other 
Euclidean postulates are retained)? 

st V n a !‘ thre . e geometries a special quadrilateral can be constructed by 
tart.ng w.th a g. ven base, erecting two segments of equal length perpendicu- 

raull ’ fi a connectm S the end P° ints of the perpendiculars. The 
resulting figure is known as an isosceles bireclangular quadrilateral 

mit amd b ?, sh °' v " (by congruent triangles) that in all three cases the “sum- 

bo on 8 ’ r l '?u Sng “ f ° rmed by tbe upper base and the equal legs will 
e equal. In the Euclidean case, of course, these will be right angles and the 

figum .s a rectangle. What will the angles be (a) in Lobaclfevskkn geo me ^ 
and (b) in Riemannian geometry? geometry 

throo WI “ t f peri, Pental test could you suggest for deciding which of the 

ferr^oncis descriptbn ° f 

P,toiJ nVeSt,Bate the ^tocica* background and development of the non 
Euchdean geometries. (A good reference for this purpose is H E WoRo' 

uchon to Non-Euclidean Geometry, Dryden Press, 1945, Chapter III’ 


20 


THE NATURE OF MATHEMATICAL KNOWLEDGE [CHAP. 1 

See also R. Courant and H. Robbins, What is Mathematics?, Oxford Uni¬ 
versity Press, 1941, pp. 218-220; or Cooley, Gans, second edition, Chapter 
22 .) 

7. Investigate the logical development of the theorems leading up to the 
Lobachevskian angle sum theorem. (See Richardson, Chapter XVI. See 
also the monograph “Non-Euclidean Geometry” by F. S. Woods, in Mono¬ 
graphs on Topics of Modern Mathematics, edited by Jacob W. A. Young, 
Longmans, Green and Co., 1927, pp. 93-147.) 

1-7 Mathematical problems, solved and unsolved. Returning to 
the traditional popular view of the finality of mathematical knowledge 
and of the absoluteness of the results arrived at by mathematicians, 
we note that there is one familiar exception to or qualification of this 
view. It is commonly believed that mathematicians have shown 
themselves to be professionally incompetent and lacking in ingenuity, 
indeed that they have failed completely in connection with the three 
famous construction problems of ancient Greek geometry. 

These problems are (1) trisecting the angle, (2) duplicating the cube, 
and (3) squaring the circle. In their original form, these were all 
proposed as constructions to be performed (as in high school plane 
geometry) with ruler and compasses alone (“ruler” meaning an un¬ 
marked straightedge used solely for the purpose of drawing straight 
lines). 

The trisection problem is practically self-explanatory, namely: 
given an arbitrary angle, to construct an angle equal to one-third of the 
given angle. 

The problem of duplicating the cube is: given a cube, to construct the 
edge of a new cube whose volume will be exactly twice the volume of the 
given cube. 

The problem of squaring the circle is: given a circle, to construct the 
side of a square whose area will be exactly equal to the area of the circle. 

One of the frequent pastimes of amateur mathematicians is to 
produce elaborate constructions for trisecting an angle or squaring 
the circle, under the impression that the problems have not been 
solved. The fact of the matter is, however, that in a very real sense 
mathematicians have solved all three of the famous Greek problems. 

To explain the apparent paradox it is sufficient to note that a con¬ 
struction problem represents a task to be attempted under certain 
specified preliminary conditions, on the tentative assumption that 
the task can be performed under those conditions. In the standard 
cases a construction problem is solved by producing a construction 
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and proving that it is correct, this provides the best possible argu¬ 
ment that the construction can be done as specified. On the other 
hand, in certain situations it may turn out that the assigned task 
cannot be performed under the prescribed conditions. Certainly if 
it can be proved that such is the case, the problem is disposed of and 
can be considered solved, for there is no longer any use in attempting 
to perform the desired constructions. 

It is in this sense that mathematicians have solved, and solved con¬ 
vincingly, the three famous problems. By use of t heory of equations, 
or still higher branches of algebra, together with elementary Euclidean 
geometry and analytic geometry, criteria for ruler-and-compass con¬ 
structability have been derived. These criteria, although they 
depend on more than one branch of mathematics, should carry as 
much weight in truth value as any theorem of Euclidean or non- 
. uchdean geometry. The criteria show that a desired construction 
is possible if and only if the construction, when formulated alge¬ 
braically, leads to a certain special type of equation. It has been 
proved that the constructions of trisecting the angle, duplicating the 
cube, and squaring the circle all fail to produce the required type of 
equation, and thus the constructions are known to be impossible, 
iis negative result is not at all an unusual situation mathematically. 

( r o e ° ne m 't y ob j ect that U is Perfectly possible to trisect an angle 
o 180 or 90 , or 45°, or many other special angles. This is true 

a,:r r ant - F01 . in the problem of trisectin g an angle, as stated 
a xn e, the given angle is arbitrary, meaning of no specified size. Con¬ 
ceivably (although this is far from the case), we might be able to 

. GVery angIe of a w,lole number of degrees from 1° to 180° but 
still this would not prove that an arbitrary angle can be trisected 

gam, it may be asked, how can we account for the numerous 
trisections produced (and sometimes published in newspapers and 

qutTob ama , teurs? The ™ is ‘hat the constructions 

methodrare 7 T f -T ki ' ,(1 ° f Spedal Case ' or fallacious 
S are emplo 3 'ed in the construction or proof. Often a roW 

-ay b e d . iHegitimate manner, such as" with marked potl 
it, or it may be used by sliding instead of just for drawing straight 
mes. Actually there is a well-known method of Archimedes for per- 

a “f e f h,ft , triseCti on usin S a rulel ' in ‘his disallowed way 
Many methods, other than the strict ruler-and-compass procedure 

the d eV ? by ° ther G ‘ eek mat hematicians for performing all of 
the desired constructions. These involved the use either of familiar 
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curves such as the parabola and hyperbola (for duplicating the cube), 
or specially invented curves such as the trisectrix, conchoid, or 
quadratrix (for angle trisection and squaring the circle). Of course, 
all of these devices were failures with reference to the problems as 
originally formulated but nonetheless they contributed to an enrich¬ 
ment of mathematical knowledge. It was not until the latter part 
of the 19th century that all of the problems were settled in the sense 
already described. The culmination came with the valuable proof 
(by the mathematician Lindemann about 1880) that the number 7 r 
is transcendental * and hence cannot satisfy an equation of the type 
required by the constructibility criterion. This showed that the 
proposed construction of squaring the circle is impossible. 

Finally, it should be pointed out that there are numerous, long in¬ 
vestigated, and still open problems in mathematics which are his¬ 
torically famous. Among these are the problem of Fermat’s Last 
Theorem, the four-color map problem, Cantor’s continuum problem, 
and many problems about prime numbers. We shall not discuss these 
here, but suggest them as possibilities for supplementary investiga¬ 
tion. 

That such unsolved problems exist can hardly detract from other 
known mathematical results, and can hardly be considered degrading 
to mathematical knowledge. Indeed, just as in the case of scientific 
research, much mathematical research originates from the stimulus 
of unsolved problems, and advancement of knowledge almost always 
results whether or not success is achieved in solving the specified 
problems. 

One further thing — recent work of a fundamental nature in 
mathematical logic makes it quite conceivable that some of the un¬ 
solved problems might eventually be proved to be unsolvable, or 
“undecidable” in the sense of an indicated impossibility of reaching 
either a positive or negative answer to the problem. But this in 
itself would be a step forward. 

Exercises 

1. Give other examples of negative results (asserting that something is 
impossible): (a) in algebra, (b) in Euclidean geometry, (c) in trigonometry. 

2. Investigate Archimedes’ makeshift trisection. (See one of the follow- 

* A transcendental number is a real number which cannot be the root of 
an algebraic equation with integral coefficients, i.e., an equation of the form 
a 0 x u + aix n ~ l + • • • + a n -ix + a n = 0, where the a’s are integers. 
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mg: D. E. Smith, History of Mathematics, Vol. II, Ginn & Co., 1925, p. 300; 
L. E. Dickson, New First Course in the Theory of Equations, John Wiley 
1939, p. 40.) 

3. Investigate some special curves that have been used for angle trisection, 
etc. (See D. E. Smith, History of Mathematics, Vol. II, pp. 298-316; H. T. 
Davis, College Algebra, Prentice-Hall, 1940.) 

4. Investigate the problem of constructing regular polygons of a given 
number of sides. (See Richardson, Chapter VIII, or Dickson, New First 
Course in Theory of Equations, Chapter XII.) 

5. Investigate some of the genuine unsolved problems in mathematics. 
(See Richardson, Chapter VIII.) 


1-8 Conclusion. The relative nature of mathematical truth. The 

purpose of this chapter lias been to show the need of revision of the 

popular point of view that mathematical knowledge consists of 

absolute facts and unalterable truths, and that mathematicians 
know all the answers.” 

We have seen that such a seemingly absolute fact as 2 X 2 = 4 must 
be considered to be either an unproved assumption, or else a theorem 
depending on other assumptions and definitions. 

We have given illustrations of numerical situations where it is 
natural and useful to employ a type of arithmetic different from the 
usual. This is accomplished by a slight change in the meaning of 
symbols used, as in our examples for adding days of the week and in 
he various systems of modulo arithmetic. Some of the properties of 
ese systems turn out to be significantly different from ordinary 

arithmetic. J 

Differences of a less significant nature, but nevertheless spectacular 
at first sight, were illustrated by considering a change of number base 
irom ten to some other number such as five, eight, or twelve. 

„ , a ' S0 mentioned the existence and good mathematical 

standing of the non-Euclidean geometries. We have compared the 

toth ean o and n ° n - Euclidean geometries, with special attention 
the conflicting theorems about the sum of the angles of a triangle 

L T f 0raetries > and the conflicting postulates about parallel 
nes which are largely responsible for the conflicting theorems. We 

E ™r n that we are no ,on g er entitled to view the theorems of 
fi-uchdean geometry as absolute truths, but rather as statements 

— are tr - and 

In connection with the three famous construction problems of 
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Greek geometry we have found that the popular view is mistaken in 
the opposite direction from usual. The accusation is, ironically, 
that mathematical knowledge is deficient in definiteness here. Ac¬ 
tually we know that the problems have been completely solved, and 
the result can be formulated as a theorem stating the impossibility of 
performing the constructions under the specified conditions. Such a 
theorem has as firm a foundation and proof as any theorem of Eu¬ 
clidean geometry or any rule of arithmetic. 

The whole moral, of course, is that the absolute truth point of 
view must be discarded. The “facts” of any branch of pure mathe¬ 
matics must be recognized as being assumptions (postulates or 
axioms), or definitions, or theorems. The lesson of non-Euclidean 
geometry shows the danger of considering geometric postulates as 
“self-evident truths.” Even in the case of the assumptions that are 
usually labeled as “axioms” in plane geometry and algebra (for 
example, statements about equality and inequality), this is danger¬ 
ous. (In the study of infinite classes and transfinite numbers it turns 
out that certain familiar axioms have to be discarded. See the exer¬ 
cises below, inserted as a postscript to this chapter.) 

The safest view to adopt, subject to elaboration later on in the 
text, is that the assumptions are preliminary statements which form 
a starting point for the logical development of the branch of mathe¬ 
matics in question. Axioms and postulates become more or less 
indistinguishable from this point of view, and mathematicians often 
use the two designations interchangeably. Hereafter we shall tend 
to use the word “postulate” for any officially stated assumption. As 
for the theorems, they should be viewed merely as what they are: 
logical consequences of the postulates and definitions. The most 
that can be claimed is that //the postulates are true and the definitions 
are accepted, and if the methods of reasoning are sound, then the 
theorems are true. In other words, we arrive at a concept of relative 
truth (of theorems in relation to postulates, definitions, and logical 
reasoning) to replace the absolute truth point of view. 

Exercises 

A basic concept in many branches of mathematics (from the elementary 
school to the graduate school level) is that of a set, or class, or collection of 
objects. The objects may be as tangible as chairs or pieces of chalk, or as 
abstract as idealized mathematical points or complicated types of numbers. 
The individual objects are known as members, or elements, of the set. A set 
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is finite if its members can be counted completely in such a way that the 

counting process terminates. If this cannot be done, the set is infinite. 

A terminated counting process is essentially the process of pairing the 

elements of a given set with a subset of the natural numbers, taken in order, 

starting with 1 and ending with a definite natural number (e.g., 17, 1003, 

10,000,000). The pairing establishes what is known as a one-to-one (1-1) 

correspondence between the elements of the given set and the subset of natural 
numbers. 

On the other hand, it may be possible to devise a nonterminated counting 

process for an infinite set in such a way that a complete 1-1 correspondence Ls 

established between elements of the given set and the set of all natural 

numbers (positive integers). In this case we say the given set is denumerably 
infinite. 

For example, imagine the set of all positive integers written on one line 

and the set of their squares written on another line in corresponding posi¬ 
tions : 


(a) 1 2 3 4 5 6 . . . . 

(b) 1 4 9 16 25 36 ... . 


Line (a) provides a systematic way of counting the perfect square integers in 

line (b). This gives a proof that the set of perfect square integers is de¬ 
numerably infinite. 


From another point of view it is reasonable to say that the infinite sets 
represented by lines (a) and (b) have the same number of elements. Para¬ 
doxically, the elements listed in line (a) include all of those in line (b) [the 
perfect squares] and others besides [the nonsquare integers]. Thus we 

have an apparent breakdown of the axiom that the whole is greater than any 
its parts. J 

1. Now show that the following sets are denumerably infinite: (a) the set 
of all even integers, (b) the set of all odd integers. 

2. ( a ) Investigate a proof that the set of all rational numbers is denumer- 
aoiy infinite, (b) Investigate a proof that the set of all real numbers is 

on enumerably infinite. (See Richardson, Chapter XV; or Cooley Gans 
second edition, Chapter 21, or first edition, Chapter XVII.) 


CHAPTER 2 


THE ORIGIN AND INFLUENCE OF LOGICAL SYSTEMS 

2-1 Introduction. The concept arrived at in the preceding chap¬ 
ter, of the relative rather than absolute truth of mathematical 
theorems, is a natural outgrowth of the mathematical plan of logical 
organization on a postulate-definition-theorem basis. The structure 
of thought built up on such a plan may be called a logical system, or 
alternatively a postulational or deductive system, or a deductive theory. 

The present chapter will be concerned with logical systems and 
their use and value both in mathematics and in other departments of 
intellectual activity. We begin with historical background material 
by comparing briefly the contributions of the ancient Egyptian and 
Greek civilizations in mathematics, especially geometry. 

2-2 Egyptian and Greek mathematics. The ancient Egyptians 
apparently had a remarkable practical knowledge of geometry which 
they put to use in building temples and pyramids, and in surveying 
land boundaries. But they seem to have had little feeling for the 
abstract side of geometry. It was here that the Greeks excelled. 
Greek research in geometry, and in mathematics in general, was 
notable for its emphasis on the logical development of pure subject 
matter and on investigations of theoretical problems (such as the 
famous construction problems discussed in Chapter 1), usually with¬ 
out immediate concern for practical applications. No doubt Egyp¬ 
tian geometers would have considered most Greek geometry useless. 
Nevertheless, the verdict of time certainly favors the mathematical 
contributions of the Greeks over those of the Egyptians. 

It is easy to account for this verdict. Is it not largely that the 
Greek mathematicians had a broader concept of what is useful than 
the Egyptians had? The Greeks considered abstract intellectual 
activity to be essentially an end in itself, requiring no further justi¬ 
fication. Thus they were led to develop ideals of logical organiza¬ 
tion, as exemplified by the works of Euclid, Apollonius, and Archi¬ 
medes. These men produced systematic mathematical treatises 
which served as guides for many future generations. Thus many 
years later Newton applied Euclid’s system of geometry in his theory 
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of the universe; and both Kepler and Newton made good use in their 
astronomical research of the abstract principles of conic sections 
logically developed by Appollonius. 

Entirely aside from subject matter, the Greek plan of logical or¬ 
ganization itself turned out to be a contribution of the first magni¬ 
tude. It is this plan which is our primary concern now, and we con¬ 
tinue with a discussion of Euclid as its most influential exponent 
historically. We shall include some criticism of Euclid from the 
standpoint of modern logical rigor. 


2-3 Euclid and the concept of a logical system: definitions. 

Euclid (c. 300 b.c.) was probably the first Greek mathematician to 
set forth a large body of mathematical knowledge in the form of a 
well-developed logical system. His reputation rests largely on his 
treatise, The Elements , which was used for centuries (in many dif¬ 
ferent editions) as the world’s authoritative textbook in theoretical 
geometry. Euclid’s main purpose in the Elements was the system¬ 
atic deduction, by logical proof, of theorems and constructions 
from a small number of stated axioms and postulates and, of course, 
definitions. 


Contrary to popular impression, the Elements is not restricted to 
the field of geometry. It also contains subject matter which would 
be classified today as higher arithmetic or theory of numbers, together 
with a study of what we would call algebraic identities. However, it 
is true that Euclid’s point of view was predominantly geometric, 
and the influence of his sequence of topics in geometry is still ap¬ 
parent in modern textbooks for high school geometry. 

We shall not make an extensive study of Euclid’s Elements , but 
instead shall concentrate on certain characteristics of the treatise 
which will be useful in discussing the concept of a logical system. 

Euclid s Book I starts with a list of technical definitions which are 
to be used later in the axioms, postulates, and theorems. The fol- 
lowing are the first four definitions: 

1. A point is that which has no parts, or which has no magnitude 

2. A line is length without breadth. 

3. The extremities of a line are points. 

4 ' point r s aiSht 11116 ^ that WhiCh Ii6S CVenly between its ext reme 


Do these preliminary definitions of Euclid 
reader the meaning of the words “point,” 


actually serve to tell a 
“line,” “extremities,” 
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“straight line”? If this is so, then the reader must be expected to 
know in the case of the definition of point , the meaning of the follow¬ 
ing other crucial words “that,” “part,” “magnitude.” In the defi¬ 
nition of line, the reader must be expected to understand the words 
“length and breadth,” and in the case of straight line, “lies evenly 
between.” Not only are these other words not defined, but no 
official mention is made of this fact. 

Would it have been possible for Euclid to define explicitly all the 
technical terms which he used? For that matter, would it be possi¬ 
ble to do this in any formal series of definitions? In any such series 
there would have to be a beginning somewhere, a first definition. 
And the other words used in this definition (aside from words used as 
in ordinary language) would have to be considered as undefined, be¬ 
cause it would not be proper to make use of a technical term defined 
in one of the later definitions. 

Nowadays, the need for undefined words in any logical system is as 
well recognized as the need for postulates or unproved propositions, 
and for analogous reasons. Furthermore, it is considered desirable 
to adopt an official list of undefined terms in addition to an official list 
of postulates. Euclid realized the desirability of the latter but 
overlooked the equal desirability of the former. From our stand¬ 
point, this is a defect in his logical organization. 


2-4 Euclid’s postulates, axioms, and propositions. Next we turn 
to Euclid’s postulates and axioms. Different versions of the Elements 
differ as to the listing of the postulates and axioms, but according 
to the outstanding modern authority on Euclid, Sir Thomas L. 
Heath,* there were five axioms and five postulates. The axioms were 
“common notions” (including, for example, “things equal to the 
same thing are equal to each other”), while the postulates veic 

specifically geometric in nature. 

For reference we state Euclid’s five postulates: 

Postulate 1. A straight line may be drawn from any one point 
to any other point. 

Postulate 2. A terminated straight line may be produced to 
any length in a straight line. 

* See The Elements of Euclid (with introduction by Sir Thomas L. Heath), 
Everyman’s Library, E. P. Dutton, 1933. 
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Postulate 3. A circle may be described from any center at any 
distance from that center. 

Postulate 4. All right angles are equal to one another. 

Postulate 5. If a straight line meets two straight lines, so as 
to make the two interior angles on the same side of it taken to¬ 
gether less than two right angles, these straight lines, being con¬ 
tinually produced, shall at length meet on that side on which are 
the angles which are less than two right angles. 

Of these postulates, the fifth, known as Euclid’s “postulate of 
parallels,” is by far the most famous and in itself forms an important 
topic in the historical background of non-Euclidean geometry.* 
This postulate has been both praised for its ingenuity and criticized 
for its lack of “self-evidence” in comparison with the other postulates. 

The fifth postulate is essentially equivalent to one half of what we 
referred to in Section 1-6 as the Euclidean parallel postulate—namely, 
the part which says that there is only one parallel to a given line 
through an outside point. Euclid proved (or thought he proved) 
the existence of one such parallel by making use of a previous theorem 
to the effect that an exterior angle of a triangle is greater than either 
opposite interior angle. But in proving the latter he tacitly assumed 
that a straight line is infinite in length.f Sometimes Postulate 2 is 
claimed to justify this, but such an interpretation seems to add some¬ 
thing new to what Euclid said. In a somewhat similar manner 
Postulate 1 does not convey all that Euclid required — namely, that 
there is one and only one line through two points. Thus we have a 
preliminary indication that Euclid’s postulates were not sufficiently 
precise or complete for his purpose. 

Euclid’s ideal was to deduce all of his propositions from the official 
postulates and axioms without recourse to any unofficial assump¬ 
tions, or appearances of diagrams. This is also the ideal in any 
high school course in demonstrative plane geometry, or in any logical 
system. From this standpoint it is known that there are numerous 

logical defects in the Elements (and likewise in high school plane 
geometry). 

As a more detailed example let us consider Euclid’s Proposition 1 


See, for example, H. E. Wolfe, Introduction 
Dryden Press, 1945, Chapter II. 
t See Wolfe, op. cit., p. 8. 


to Non-Euclidean 


Geometry, 
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of Book I (commonly designated as “Euclid 1.1”), a construction 
problem: “To describe an equilateral triangle on a given finite 
straight line.” The procedure as given in the Everyman’s edition 
of Euclid * is as follows (referring to Fig. 2-1): 



“ Let AB be the given straight 
line: it is required to describe 
an equilateral triangle on AB. 

From the centre A, at the dis¬ 
tance AB, describe the circle 
BCD. [Postulate 3. 

From the centre B, at the dis¬ 
tance BA, describe the circle 
ACE. [Postulate 3. 

From the point C, at which 
lines CA and CB to 
[Postulate 1. 


the circles cut one another, draw the straight 
the points A and B. 


ABC shall be an equilateral triangle. 

Because the point A is the centre of the circle BCD, AC is equal 
to AB. [Definition 15. 


And because the point B is the centre of the circle ACE, BC is 
equal to BA. [Definition 15. 

But it has been shown that CA is equal to AB] therefore CA and 
CB are each of them equal to AB. 

But things which are equal to the same thing are equal to one 
another. L 


Therefore CA is equal to CB. 

Therefore CA, AB, BC are equal to one another. 

Wherefore the triangle ABC is equilateral, [Definition 24. 

and it is described on the given straight line AB. Q.E.F.f” 


The defect in the proof of “Euclid 1.1” (quoted above) occurs in 
connection with the point C, one intersection point of the constructed 
circles. The trouble is, how do we know there is such a point. 


* The Elements of Euclid, op. cit.,p.7. 

f Q.E.F. used at the end of a construction means quod erat faciendum, i.e., 
“which was to be done.” 
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Euclid simply assumes without any proof that the “circles cut one 
another” at C and proceeds to use C in the construction and proof. 
We find nothing in the postulates which justifies this procedure. It 
is insufficient answer to say that the circles have to intersect at some 
point. Granted, it seems obvious enough, but it is equally obvious 
that AC and BC are equal to the same thing (AB ); yet Euclid makes 
specific mention of the pertinent axiom here. A complete logical 
treatment requires that all statements be capable of justification by 
reference to other statements, officially and explicitly formulated, 
and not tacitly or unconsciously assumed. 

The deficiency can be remedied by inclusion of what is known as a 
continuity postulate , a postulate guaranteeing the existence of cer¬ 
tain points under specified conditions. Actually, Euclid’s fifth postu¬ 
late can be interpreted as a kind of continuity postulate, for it asserts 
that two lines intersect in certain circumstances. 

Other examples of logical omissions in Euclid are the following: he 
assumed without proof, or attempt at definition, that a straight line 
has two “sides” (as in “interior angles on the same side of a trans¬ 
versal”), and that a triangle has an “interior” and “exterior.” He 
used the method of superposition (e.g., placing one triangle on another 
triangle) in certain proofs without adequate assumptions to justify 
the method. He neglected to state any postulates concerning such 
important concepts as the order of points in a line, or the concept 
of one point lying between two other points. 

Certainly most modern textbooks in high school plane geometry 
are open to similar criticisms, and often the logical gaps are much 
more noticeable than in Euclid. In particular, the theory of propor¬ 
tion and areas in the modern texts is rarely as complete logically as in 
Euclid’s treatment. 

2-6 Evaluation of Euclid. We now summarize. In the Ele¬ 
ments, Euclid appears to have produced the world’s first treatise 
embodying the idea of a coherent, logical system of thought. The 
Elements has been called by Sir Thomas Heath the “greatest text¬ 
book of elementary mathematics that there has ever been or is likely 
to be.” More than that, it is often classed simply as one of the 
world’s “great books,” omitting the textbook designation. Its 

influence in mathematics, science, education, and philosophy has 
been tremendous. 

Over the course of time, however, certain flaws have become ap- 
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parent in Euclid’s logical system. Among these are the following: 
(1) there is no official list of technical undefined terms; (2) many con¬ 
cepts requiring definition or clarification by proof are overlooked; 
(3) some of the proofs of theorems and constructions make use of 
tacit assumptions not officially formulated as postulates, such as 
assumptions concerning continuity, order and superposition, and the 
infinite length of a straight line. 

The defects noted can hardly detract from the great value of 
Euclid’s pioneering accomplishment. Certainly comparable defects 
could be found in the history of art, literature, music, and philosophy. 

A number of modern mathematicians have attempted to revise the 
Elements in an effort to transform it into what they believe is a com¬ 
pletely rigorous logical system of geometry. One of the most influ¬ 
ential modern treatments was formulated by the late world-famous 
German mathematician, David Hilbert, in the last decade of the 
19th century. Another well-known revision of Euclid’s geometry 
was given early in the present century by the American mathemati¬ 
cian, Oswald Yeblen. Both Hilbert and Veblen gave due attention 
to the listing of undefined terms and the complete statement of the 
postulates needed for proving all theorems. Furthermore, the 
postulates themselves were carefully constructed from the stand- 



methods. (These criteria will be discussed in detail in Part II; see 
Chapter 8. Hilbert’s postulates will be discussed in Chapter 11.) 


Exercises 

1. Find one or more theorems in Euclid, or in a high school plane geometry 
textbook, which resort to subconscious assumptions or appearances of the 
figure in the proof. 

2. Give definitions for the word hypotenuse and as many as possible of the 
geometric words used directly or indirectly in defining this word, going back 
until you reach geometric terms which you think should be left undefined. 

3. Investigate Veblen’s treatment of the foundations of geometry, noting 
undefined terms, postulates, and theorems of a fundamental character. See 
O. Veblen, “The Foundations of Geometry,” in Monographs on Topics of 
Modern Mathematics, edited by Jacob W. A. Young, Longmans, Green, 1927, 

In particular, comparisons with Euclid should be helpful. For example, 
how is Euclid’s equilateral triangle construction validated (cf. Veblen s 
Assumption XIII and Theorem 34)? What does Veblen do about the two 
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sides of a line, and the interior and exterior of a triangle? Does he use the 
method of superposition for congruent triangles? 

2-6 Postulational basis of arithmetic and algebra. Many persons 
have the mistaken but understandable opinion that geometry is the 
only branch of mathematics which is amenable to systematic de¬ 
velopment as a logical system. To counteract this point of view we 
present in this section illustrations of postulational proofs of some 
standard procedures in arithmetic and algebra. No attempt will be 
made at this stage to give any kind of a connected logical treatment 
of these subjects, but a partial program of this nature will play a 
prominent role in Part II (see Chapter (>). 

It is common practice in elementary algebra to lay stress on the 
axioms of equality, such as “if equals are added to equals the results 
are equal,” or “quantities equal to the same quantity are equal to 
each other.” Unfortunately, it is customary to give only scant 
attention to certain assumptions of a more fundamental kind than 
the equality axioms. These other assumptions concern such ap¬ 
parently simple things as order and combining of terms or factors in 
the operations of addition and multiplication. We shall refer to 
five postulates by name. In these postulates a, b, c refer to numbers 
which may or ma} r not be distinct. 

There are two sets of postulates, known as commutative and asso¬ 
ciative postulates, dealing separately, but in a parallel manner, with 
addition and multiplication. Often they are referred to as commuta¬ 
tive and associative laws. This terminology shows the influence of 
the absolute truth point of view, but is acceptable if “law” is inter¬ 
preted as “principle” (see the discussion in Section 5-4). Another 
pair of postulates, concerned with both addition and multiplication, 
are the left and right distributive postulates. We shall see that one of 
the distributive postulates is logically superfluous in that it can be 
deduced from the commutative multiplication postulate combined 
with the other distributive postulate. 

The postulates are as follows: 

1. a + b = b + a (Commutative postulate for addi¬ 

tion.) 

2 ' ab = ba (Commutative postulate for multi¬ 

plication.) 

3. (a + 6) + c = o+(6 + c) (Associative postulate for addition.) 
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4. 

( ab)c = a(bc) 

(Associative postulate for multipli¬ 
cation.) 

5. 

a(b + c) = ab + ac 

(Left distributive postulate.) 

6. 

(a + b)c = ac + be 

(Right distributive postulate.) 


Let us consider the application of these postulates in some of the 
simplest types of arithmetical computation. For this purpose we 
use the following illustrations, which will be somewhat reminiscent 
of the suggested proof in Chapter 1 that 2X2 = 4, and also of our 
work with number bases. (Note, however, that here we are using 
uniformly the base ten.) 

Illustration 1. 12 + 3 = 15. 

Proof. Since 12 means 10 + 2, we write 

12 + 3 = (10 + 2) + 3 by definition, 

= 10 + (2 + 3) by the associative postulate for addition, 
= 10 + 5 

= 15 by definition. 

(This illustrates a convenient method of proof by continued equalities. 
Thus 12 + 3 = each of the indicated expressions on the right, and 
for the indicated reason.) 


Illustration 2. 3 X 12 = 36. 

Proof. 3 X 12 = 3(10 + 2) 

by definition, 


= 3(10)+ 3(2) 

by the left 

distributive 

= 3(10) + 6 
= 36 

postulate, 

by definition. 


Illustration 3. 10 + 20 = 30. 

Proof. 10 + 20 = 1(10) + 2(10) 

by definition, 


= (1 + 2)10 

by the right 

distributive 

= 3(10) 

= 30 

postulate, 

by definition. 



The commutative, associative, and distributive postulates are just 
as important in algebra as in arithmetic. Before illustrating their 
algebraic use we note that by virtue of the associative postulate the 
parentheses used in adding or multiplying three numbers may be 
omitted without ambiguity. Thus we often write 

a + b + c instead of (a + b) + c , 


and, similarly, 
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o + 6 + c + rf instead of [(a + b) + c] + d. 

Furthermore, the left and right distributive postulates lead to the 
following generalized left and right distributive rules: 

a(b + c + d) = ab ac + ad, 

(a + 6 + c)d = ad + bd -f cd, 

and similarly if more than three terms are involved. 

Now consider the following algebraic illustrations of the postulates. 
It should be easy from the illustrations and exercises to get some pre¬ 
liminary idea of the unifying effect of presenting algebra as a logical 
system, instead of as the usual loose collection of rules of procedure. 
Again we mention that the possibilities in this direction will be more 
thoroughly investigated in Chapter 6. 

Illustration 4. Factor ab + ac + ad. 

ab + ac + ad = a(b + c + d) by the generalized left 

distributive rule. 

Illustration 5. Combine 3 xy + 5 xy. 

3 xy + 5xy = (3 + 5 )xy, or 8 xy, by the right distributive 

postulate. 

Illustration 6. Multiply x -f- y by z + w. 

(* + y){z + v>) = (x + y)z + (x + y)w by the left distributive 

postulate, 

= (xz + yz ) + (zu; + yw ) by the right distributive 

postulate, 

= xz + yz + xw + yw by the associative postu¬ 
late for addition. 

Exercises 

1. Give postulational proofs for the following statements: 

(a) 23 + 7 = 30. (d) 12 X 13 = 156. 

(b) 4 X 19 = 76. (e) 6 X 20 = 120. 

(c) 34 + 25 - 59. 

2. Prove the right distributive postulate as a theorem by use of certain 
other postulates. 

3. Prove the formula for (a + 6)*. 

4. Multiply the following, justifj'ing each step by postulates: 

(a) (x -f- 4)(x + 3). (b) (x + a)(x + b ). 

5. Combine like terms, or factor, justifying the steps: 

(a) 7 ab + 3a5 + 5 ab. (c) 4(x + y) + 9(x + y). 

(b) 2 axy -}- 2 ayz -f- 2a zw. (d) ax + by -f- ay -f bx. 
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2-7 The value of postulational organization in pure and applied 
mathematics and in science. We now attempt to reach a general 
estimate of the value of logical systems in both pure and applied 
mathematics, and in the sciences. We shall often refer to the type 
of organization used in logical systems as postulational organization. 
By pure mathematics we have in mind, roughly, mathematics de¬ 
veloped on an abstract, self-contained basis without particular re¬ 
gard to any possible kind of practical applications that may ensue. 
By applied mathematics we mean a body of mathematical subject 
matter which is definitely related to, or suggested by, some tangible situ¬ 
ation— often, though not always, intended for practical use—for exam¬ 
ple, in physics, astronomy, engineering, business, finance, or statistics. 

Before proceeding further it is worth emphasizing that many pure 
mathematical theories developed for their own sake at one period of 
mathematical history have later been found to have significant prac¬ 
tical applications not anticipated at the time of the original abstract 
investigations. For example, the theory of complex numbers and 
functions of complex variables, which originated from the stand¬ 
point of pure mathematics in the 18th and early 19th centuries, is 
today indispensable for electricity, radio, and related fields of physics 
and engineering. Often the very abstractness of a pure mathe¬ 
matical theory is responsible for its wide range of applications. 

On the other hand, there are many cases of useful applications in 
the reverse direction, that is, from the practical to the abstract. 
Thus Archimedes used physical and geometric experiments as a 
basis for contributions in pure geometry. The subject of trigonome¬ 
try was started by two Greek astronomers, Ptolemy and Hipparchus, 
for the purpose of assisting in their computations. Similarly, New¬ 
ton was led to develop fundamental ideas of the calculus in his 
investigations of motion and velocity. These ideas in turn led to 
further theoretical developments, and to applications within both 
mathematics and other fields. Again, in the early 19th century, 
Fourier’s studies concerning heat had useful applications in the pure 
mathematical theory of functions of real variables.* Thus there 
has often been close interaction of pure and applied methematics. 
Whether it is really more important to apply pure mathematics to 
applied or applied to pure might be hard to say. 

Although our illustrations of postulational organization have been 

* See E. T. Bell, The Development of Mathematics , McGraw-Hill, 1940. 
p. 149. 
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limited so far to pure mathematics (e.g., geometry, arithmetic, and 
algebra), it is a fact that this plan of organization is equally impor¬ 
tant in applied mathematics. For example, well-developed logical 
sj'stems are available which describe, on an idealized or hypothetical 
level, our knowledge of heat, light, electricity, stresses in engineering 
structures, and moving bodies. Often we find the words “mathe¬ 
matical theory of” used to designate a logical system in one of these 
applied subjects. The idealized nature of the concepts is indicated 
by such terms as “perfect gas,” “frictionless wheels,” and “motion 
in a vacuum.” 

These applied theories, in spite of their abstract foundation, often 
do a remarkable job of predicting and correlating facts which can be 
verified within satisfactory limits by direct experimental or observa¬ 
tional evidence. More than this, they provide a basis for arriving 
at new knowledge which might not be acquired by purely empirical 
methods. But the question of truth in applied mathematical theories, 
considered independently of observation and experiment , is much the 
same as in pure mathematics. All that is really claimed in either 
case is that if the postulates are true, then the theorems are true. 

We have seen that it is possible to build up conflicting systems, or 
theories, of pure geometry — the Euclidean and non-Euclidean sys¬ 
tems. It was mentioned in Chapter 1 that these geometries can also 
be considered as competing applied mathematical theories of physical 
space. In the same way, conflicting theories are possible in other 
parts of applied mathematics. 

A useful example that will be developed at some length in Chap¬ 
ter 5, in discussing scientific method and knowledge, is the contrast 
between the mathematical theories of the universe proposed respec¬ 
tively by Newton and Einstein. The Newtonian system is based on 
a postulational foundation consisting primarily of Newton’s three 
laws of motion and his law of gravitation, together with Euclidean 
geometry. The Einsteinian system, usually known as the theory 
of relativity, is based on postulates which conflict in all three respects 
--motion, gravitation, and geometry — with Newton’s system. 
Both systems can be developed mathematically as logical systems 
in their own right, and it is the function of the mathematician to 
carry through the development in each case with the utmost atten¬ 
tion to logical rigor. But the choice between the systems on the 
ba^is of their degree of apparent physical truth, their correspondence 
with the external world, must be left to the scientist rather than to 


38 


ORIGIN AND INFLUENCE OF LOGICAL SYSTEMS [CHAP. 2 

the mathematician. (Actually we shall find that the weight of scien¬ 
tific evidence at the present time favors Einstein rather than New¬ 
ton, but nevertheless Newton’s system continues to be used success¬ 
fully for most astronomical purposes.) 

This brings us to the general role of logical systems within the 
area of knowledge and research designated somewhat vaguely as 
“science.” We prefer to consider this area as divided into a number 
of subjects, or sciences, each concerned with some fairly well-delimited 
range of natural phenomena. 

The objective of any one of these sciences is to do more than to 
gather together observational facts or generalizations of facts within 
its range of phenomena. Systematization or logical arrangement of 
such facts and, if possible, causal explanation of them, is always de¬ 
sired. This suggests the need for the same type of logical organization 
as we have found in well-developed branches of pure or applied mathe¬ 
matics. In other words, it is desirable in any science to formulate 
an official list of fundamental concepts and postulates to be used as 
a foundation for building theoretically the concepts and principles of 
the science. The best foundation is one which provides the closest 
correspondence between theoretical predictions and observed facts. 
If there is no choice between two competing systems on this basis, 
that one will probably be preferred which is simpler in its funda¬ 
mental assumptions and logical structure. 

Of course, there are differences in the extent to which the logical 
structure of a science can be considered analogous to the logical 
systems of pure and applied mathematics. In some sciences, the 
plan of organization is more on a systematic descriptive basis than on 
a mathematical or logical basis. Other sciences, such as physics or 
astronomy, are inherently of such a nature that applied mathematical 
theories can be practically incorporated into them, as an integral 
part of the science. There are obvious advantages in being able to 
do this, but certainly the history of science shows that we cannot 
expect finality in knowledge even when this is done. Revision of 
theoretical organization, as well as revision of factual knowledge in 

science, seems always to be taking place. 

In view of the discussion in this chapter and the preceding chapter, 
we now venture the following general summary of the value of the 
postulational organization in any branch of pure or applied mathe¬ 
matics, or in one of the sciences. 

(1) Postulational organization singles out a few fundamental con- 
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cepts and principles which can be considered the key to the logical 
soundness and structure of the whole subject. 

(2) It transforms the subject in question from a loose collection 
of rules or generalizations into a coherent, logically connected body 
of statements which can be used for the purpose of deducing new 
statements, often yielding knowledge which might not be obtained 
by other methods. 

(3) It emphasizes the fact that the truth of certain statements or 
propositions (the theorems) of the subject can be made to follow 
from the truth of certain other propositions (the postulates). 

(4) It makes possible the study and comparison of conflicting 
logical theories developed for the purpose of describing or explaining 
the same natural phenomena. 


Exercises 

1. Estimate the comparative roles of postulational organization and system¬ 
atized description in the following sciences: biology, geology, meteorology, 
astronomy, physics, chemistry. 

2. Investigate whether any of the above sciences are in the process of 
becoming more mathematical and less descriptive. 

3. The British philosopher, Viscount Samuel, has attacked Einstein’s 
theory of relativity because of its extreme mathematical abstraction. At 
a meeting of the British Association for the Advancement of Science on 
August 10, 1951, as reported in The New York Times, he said: “Mathematics 
cannot convey broadcasting waves from Paris to London or light and heat 
from the sun to the earth or let the moon lift the tides of the ocean or keep 
the stars and planets circling eternally. As concepts they cannot provide us 
with a medium capable of producing any sort of phenomena in the world 
of nature.” Give your opinion of Viscount Samuel’s point of view. 

2-8 The value of postulational organization in other fields. Finally, 
let us ask, is there any value in the postulational plan of organization 
in fields that would ordinarily be considered nonmathematical and 
nonscientific? 

The answer is that mathematical and scientific subjects do not 
hold a monopoly on such characteristic features of postulational 
organization as the listing of official assumptions, the formulation of 
technical definitions (based in the last analysis on certain key unde¬ 
fined terms), and the use of logical reasoning to arrive at new propo¬ 
sitions. This plan of organization is useful for systematic develop¬ 
ment of ideas and principles in any field of thought — for example, 
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in economics, law, education, and public policy. Furthermore, the 
relative truth concept is just as pertinent in these fields as in mathe¬ 
matics and science, and often more sadly overlooked. 

One famous historical example of a nonmathematieal logical 
system is found in the field of philosophy. The 17th century philoso¬ 
pher, Spinoza, organized his Ethics in almost strictly Euclidean fash¬ 
ion, complete with definitions, axioms, postulates, propositions (i.e., 
theorems), and corollaries. Unfortunately, Spinoza was under the 
spell of the absolute truth point of view in geometry and seemed to 
feel that his theorems were indubitably proved. He even wrote 
“ Q.E.D.” * after each proof. Other philosophers, of course, have 
disputed him; they have objected both to his assumptions and to his 
reasoning processes. However, Spinoza is generally credited with an 
ambif ious and honest attempt to produce a Euclidean system of ethics. 

Returning now to the contemporary scene, a good illustration of 
the general usefulness of the postulational approach is furnished by 
considering the nature of formal debates. In any debate, whether 
between two teams or two individuals, the opposing sides attempt 
to arrive at opposite conclusions through the use of systematic argu¬ 
mentation. The arguments used must always fall back on certain 
assumed principles or premises. For clarity, it is customary that 
both sides list certain assumptions about which they agree, and it is 
desirable that premises adopted separately by the two sides be 
brought out in the open. The technical words used in the debate 
should be understood, if possible, in the same sense by both sides. 
(Confusion may result if this condition is not met. Or a question 


of definition, e.g., of “democracy,” “justice,” “fascism,” “commu¬ 
nism,” “socialism,” may turn out to be the crux of the argument.) 
That side deserves to win which succeeds in presenting the most 
logically sound and complete case in favor of its conclusion, at the 
same time offering the best refutation of the arguments of the op¬ 


posite side. 

Formal debates do not come to a person’s attention very fre¬ 
quently, but everyone is exposed to numerous arguments and points 
of view, such as those contained in newspaper editorials, magazine 
articles, books, and radio speeches. Furthermore, every individual 
often has to formulate arguments of his own to convince himself or 
others of a desirable opinion or plan of action. A person who is 
thoroughly familiar with the abstract pattern of a logical system 

*~Quod erat demonstrandum, i.e., “which was to be proved.” 
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can be expected to have an advantage in recognizing sound and un¬ 
sound logical positions and in constructing valid systems for himself. 
At the same time he should be more open-minded and tolerant if he 
appreciates the possibility of arriving logically at positions con¬ 
flicting with those he favors. 

It is a peculiarity of attempts to reach conclusions in fields dealing 
with social, ethical, political, or international problems, as con¬ 
trasted with mathematical and scientific subject matter, that so 
much disagreement is both possible and probable in the conclusion. 
Of course, this is to be expected by the relative truth principle when 
conflicting assumptions are adopted in the beginning. But even 
when the explicit postulates are the same, the conclusions reached 
by different persons are often varied. It is not hard to account for 
this, when we consider human nature and all the possibilities for argu¬ 
ments based on concealed or unconscious assumptions involving likes 
and dislikes, emotions, and ingrained prejudices. This may offer at 
least a partial explanation of the oft-mentioned lag of social progress 
behind scientific and technical progress. 

As an aid in doing the exercises below concerning logical, or postu- 
lational, organization in nonmathematical fields, and also as a re¬ 
emphasis of some of the foregoing points, the following quotation 
should be useful. It is taken from a small but eloquent book, Think¬ 
ing About Thinking* by the late Professor C. J. Keyser of Columbia 
University, a well-known mathematical philosopher: 


Go to a great library. There you will find many bundles of 
many kinds; a large bundle of astronomical propositions, a physical 
bundle, various psychological bundles, communistic bundles, 
bundles made by advocates of democracy, economic bundles, 
chemical bundles, ethical bundles . . . and many others. Pick out 
one of them, examine it carefully, and then let me ask you a ques¬ 
tion or two. Are the propositions self-evident? If you have half 
the sense I credit you with, you will say “No.” Have they been 
strictly deduced from a definite body of premises? “I find,” you 
will say, “more or less argumentation but of logical deduction, 
rightly so-called, there is little or none.” Was the author, exposi¬ 
tor or advocate a mystic claiming ability to see the truth directly, 
without mediation of proof? “ I discovered no such claim.” Did 


*. C * -? eyser ’ Thinhin V About Thinking , New York, Scripta Mathe- 
matica, 1942, pp. 86-87. Quoted by permission. 
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he signalize the propositions that he took for granted? “No.” 
Was he aware that he was employing postulates? “Here and 
there he seemed to be somewhat aware of it but in general he was 
not.” If he had discovered his postulates and deduced his propo¬ 
sitions from them, would he then have been entitled to assert that 
the propositions are true? “He would not; he would have been 
merely entitled to say: my propositions are true if my postulates 
are true.” 

Exercises 

(Use the quotation from C. J. Keyser as a guide in making the analyses 
and criticisms below.) 

1. Analyze and criticize from the standpoint of postulational organiza¬ 
tion the following extracts from the Declaration of Independence. (Con¬ 
sider postulates, definitions, undefined terms, and theorems. Also consider 
the argument both from the point of view of the Colonies and of the King’s 
government.) 

“We hold these truths to be self-evident, that all men are created equal, 
that they are endowed by their Creator with certain unalienable Rights, 
that among these are Life, Liberty, and the pursuit of Happiness. That 
to secure these rights, Governments are instituted among Men, deriving 
their just powers from the consent of the governed. That whenever any 
Form of Government becomes destructive of these ends, it is the Right of 
the People to alter or to abolish it . . . When a long train of abuses and 
usurpations . . . evidence a design to reduce them under absolute Despo¬ 
tism, it is their right, it is their duty, to throw off such Government and 
to provide new Guards for their future security. Such has been the 
patient sufferance of these Colonies; and such is now the necessity which 
constrains them to alter their former Systems of Government. The his¬ 
tory of the present King of Great Britain is a history of repeated injuries 
and usurpations all having in direct object the establishment of an absolute 
Tyranny over these States. To prove this, let Facts be submitted to a 
candid world. ...” 

(Then follows a long list of “injuries.”) 

“We, therefore . . . do . . . solemnly publish and declare, That these 
United Colonies are, and of Right ought to be, Free and Independent 

States ...” 

2. Analyze and criticize an argument contained in an editorial, magazine 
article, or speech, from the standpoint of postulational organization. (Sub¬ 
stitute a debate or a legal decision, e.g., of the United States Supreme Court, 

including the arguments of both sides, if you wish.) , 

3. Investigate and criticize the postulational organization of Spinoza s 

Ethics (see the reference to Spinoza’s Philosophy in the Bibliography). 
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ESSENTIALS OF LOGICAL REASONING, I: 

FUNDAMENTAL CONCEPTS, IMPLICATION, RULES OF 

INFERENCE 

3-1 Introduction. The Principia Mathematica of Whitehead and 
Russell. So far our concern has been with the larger organizational 
aspects of logical systems, especially their postulational foundations, 
the relations of postulates to theorems or deduced propositions, and 
the relative nature of the truth of these propositions. A satisfactory 
study of thinking in any field, however, requires a detailed considera¬ 
tion of the reasoning process itself. Accordingly, the present chapter 
and the following one will deal with this process, which is funda¬ 
mental in the construction or critical evaluation of any logical system 
of thought. 

First of all, “logical reasoning,” as we use the term, will be under¬ 
stood roughly to be the process used in deducing new statements 
or propositions from one or more given statements. We shall use 
“logical inference” or “deductive inference” in practically the same 
sense as this. The latter terms are slightly more technical and are 
better adapted to precise definition than “logical reasoning.” (Note 
that we are concerned here with logic in the deductive sense although 
it is possible to study logic in the inductive sense also. In the latter 

sense we often find references to “statistical inference” or “experi¬ 
mental inference.”) 

The following formal definition is paraphrased, not directly quoted 
from a recent textbook on logic:* 

Definition. Whenever one or more statements lead to a new 
statement which must be accepted whenever the original state¬ 
ments are accepted, merely by virtue of the form and not the content 
of the original statements, the process of obtaining the new state¬ 
ment is called logical or deductive inference. 

This definition stresses, through its emphasis on form, the modern 
point of view in logic. Much of contemporary logical research 

J. C. Cooley, A Primer of Formal Logic , Macmillan, 1942. 
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belongs to the field known under the various names of “symbolic 
logic,” “formal logic,” “mathematical logic.” This is the study of 
principles of reasoning, and numerous related topics, by use of a 
highly abstract and elaborate symbolism. “Classical logic” (which 
usually means the study of logic based on the work of the great Greek 
philosopher and logician, Aristotle) is by contrast a more verbal logic. 

We shall follow the modern trend and make use of a certain amount 
of symbolism. One advantage of doing so is that it becomes easy to 
concentrate on the form of propositions without being sidetracked 
by words whose connotations may be misleading or variable. The 
use of symbolism is conducive to an increase in precision of meaning. 
At the same time, symbolism puts emphasis on abstractness and 
generality of treatment, making it convenient to apply the same 
methods of reasoning in numerous fields. For any person with even 
a minimum amount of experience with algebraic symbolism, this 
procedure should make it easier to understand and apply valid 
methods. 

If we were following completely the modern approach to logic, 
we would attempt the ambitious task of developing logic itself as a 
formal logical system. This would mean that we would start with 
a foundation of undefined terms and postulates of logic and proceed 
to deduce theorems which, like theorems in any branch of mathe¬ 
matics, would be subject to the relative truth principle. Postulates 
and theorems would be available for use in a double capacity, that 
is, they would convey substantive information and, at the same time, 
provide official methods of reasoning for use in later proofs. For 
definiteness, certain formal rules of procedure probably would be 
adopted ahead of time; these would be considered outside of the 
system being developed (just as ordinarily the principles of reason¬ 
ing used in proving theorems within a branch of mathematics aie 


considered as outside that system). 

Undoubtedly, the most famous development of logic as a formal 
logical system was carried through in the early part of the present 
century in England by Bertrand Russell and the late A. N. White- 
head in their remarkable three-volume treatise, Principia Mathc- 
matica. This work has become (perhaps paradoxically) almost a 
“classical” work in the field of symbolic logic. Not only does it de¬ 
velop formal logic with great exhaustiveness but it leads directly 
from this into the foundations of pure mathematics. Few mathe¬ 
maticians, however — and certainly not the present writer would 
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claim acquaintance with more than a small portion of Volume I of 
the Principia Mathematical* 

In this chapter and the next, we shall follow essentially the White- 
head-Russell point of view, but from the standpoint of the Principia 
Mathematica our treatment of logic will be very incomplete and in¬ 
formal indeed. Formalization can best be postponed to a more ad¬ 
vanced stage in the study of logic. However, we shall be formal to 
the extent of stating explicitly certain fundamental assumptions and 
rules for deductive reasoning. 


3-2 Propositions, general and particular. We shall be especially 
interested in those statements which can be classified, either actually 
or hypothetically, as “true” or “false” but not both at the same 
time. Such statements we shall refer to as propositions. We leave 
the words “true” and “false” undefined, and agree that their mean¬ 
ing is sufficiently understood from a psychological point of view. It 
is understood that propositions may be investigated, or considered, 
without committing ourselves as to their truth or falsity. 

Most of the propositions which are significant in any chain of 
logical reasoning are composite propositions. That is, they are 
made up of subpropositions with the use of such connective words 
as “if . . . then,” “and,” “or,” “not.” These connectives are dis¬ 
cussed in the next section. 

Some propositions also involve use of such general or indefinite 
words as “all,” “some,” “any,” “every,” and will be referred to as 
general propositions. Propositions which do not involve words of 
this latter kind will be called particular propositions. 

In the present chapter we formulate certain rules and principles 
which hold good for both types of propositions, but we restrict our 
illustrations almost entirely to the case of particular propositions. 
In Chapter 4 we introduce some additional rules and concepts needed 
for an adequate treatment of general propositions. This division 
should emphasize that deductive logic is not adequately described as 
reasoning “from the general to the particular.” 


3-3 Negation; disjunction; conjunction, 
tions. There are certain important types of 
obtained by using the words “not,” “or,” 


Fundamental assump- 

composite propositions, 
“and,” in combination 


* and ?• * usseU ’ Principia. Mathematica , second edition, 

Vol. I, Cambridge University Press, 1925. 
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with simpler component propositions. We proceed to define and illus¬ 
trate these in turn. From now on we shall use such symbols as p, 
q, r to stand for propositions. We shall identify p with “p is true” 
(even if we are only considering p, for it amounts to the same thing 
to consider the claim that l ‘p is true”). 

Definition 1. The negation of a proposition p is the proposition 
not-p, which is understood to be false when p is true, and true when 
p is false. 

“Not-p” vnll be symbolized by the use of a curl (~) as ~p. It may 
be read “p is not the case” or “p is false.” 

As an example, if p stands for “it is raining,” stands for “it 
is not raining,” or “it is false that it is raining.” 

Definition 2. The disjunction of the two propositions p, q is the 
proposition p or q, or either p or q, which is understood to be true 
when at least one of the propositions p, q is true, and otherwise 
false. 

“p or q” will be symbolized by use of a wedge (v) as p V q. 

We see that “or” is used here in a nonexclusive sense; that is, p or 
q will still be true when both of the propositions p, q are true. We 
shall keep to this convention about the nonexclusive use of the word 
“or” — and likewise the pair of words “either ... or” — unless 
otherwise specified. 

If we use p again as “it is raining,” and q as “the sun is shining,” 
then p V q becomes “it is raining or the sun is shining.” By our 
agreement, this is true whenever one or both of the stated things 
are happening, and otherwise false. 

Definition 3. The conjunction of p and q is the proposition p 
and q , or both p and q , which is understood to be true whenever 
both of the propositions p, q are true, and otherwise false. 

“p and q ” will be symbolized by use of a dot (•)> as p • q, or often 
simply pq, as for multiplication in ordinary algebra. 

Using the same illustrations for p and q as above, p • q becomes 

“it is raining and the sun is shining.” 

The symbols introduced for negation, disjunction, and conjunc¬ 
tion can be combined to make many different varieties of composite 
propositions. It will be helpful to think of the wedge (V) or dis¬ 
junction symbol as analogous to a plus sign in ordinary algebra, and 
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the curl (~), or negation sign, as analogous to a minus sign. The 
curl, however, must always be attached to a proposition symbol 
(just as if the notation were p' instead of ~p) and not thought of as 
an operation connecting two propositions. Parentheses and brackets 
for grouping will be used when needed for purposes of clarity, as in 
ordinary algebra. As usual the “multiplication” symbol will take 
precedence over the “addition” symbol. Consider the following 
examples: 

(a) p(q V r): p is true and q or r is true. 

(b) pq V r: p and q is true or r is true. 

(c) p(~q) V {~p)q: p and not-q is the case or not-p and q is the 
case. This is sometimes referred to as the “complete disjunction” 
of p and q, for it says that one and only one of the propositions p, q is 
true. Thus it corresponds to p or q, with “or” used in the exclusive 
sense. 

(d) ~[(~P) V (~^)]: it is false that not-p or not-q is the case. 

In these examples, when we say something “is true” or “is false” 
we are merely translating the composite proposition given in symbolic 
form. Whether or not the claim is correct depends on what particu¬ 
lar propositions p, q , r stand for. 

On the other hand, certain composite propositions can be claimed 
to be always true regardless of their particular components. Propo¬ 
sitions in this category can be called general logical principles. 

The preceding discussion and definitions have involved two general 
logical principles which for definiteness we list as fundamental assump¬ 
tions of our formulation of logic. They correspond respectively to 
two famous “laws” of classical logic, the law of the excluded middle 
and the law of contradiction. In the Principia Mathemalica these 
occur as theorems, rather than as postulates. Other formal systems 

of logic, however, might not be in agreement with both of these 
assumptions. 


Assumption 1 . Law of the excluded middle. For every proposi¬ 
tion p either p is true or p is false. Symbolically, the following is 
asserted to he true: y 


P V (~p). 

Assumption 2. Law of contradiction. 
it is false that both p is true and p is false, 
is asserted to be correct: 

Mp • (~p)J- 


For every proposition p, 
Symbolically , the following 
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3-4 Implication. Truth tables. One of the most important and 
familiar connectives for two propositions is given by the pair of 
words “if . . . then.” In the case of a mathematical theorem the 
“if” part is the hypothesis and the “then” part the conclusion. The 
proof of the theorem shows that there is a logical connection between 
hypothesis and conclusion which requires us to accept the latter 
when we accept the former, on the additional assumption that the 
postulates (of the branch of mathematics under discussion) are true. 
On the other hand, “if . . . then” is often used much more casually, 
without requiring any logical connection between the two component 
propositions involved; for example, “if you go, then I will go,” “if 
it rains, then it will get cooler,” “if he made that statement, then he 
was wrong.” 

Instead of “if . . . then” we shall often use the single word “im¬ 
plies,” and any composite proposition in one of the forms, “if p, then 
q,” “if p is true, then q is true,” or “p implies q ” will be referred to as 
an implication , and will be symbolized by use of an arrow, as follows: 

p-+q. 

(Very often, as in the Principia Mathcmatica, “ p implies <?” is indi¬ 
cated by the use of a “horsehoe” symbol, as p D q.) 

It is desirable to go somewhat more deeply into the concept of im¬ 
plication and define it in terms of connectives already introduced. For 
this purpose consider the following proposition, supposedly referring 
to a particular set of circumstances: 

If the weather is favorable, then the game will be played. 

There are two possibilities corresponding to the “if” clause here, 
namely, the weather may be favorable or not favorable. In the first 
case, assuming the proposition to be true, the game will be played. 
In the second case, we are not told what will happen; conceivably 
the game may be played in spite of bad weather. Thus we see that 
at least one of the following must be true (and perhaps both are 
true): (1) the game will be played; (2) the weather is not favorable. 
Accordingly, the given proposition seems to amount to the same thing 
as the following disjunction: 

Either the weather is not favorable, or the game will be played. 

To make sure that this says the same thing as before we can retrace 
steps. Given the proposition in the disjunction form just above, ii 
we make the hypothesis that the weather is favorable, this rules out 
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the first possibility specified (that the weather is not favorable) and 
leaves the same conclusion as before, namely, that the game will be 
played. 

This illustration leads us to the following official definition for the 
abstract implication “p implies q.” 

Definition 4. The implication p implies q (or if p, then q) means 
not-p or q: that is, p is false or q is true. 

Symbolically, we are saying that p -> q is definitionally equal to, i.e., 
interchangeable with, (~p) V q. (With our understanding about 

the use of the curl as a “prime,” the latter could also be written 
simply as V q.) 

According to our definition, there are two principles of implication 
which are sometimes considered paradoxical: (a) a false proposition 
implies any proposition; (b) a true proposition is implied by any propo¬ 
To illustrate (a), we are correct in claiming that the following is 
true: 

If [p] 1927 was a leap year, then [q] Lindbergh flew to the moon 
in 1927. 


Here since the p proposition is false, we know immediately that 
V - 9 holds in spite of the falsity of q. Of course, the implication 
would be equally correct if the q proposition were to be modified in 
accordance with the true facts. However, the falsity of p is more 
striking if q ,s obviously false. This agrees with common practice 
If a person tells a friend a tall tale, the friend may convey his dis- 
behef by replying, “If that is so, then I’m a monkey’s uncle.” 
lo illustrate (b) it is correct to assert the following: 


If [p] Shakespeare wrote the plays attributed to him, then fr/1 
there are seven days in a week. m 


Here, since q is true we know that p 
P is true or false. 


q holds, regardless of whether 


T 1 , 6 * 6 ' il “ Stratio f emphasize the possible lack of any direct rela- 
onship between the p and q propositions, which is a natural result 
of our definition of implication. Be this as it may the definition 
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As an additional aid in understanding how the truth or falsity of 
composite propositions depends on the truth or falsity of the com¬ 
ponents of such propositions, the method of truth tables is useful. 

For example, let us form four columns headed p, q, ~p, p—*q. 
In the first two columns we indicate all of the possibilities as to truth 
or falsity of p and q (by use of the symbols T and F, respectively). 
In the third column we indicate the corresponding “truth value” 
(T or F) for ~p, and in the fourth column for p —> q, which is the 
same as (^p) V q . It is apparent that a T will appear in the fourth 
column whenever the corresponding entries in the second and third 
columns contain at least one T, and an F otherwise. 


V 


P P 


T 

T 

F 

F 


T 

F 

T 

F 


F 

F 

T 

T 


T 

F 

T 

T 


The truth table shows clearly that p —> q is true for every combina¬ 
tion of truth values of p and q except when p is true and q is false, 


Exercises 

(Interpret a double negative statement as a positive statement.) 

1. Restate the following in the form p implies q, indicating the proposi¬ 
tions p and q in each case. 

(a) If today is Thursday, then tomorrow is Friday. 

(b) If it stops raining, the sun will come out. 

(c) Either the instructor is not fair, or Jones will pass the course. 

(d) If the ABC store does not refund the money, I will not buy there any 

2. Restate the following implications, p —* q, in the equivalent form, 
not-p or q: 

(a) If he fails to cooperate with the boss, he will lose the job. 

(b) If the work is not finished on time, then my name is “mud.” 

(c) If triangle ABC is isosceles, then base angles A and B are equal. 

(d) If the train is late, we shall be late for the appointment. 

(e) “If you caught a twenty-pound fish, I will eat my hat.” 

(f) “If I am not badly mistaken, the party is going to carry out its duty 

to the country.” . . ... 

3. State the following general principles of reasoning symbolically. 

(a) If it is false that p or q is true, then p is false and q is false. 

(b) If p is false and q is true, then not both p and q are true. 



3-5] 


DEDUCTIVE INFERENCE 


51 


(c) If p implies not-?, then p is false or q is false. 

(d) The principle of reduclio ad absurdum: “if a proposition p implies its 
own falsity, then p is false.” 

4. Translate the following into words, and identify any statements which 
assert general principles of reasoning: 

(a) p -» (q V r). (d) V <y(~/>)J -> (/> V q). 

(b) (p —* q) V r. (e) pq — » v (~<y)]. 

(c) (~p) V qr. (f) ~[(~p). (~< 7 )] —* (p V q). 

5. Make a truth table showing truth values of p V q, pq, p(~q), 
~(7> —*’ 9), corresponding to truth values of p and q. 

6. A commuter waiting for a local train was pleasantly surprised when an 

express train unexpectedly stopped at the station. As he jumped aboard 

the conductor rushed out and said, “This train doesn’t stop here, so you 

can’t get on.” The commuter replied, “If the train doesn’t stop here, 

then I’m not on it,” and walked inside. Was the commuter’s contention 
sound? 

7. A radio commercial says: “These sleeping pills are guaranteed to give 
you a good night’s sleep, or your money will be refunded.” What agree¬ 
ment seems to be made here regarding a possible refund? 


3-6 Deductive inference. The fundamental rule and the chain 
rule. It is natural to inquire now about the relationship between 
implication, as analyzed in the preceding section, and deductive in¬ 
ference as defined in Section 3-1. To understand the respective roles 
of the two concepts, let us consider again the illustration used in 
the preceding section just before Definition 4. Let us refer to that 
implication as proposition (A), and to this proposition adjoin a new 
pioposition (B) so that we now have: 

i!, the " eather is favorable, then the game will be played. 

(B) The weather is favorable. 


From (A) and (B) together we obtain the definite conclusion: 

(C) The game will be played. 

In other words, if we accept (A) and (B) as true propositions - or 
" em Tu ~ mfer 01 d '' dUCe the truth of Proposition (C) This is 

Sd “ 7 t ° bt T h0m (A) al ° ne ’ aS " e reca11 tha ‘ (A) simply 

yielded a disjunction of which (C) was one component the other 
component being “the weather is unfavorable”). 

logieaT iZenTe^the proce^of ^“cXends^^ 011 f 
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the form, p —» q, and (B) says that p is true. The conclusion (C) 
then asserts that q is true. We see that as far as the reasoning 
process is concerned, the subject matter under discussion is irrelevant. 
In fact, any other premises of the same form as (A) and (B) would 
jointly lead to a conclusion of the same form as (C). 

Symbolically we have the following pattern, where we use the 
familiar symbol, , to stand for “hence” or “therefore”: 

p * q 

v _ 

q 

In this scheme the line separating the first two propositions from the 
third indicates that the process of inference leads us from the asser¬ 
tion of the first two propositions as premises to the assertion of the 
third. In words, the scheme might be expressed by the use of 
“since . . . hence,” as follows: 

Since p —> q is true and p is true, hence q is true. 

Of course, the order of the premises p — > q and p is immaterial, so 
that the inference pattern might be changed to the form: 

P 

p—>q 

••• q 

The pattern of reasoning just described is of such great importance 
that we shall accept it as a fundamental procedure rule of logic and 
designate it as the fundamental rule of inference. This can be stated 
as follows: 

Rule 1. Fundamental rule of inference. Whenever an implica¬ 
tion, p —> q, is accepted as true, and also the hypothesis (or “if” 
clause), p, of the same implication is accepted, in these circumstances 
we must also accept the conclusion (or “then ” clause), q, of the im¬ 
plication. 

The distinction between implication and inference is worth re¬ 
emphasizing. It is essentially this: the truth of the implication 
v —> q does not guarantee the truth of either p or q. But the truth 

of both p and p — » q does guarantee the truth of q. 

It is understood that in place of the propositions p, q in the funda¬ 
mental rule we can substitute composite propositions of any degree 
of complexity. For example, the fundamental rule would permit us 
to make the following inference, where as usual we assume the propo- 
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sitions above the line as premises (for certain supposed meanings of 
p, q, r, etc.): 

(p V qr) —> s[t V (~w)] 

p V qr _ 

s[< V (~«)] 

The fundamental rule of inference is certainly needed in proofs 
throughout the high school plane geometry course, but in spite of 
the emphasis on supposedly formal arrangement of proofs in that 
course, it is probable that the rule receives scant, if any, explicit at¬ 
tention there. 

The following line of argument is typical in geometry: 

Since [p] two sides and the included angle of triangle ABC are 
equal respectively to two sides and the included angle of triangle 
A'B'C', hence [ 9 ] triangle ABC is congruent to triangle A'B'C’. 

The argument as thus stated is abbreviated. Using p and q as indi¬ 
cated in brackets, the complete argument would appear as follows: 

Since p is true and p —* q is true (by a special case of a previous 

general theorem), hence q is true (by the fundamental rule of 
inference). 

Another rule of inference, closely related to the fundamental rule, 
we shall call the chain rule. (It is essentially what is called the 
“syllogism principle” in the Principia Mathematical It can be 
stated as an inference pattern as follows: 

Rule 2 . Chain rule of inference. 



This can be justified without trouble by the fundamental rule bv 
first assuming p as a hypothesis. This, combined with the first 
premise above, p -* q, yields q, which in turn combined with q r 
yields r. Hence from the first two premises we obtain p -> r. 

s J n e nf t in rule obvious ly be extended to a larger number of 
steps of the same kind, e,g., 



p— 
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One application of the chain rule is to the so-called “analytic” 
method of proof which is usually mentioned in plane geometry text¬ 
books. For example, to prove a proposition of the form p —> s, this 
method attempts to use a chain of implications working backwards 
from the desired conclusion s. Thus the person formulating the 
proof is supposed to think “ I can prove s if I can prove r; I can prove 
r if I can prove q. But I can prove q from p.” Then the whole 
proof can be put together by starting over again with p —> q and 
working forward by the extended chain rule as above. 


Exercises 

I. Complete the blanks in the following sets of propositions, so that each 
set is in conformity with the fundamental rule of inference. (In each case 
the first two propositions are to be assumed as premises, so that no question 
as to the actual truth or falsity of any of the propositions is to be considered.) 

1. (a) If it is ten o’clock in Chicago, then it is eleven o’clock in New York. 

(b) It is ten o’clock in Chicago. 

(c) Hence .... 

2. (a) If today is Thursday, ten days from now will be Sunday. 

(b) Today is Thursday. 

(c) Hence .... 

3. (a) If today is Thursday, ten days from now will be Monday. 

(b) Today is Thursday. 

(c) Hence .... 

4. (a) .... 

(b) 1956 is a leap year. 

(c) Hence 1956 is a presidential election year. 

5. (a) If triangles ABC and A'B'C' are congruent, then angle A = angle 

A'. 

(b) Triangles ABC and A'B'C' are congruent. 

(c) Hence .... 

6 . (a) If food rationing is to be adopted, then the government will be 

dictatorial. 

(b) Food rationing is to be adopted. 

(c) Hence .... 

7. (a) .... 

(b) Price controls are to be adopted. 

(c) Hence the country will be saved from inflation. 

II. Complete the blanks in the following sets of propositions so that each 
set is in conformity with the chain rule. 
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1. (a) Triangle ABC is equilateral implies triangle ABC is equiangular. 

(b) Triangle ABC is equiangular implies angle A = 60°. 

(c) Hence .... 

2. (a) If x is greater than y, then u is less than v. 

(b) If u is less than v, then z is greater than w. 

(c) Hence .... 

3. (a) If 1900 was a leap year, then 1904 was a leap year. 

(b) .... 

(c) If 1900 was a leap year then 1908 was a leap year. 

4. (a) If New York time is five hours slower than London time, then 

Denver time is two hours slower than New York time. 

(b) If Denver time is two hours slower than New York time, then 
San Francisco time is three hours slower than New York time. 

(c) Hence .... 

5. (a) Since “X is guilty” implies “ V is innocent,” and (b) “Y is inno¬ 
cent” implies “Z is under suspicion,” hence (c) . . . . 

III. Give illustrations of the use of the fundamental rule and the chain 
rule in some branch of elementary mathematics. 

3-6 The fundamental rule and nonvalid forms. The fundamental 
rule of inference can be used to deduce a new proposition, q , from 
premises, p -> q, and p, regardless of the truth or falsity of the premises. 
This should be apparent from the set of exercises at the end of the 
preceding section. Of course we assume the premises to be true as a 
basis for argument, but this assumption may or may not be correct. 
Very often we are anxious to find what new proposition follows logi¬ 
cally from propositions which we know or believe to be false, or from 
propositions whose truth is open to question. (We shall see numerous 
examples of this in connection with our study of such topics as in¬ 
direct reasoning and scientific method.) In such a case the funda¬ 
mental rule certainly does not guarantee the truth of the deduced 
proposition q. But if q is known to be false, the fundamental rule 
leads us to conclude that either the premise p or the premise v -»o 
must be false. * 

We can summarize by saying that the fundamental rule constitutes 
* vahd method of reasoning —a valid argument — irrespective of 
the actual truth or falsity of premises or conclusions, and it is 
desirable that this should be so. On the other hand, it is most unfor¬ 
tunate that a nonvalid reasoning process may sometimes yield true 

conclusions. For certainly a nonvalid argument often yields false 
conclusions from true premises. 
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There are two spurious forms of “reasoning” which are closely re¬ 
lated to the fundamental rule. These nonvalid forms (which we take 
pains to cross out) are 

V“ d X/ 

■■■ / V • 

The first of these nonvalid forms claims that if the conclusion ( q ) 
of an assumed implication (p —> q ) is true, then the hypothesis (p) is 
also true. The absurdity of this claim is clear from the meaning of 
p —> q, i.e., “either p is false or q is true.” We have emphasized 
previously that the word “or” here is nonexclusive, so that it is 
perfectly possible, when p —* q is true, that we have both p false 
and q true. Thus it is a nonvalid claim in the first form to say that 
p follows from p —)► q and q. For the same reason it is a nonvalid 
claim in the second form to say that not-<? follows from p —> q and 
not-p. 

These nonvalid forms are essentially the same as the fallacies of 
assuming that the “converse” and “opposite” of a given proposi¬ 
tion follow from it. 


Definition. The converse of the implication p implies q is q im¬ 
plies p. The opposite of p implies q is not-p implies not-q. 

The arguments just given show that it is possible to have p—* q 
true at the same time that we have both p false and q true. In the 
latter case we certainly have neither the converse proposition (q —> p) 
nor the opposite proposition (~p —> ~q) true. Thus related nonvalid 

forms are: 

and 

(7^)^ (~9) 



Exercises 

Tell whether or not the following arguments are valid (irrespective of 
your judgment as to the truth or falsity of the premises or conclusions) and 
give reasons. If not valid, change the statements so as to obtain an argu¬ 
ment which is valid by the fundamental rule of inference. (Note that varia¬ 
tions in tense for purposes of clear or grammatical statements are olten 

allowable.) 

1. If prices are going still higher, inflation is surely coming. 

Inflation is surely coming. 

Hence prices are going still higher. 
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2. The days are becoming shorter. 

The nights are becoming longer if the days are becoming shorter. 

Hence the nights are becoming longer. 

3. If today is Tuesday, four days from today will be Saturday. 

Today is not Tuesday. 

Hence four days from today is not Saturday. 

4. If January is hotter than August, then June is colder than November. 
January is hotter than August. 

Hence June is colder than November. 

5. If angle A = angle B, then AC = BC. 

But we know AC = BC. 

Hence angle A = angle B. 

6. The earth is spherical implies that the moon is spherical. 

The earth is not spherical. 

Hence the moon is not spherical. 

7. If A r passes the final examination, then he will pass the course. 

X will pass the course. 

Hence X will pass the final examination. 

8. If Delaware is larger in area than Texas, then Australia is larger than 
the United States. 

Delaware is larger in area than Texas. 

Therefore Australia is larger than the United States. 

9. If I gets B or better in all of his courses he will be in good standing. 
I does not get B or better in all of his courses. 

Hence Y is not in good standing. 

10. The days are becoming shorter. 

“The nights are becoming longer” implies that “the days are becom¬ 
ing shorter.” 

Hence the nights are becoming longer. 

3-7 Logical equivalence. Although the converse of a true impli¬ 
cation does not have to be true, of course, it may be true. This leads 
to the following definition for equivalent propositions. 

Definition. If two propositions p, q mutually imply each other 
they are said to be logically equivalent. ’ 

Symbolically, we designate “p is equivalent to q” by a double arrow: 

v <—* q . 
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It is apparent that two equivalent propositions agree with each 
other in truth or falsity. For since each of them implies the other, 
we cannot have one of them true while the other is false. Con¬ 
versely, if two propositions agree with each other in truth or falsity, we 
know (by definition of implication) that they mutually imply each 
other, and hence are equivalent. We see that equivalence of propo¬ 
sitions is very much like mathematical equality; in particular, propo¬ 
sitions equivalent to the same proposition are equivalent to each 
other. 

Certain forms of composite propositions can be claimed to be always 
equivalent to each other, regardless of their particular component 
propositions. Such equivalences, once again, constitute general 
logical principles. One of the most important of these is the double 
negation principle, which asserts roughly that a double negative 
proposition is equivalent to the corresponding positive proposition. 
We formulate this as an official equivalence rule * as follows: 


Rule 3. For every 'proposition p, 

[~(~p)] <-> p. 


This rule can be justified readily by the truth table method intro¬ 
duced in Section 3-4. Thus we have the following (by relying on the 
law of excluded middle and the law r of contradiction): 


V 


T 

F 



The table shows that p and ~(~p) always agree in truth or falsity 
— for brevity we can say they agree in truth value — and hence must 
be equivalent. Of course propositions which are “definitionally 
equal” will be logically equivalent also. For example, we can now 

write , . * 

[(~p) V q]< -> (p-*<V- 

The value of using equivalences will be seen from the following 
rule of procedure, which continues the analogy with equality. 


* I„ a more formalized development the designation “™ le ’’ 
probably be reserved for a valid method of procedure in deduction as m the 
ease of our fundamental rule or our rule of substitution, t° general 

Rule 4. In our development, however, we use the word ! n a ® • 

sense to cover both procedural methods and general principles of reasoning. 
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Rule 4. Substitution rule. Given a composite proposition P, built 
up by use of the connectives V, *, —*■from a finite number of com¬ 

ponent propositions p, q, r, . . . , we can substitute for p, q, r, . . . 
other propositions to which these are respectively equivalent without 
changing the truth value of P. 

This rule can be justified by noting that the truth value of P is 
uniquely determined by the truth value of the component prop¬ 
ositions, as can be seen by the truth table method. Hence any 
proposition having the same truth value as one of the component 
propositions can be substituted for it without any effect on the 
truth value of P. 


3-8 Opposite converse rules. The following definition gives a 
useful combination of the concepts of “opposite” and “converse” 
propositions. 

Definition. The opposite converse (also called contrapositivc) of 

the proposition p ♦ q is the proposition or more 

simply, 

From the definition we see that the opposite converse of a given 
implication is obtained by interchanging hypothesis and conclusion 
and inserting “not” in front of each. It is apparent that the op¬ 
posite converse is at once the opposite of the converse and the converse 
of the opposite of the given implication. 

We know that neither the converse nor the opposite of a given im¬ 
plication follows logically from it. What about the opposite con¬ 
verse? 

Let us assume that the implication p-+q is true. If we also 

assume that q is false, then we cannot have p true, for in that case q 

would be true by the fundamental rule. This would be impossible 

by the law of contradiction. Thus we have the conclusion that p is 

false. This can be formulated as a rule of inference, which we shall 
call the opposite converse rule: 

Rule 5.* Opposite converse rule of inference. 





ni1 * In a .Y for J n ^l i development of logic, such as Principia Mathematica this 
e would probably appear as a theorem in the form of an implication as 
serted to be true for all propositions P , *; namely, 
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The same considerations show that whenever p —» q is a premise 
we can obtain from it a new implication 

(~?) ~ > (~p). 

In other words, the opposite converse of a given implication follows 
logically from it. Accordingly, the opposite converse of 

(~q) — > (~p) 

follows from it also. This would give us 

'—'('— ,r p) —*'— 

But by the double negation rule (Rule 3) we know that 

~(~p) <- > p and ~(~q) <-> q. 

Hence we can make substitutions according to Rule 4 and obtain 



Any proposition which follows logically (i.e., can be inferred) from 
a given proposition is surely implied by that proposition (although 
we know that the converse of this statement does not hold). Ac¬ 
cordingly, we can state as a general logical principle that an implica¬ 
tion and its opposite converse are logically equivalent. This we 
formulate as the opposite converse equivalence principle: 

Rule 6. Opposite converse equivalence rule. 

(p — > q) *—* (~<7 * ~p)- 

We could formulate variations of the opposite converse rule and 
the opposite converse equivalence to provide for negation signs in dif- 


[0> — q) * (~?)] -*• ~P- 

This implication by itself is not strictly the same as Rule 5, bat 111 

combination with the fundamental rule it would easily justify Rule 5. *o , 

assuming the premises 

p -*q, 


and 



we have the conjunction 

(p — q) * (~9)- 

Then writing the theorem, 

[(p — q) • (~<7)1 

we obtain by the fundamental rule the conclusion, 
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ferent positions, but it is really unnecessary to do this, as the essential 
principle would remain the same. For example, if we replace p by 
~p in Rule 5, we obtain 



The following are some 
converse methods. 


that is, ~q 

.*• p by Rule 3. 

illustrations of the use of the 


opposite 


Illustration 1. The following set of statements conforms with 
Rule 5. 

If triangle ABC is isosceles, then angle A = angle B. 

But angle A does not = angle B. 

Hence triangle ABC is not isosceles. 

Illustration 2. In a college catalog we read the following: “If a 
student is to graduate summa cum laude, he must have a cumulative 
average of 94 or above.” Assuming that the stated general require¬ 
ment applies in the case of a specified student, Jones, we obtain by 
Rule 6: J 


If Jones does not have a cumulative average of 94 or above then 
he is not to graduate summa cum laude. 


Illustration 3. Suppose we wish to draw a conclusion from the 
following two premises: 


If the investigation is purely political, it is not desirable. 
1 he investigation is desirable. 

Using the following abbreviations: 

p: the investigation is purely political, 
q: the investigation is desirable, 


we see that we are given 


Since q is equivalent to 
rule the conclusion 


V -» (~?), 

Q- 

we obtain by the opposite 


converse 


that is: 

The investigation is not purely political. 
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Exercises 

1. Fill in the blanks in the following statements, by use of one of the oppo¬ 
site converse rules. State symbolically the particular form of the rule which 
is used in each case. 

(a) If C is on the perpendicular bisector of line segment AB, then it is 
equidistant from points A and B. 

Hence if ... . 

(b) If lines AB and CD are parallel, then alternate interior angles x and y 
are equal. 

But angles x and y are not equal. 

Hence .... 

(c) If Brown does not pass the language requirement, he does not graduate. 
Hence if... . 

(d) If it is not raining, the sun will come out. 

The sun will not come out. 

Hence .... 

(e) The car will not break down if it has been properly cared for. 

The car will break down. 

Hence .... (Note the changed position of “if.”) 

2. Decide whether or not the following arguments are valid. Justify your 
verdict by reference either to a valid rule of inference or to a nonvalid form. 

(a) If A is guilty, he must have been at the scene of the crime at the time 
it was committed. 

But he was not at the scene at the time. 

Hence A is not guilty. 

(b) If the patient has scarlet fever, he must have a temperature above 100°. 
The patient’s temperature is not above 100°. 

Hence the patient does not have scarlet fever. 

(c) If B traveled one mile in 75 seconds, he was exceeding the speed limit. 
B did not travel one mile in 75 seconds. 

Hence B was not exceeding the speed limit. 

(d) If war is not inevitable, then universal military training (UMT) is a 
necessity. 

UMT is a necessity. 

Hence war is not inevitable. 

(e) If UMT is a necessity, then war is inevitable. 

War is not inevitable. 

Hence UMT is not a necessity. 
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3-9 Necessary and sufficient conditions. In mathematics it is 
common to state theorems in forms like the following: “a necessary 
condition that p be true is that q be true,” or “a sufficient condition 
that p be true is that q be true.” It is worth while to consider this 
terminology in detail, especially as it has possibilities of wide appli¬ 
cation. 


Definition 1 . The proposition, a necessary condition that p be 
true is that q be true (or q is a necessary condition for p), means p 
implies q (p —> q). 

Definition 2. The proposition, a sufficient condition that p be true 
is that q be true (or q is a sufficient condition for p), means q implies p 

(q -> p). 


Definition 3. 3 he proposition, a necessary and sufficient condi¬ 
tion that p be true is that q be true, means p and q mutually imply each 
other (i.e., p and q are logically equivalent , p <-> q). 

Since the implications p —> q and q —► p in Definitions 1 and 2 are 
converses of each other, we see that there is no guarantee that a 
necessary condition will also be a sufficient condition, or that a suffi¬ 
cient condition will also be a necessary one. Consider the following 
illustrations from Euclidean geometry. 

Illustration 1. A necessary condition that a given quadrilateral 

A BCD be a rectangle is that it be a parallelogram. This is obviously 

not sufficient (for ABCD can be a parallelogram without being a 
rectangle). 

A sufficient condition that ABCD be a rectangle is that it be a 
square. This is obviously not necessary (for ABCD can be a rec¬ 
tangle without being a square). 

A necessary and sufficient condition that ABCD be a rectangle (in 

Euclidean geometry) is that it be a parallelogram with one angle a 
right angle. 


Illustration 2. A necessary condition that a given integer N be 
exactly divisible by 9 is that it be divisible by 3. This is far from 
sufficient; consider such integers as 6, 12, 15. 

, A , condition tl >at N be divisible by 9 is that it be divisible 

to be divide by U lt y ^ “ ny ° dd multi » le of 9 


A necessary and sufficient condition that N be divisible 
the sum of its digits be a multiple of 9. 


by 9 is that 
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One more item of terminology is important — the use of “if and 
only if” as an alternative way of indicating logically equivalent 
propositions, or necessary and sufficient conditions. It is sufficient 
here to define “only if.” 

Definition 4. The proposition, p is true only if q is true, means 

q is a necessary condition for p (i.e., p implies q). 

This often causes trouble, since the position of “if” is misleading. 
The emphasis should be on “only,” thus: “the only way in which p 
can be true is to have q true also,” which clearly asserts that p implies 
q, or that q is a necessary condition for p. 

On the other hand, “p is true if q is true” says that q is a sufficient 
condition for p. To prove that “p is true if and only if q is true,” we 
should prove the “if” part and the “only if” part separately. 

A mathematical or logical definition can be interpreted as a neces¬ 
sary and sufficient condition, but usually the form of the definition 
does not indicate this. For example, when we say “triangle ABC 
is defined to be equilateral if sides AB, BC, CA are equal,” we surely 
understand “if and only if” in place of “if.” 

Exercises 

1. Rephrase the following quotations in the most natural way as necessary 
or sufficient conditions. (All were taken from the New York Times for 
August 10, 1947.) 

(a) “If the Western world is to achieve economic stabilization ... it will 
have to put economic recovery above all other considerations.” 

(b) “If the plans developed for a permanent headquarters of the United 
Nations are carried out on the scale outlined, the world organization will 
have a truly impressive workshop.” 

(c) “Holland’s experts. . .are convinced that if the rubber, petroleum, 
sugar, and coffee trades can once more get underway, Holland’s financial 
situation and her need for dollars will be ameliorated.” 

(d) “To control hay fever the proper allergens must be administered in a 

series of doses.” 

(e) “The entire Alaska Highway will be closed if the huge Peace River 
suspension bridge is in danger of collapsing.” 

(f) “Hitherto the sulfa drugs have been successful only if the patient 
could be treated in less than ten days after contracting the disease undulant 
fever.” 

(g) “The Democrats . . . will have to take up the cudgels of the New Deal 
if they would successfully defend the liberal tradition.” 
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2. The following quotation is taken from a speech by Mr. Clement Atlee 
of Great Britain, November 9, 1946 (at which time he was Prime Minister): 

If the U.N. organization is to be used as a forum for debating ideologi¬ 
cal differences it will not succeed. It can only succeed if it is to be used 
to secure to all nations the freedom to preserve their own ways of life 
while contributing to the common good of the world.” 

What kind of condition, or conditions, did Mr. Atlee propose for the success 
of the U.N. — necessary, sufficient, or necessary and sufficient? 

3. (a) Restate the following as a necessary or sufficient condition: 

“It is clear that elimination of standee passengers can be brought about 

only if additional heavy expenditures are made on the part of the Long 
Island Railroad.” 


(From a brief filed by the Long Island Railroad with the New York State 
Public Sendee Commission, November 13, 1946.) 

(b) The next sentence following the one just quoted reads: 

" It is equally clear that the Long Island is not financially able to make 
such expenditures.” 

Do the two sentences taken jointly, strictly allow us to reach any conclusion 
about elimination of standee passengers ”? If not, what additional premise 
would permit us to reach a conclusion? 

^muhtethree theorems in Euclidean plane geometry by use of 

if and only if and identify (by stating “given” and “to prove”) the two 
parts oi each theorem. 

0)) Change each theorem to the “necessary and sufficient condition” 
terminology, and identify the two parts again. 

“itrn L H °' V Vi 6 WOrd ‘', provided " used “ “^nary conversation (as in 
J' VU1 8“ Prided you go also ”)? Does it in your opinion express a neces- 

does j 0ndltlon ’ condition, or necessary and sufficient condition? Or 

does it vary with circumstances? 

(b) The same for the word “unless.” 

forffie ^^0^^;'r d °$[ “ ? “ (b) * * a condition 

Obtain n ty f i ’• trU n (d) 5 IS a necessar y condition for p. 

™ and » d ^u what 

7. Obtain a conclusion from the following premises- 

If the investigation will result in mudslinging, it is purely political 

The investigation is desirable only if it is not purely political. 

The investigation is desirable. 


3-10 Rules governing disjunction and coniunctinn e .u 
mles of inference we have listed have not expli^nvolv^ ^ 
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tion or conjunction. In this section we introduce a few useful rules 
involving these logical operations. 

We start by noting that the truth of the conjunction, pq, is a suf¬ 
ficient condition, but not a necessary condition, for the truth of the 
disjunction p V q. Hence we cannot argue from the premises, 
p v q and q, either that p is true or p is false. However, if p V q 
holds and one of the propositions p, q is false, it is surely necessary 
that the other one be true. This principle gives us the following 
double rule of inference: 

Rule 7. (a) p V q 

-~p 

q 

Incidentally, we note that 

(P V q) 

by Rules 3 and 4 and 

(~(~p) V q] < -♦ l(~p) — > Q] 

by the definition of implication, whence 

(p V q) < -* [(~p) —► q] 

by the chain rule. Accordingly, Rules 7(a) and 7(b) are essentially 
the same respectively as: 



(a) (~p) —» q (b) (~p) —► Q 

and _ 

77q P 

These two forms are simply variations of the fundamental rule and 


the opposite converse rule of inference. 

Suppose now that pV? is false. This can only happen when both 
p is false and q is false. Conversely, if both p and q are false, then 
p V q is certainly false. Hence we can say that ~(p V q) is equiva¬ 


lent to (~p) • (~?)* , . , • r 1 «/«./» i« 

Again, if pq is false it must be the case that either p is false or q 

false, and conversely. Thus ~(p?) is equivalent to {~p) V {~qh 
These two equivalences are known as DeMorgan’s laws, and are 


listed here as Rules 8 and 9. 


Rule 8. ~(P V q) < -* (~P) * DeMorgan’s laws. 

Rule 9. ~(pq) * -* (~P) v ^)- i 
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There are certain other equivalences which are of considerable 
theoretical importance in any systematic development of symbolic 
logic, or in the theory of Boolean algebras (the abstract version of 
the “algebra of logic”) to be introduced in Chapter 9. For applica¬ 
tion to reasoning techniques, however, these are not of great impor¬ 
tance to us, so we do not list them as formal rules. They can be 
arranged in parallel columns, showing corresponding properties of 
disjunction and conjunction: 

1. (p V p) < -* p. I', pp <-> p. 

2- (p V q) < * (q V p). 2'. pq «-► qp. 

3. [(p V q) V r] *-* (pV(<?V r)J. 3'. (pq)r < -> p(qr). 

4. p(q v r) <-♦ (pq V pr). 4'. (p V qr) <-* (p V q)(p V r). 

Note that we can change either column into the other by the simple 
process of interchanging the symbols, V and •, for disjunction and 
conjunction. For this reason the two lists of properties are said to 
be duals of each other, and to exhibit complete duality. 

In this list, equivalences 2, 2', 3, 3', and 4 are analogous to the usual 
commutative, associative, and distributive postulates of ordinary 
algebra. Numbers 1 and 1' and 4' are unlike any rules of ordinary 
algebra. All of the equivalences can be verified directly by the defi¬ 
nitions of disjunction and conjunction. All except 4 and 4' are easilv 
checked. J 

To verify number 4, we see that the left side of the equivalence 

P(q V r) means: p is true and q or r is true. 

This in turn means that either 


p and q or p and r is true, 

which is precisely the meaning of the right side of the equivalence 
I o verify number 4', we see that the right side 

(P V q) • (p V r) means: p or q and p or r is true. 

This indicates that either p is true or q and r is true, which agrees with 
the meaning of the left side. & 

ajLTont thiS Sect 7 Wit, i an iUuStration *°"ing the combined 
application of various rules or definitions. 

premises** 10 " ^ COnelusion frora the following three 

(1) If moderate political leaders can be returned to power and ex- 
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tremists can be removed, then there will be a balance in the govern¬ 
ment and the danger of a new dictatorship can be neutralized. 

(2) The danger of a new dictatorship cannot be neutralized. 

(3) Extremists can be removed. 

Notation. Introduce the following symbols: 

p : Moderate political leaders can be returned to power. 

q: Extremists can be removed. 

r: There will be a balance in the government. 

s: The danger of a new dictatorship can be neutralized. 


But 


pq 


(rs) 
• rs 


Given: pq —> rs, ~s, q. 

Development. 

rs —> s by definition of conjunction, 

by hypothesis, 
by opposite converse rule, 
by hypothesis, 
by opposite converse rule. 

p) v (~<?) by one of DeMorgan’s laws, 

q) by substitution rule (or fundamental 
rule), 

by hypothesis and double negation rule, 
by Rule 7(b). 

Conclusion: Moderate political leaders cannot be returned to power. 


(PQ) 

(pq) *—* ( 

/. (~p) V ( 


(~g) 


Exercises 

1 . (a) Show that (p -> q ) <-* ~[p • (~tf)J and interpret this equiva 

lence in words. 

(b) State a proposition equivalent to ~(p —> q). 

2. Are the following arguments valid? Why or why not? 

(a) AB is parallel to EF or CD is parallel to EF . 

AB is parallel to EF. 

Hence CD is not parallel to EF. 

(b) AB is parallel to EF or CD is parallel to EF. 

CD is not parallel to EF. 

Hence AB is parallel to EF. 

(c) Either A is not guilty or B is telling the truth. 

B is not telling the truth. 


Hence A is not guilty. 
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(d) A is not guilty and B is not telling the truth. 

Hence it is not the case that “A is guilty or B is telling the truth.” 

(e) It is not the case that “A is guilty and B is telling the truth.” 

A is not guilty. 

(f) If Smith is preparing for medicine he is required to take both 
biology and chemistry. 

Smith is not required to take chemistry. 

Hence Smith is not preparing for medicine. 

3. * Given the premises: If A accuses B or C then he is serving D’s interests. 
A is serving D’s interests if and only if he cooperates with E and F. 

Prove: If A does not cooperate with E he will not accuse B. 

4. * (Review) Determine whether the proposed conclusion follows logically 
from the given statements about a city lighting system: 

The generators of the city power plant are operated simultaneously only 
if the street lights are on. 

If the load is over 10,000 kw, then the generators are operated simultane- 
ously. 

The stree t lights are on. 

Hence, the load is over 10,000 kw. 

5. Change the third premise of the preceding exercise to “the street lights 

are not on Obtain a valid conclusion, leaving the other assumed state¬ 
ments as they were. 

6. Obtain one conclusion from the following five premises (which are based 
on an article wh.ch concerned the economic situation in Germany soon after 

and'indicit th r P ' r ' etC ' ‘° symbolize statements, 

development mean " ,g n0tati ° n “ plicit ' y bef ° re sta,tin S the *o»cai 

(a) If there is not a sufficient supply of commercial fertilizer, or if there is 
not an adequate transportation system in Germany. Germany’s farms can 

fbTmn'' a ab 6 ™ fficient f00d maintain the German population 
of power andTshotCo 6 ? £? “ Germany ’ th<!n ‘ h " e * b ° tK a sh ° rtage 

commerciaHCTtUizer!* 0 ^ 86 °' ^ ^ ^ of 

tio^sLm ere " “ Sh ° rtage ° f StCel the " there " DOt aQ ad ~ transporta- 
(e) There is a shortage of coal in Germany. 

gaa ^** * 
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3-11 Indirect reasoning. Any person who has been exposed to 
high school geometry will recall that certain theorems of the course 
were established by the “indirect method of proof.” Euclid used 
the method quite freely. Some high school students object to the 
indirect method as “ beating around the bush.” Actually the method 
is of great importance, not only in mathematics but in everyday 
affairs and legal and scientific reasoning as well. 

We shall distinguish three different varieties of indirect reasoning 
(primarily for use in proving theorems) which will be designated as 
Methods I, II, III. 

Method I involves proving a proposition of the form p —> q, by 
proving instead the opposite converse equivalent, on the 

assumption that the underlying postulates are true. 

As an example of this method, suppose we are asked to prove the 
Euclidean theorem, “if two lines are parallel, the alternate interior 
angles (formed by a transversal of these lines) are equal.” Instead, 
we may prove the opposite converse theorem, “if the alternate interior 
angles of two lines are not equal, then the lines are not parallel. 
This is readily accomplished as follows. (We assume here the com¬ 
mon sequence of theorems in which the converse alternate interior 
angle theorem has already been proved, i.e., “if the alternate in¬ 
terior angles of two lines are equal then the lines are parallel. ) 



terior theorem (mentioned above) i 


Given: Lines AB, CD cut by 
transversal LM with angle x 
angle y. 

Prove: AB is not parallel to 
CD. 

Proof. At P, the intersection 
of AB with transversal LM, 
construct line EF making 

angle x' = angle y. 

EF must be distinct from AB. 
By the converse alternate in- 

follows that 


EF is parallel to CD. 

By the Euclidean parallel postulate we cannot have more ta one 
line through P parallel to CD. Hence AB » not parallel to CD. 
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Note that this proof does not require use of a distorted figure, nor 
statements which appear confusing and contradictory to a begin¬ 
ner. The theorem originally required is now immediately available 
as a corollary based merely on the opposite converse equivalence 
principle. 

What we shall call Method II depends essentially on another 
logical equivalence, namely, 

(p —» <l) <—* Mp • (~g)J. 

This equivalence was given in Exercise 1 at the end of the preceding 
section. It is easily justified by using one of DeMorgan’s laws to 
reduce the proposition on the right of the equivalence sign to the 
definition of the implication p -* q. (Or we can refer back to our 
earlier statement that p q is true in every case except that in 
which p is true and q is false, so that p —> q and ~[p • (~$)] agree 
in truth value.) 

In order to prove a theorem p -> q by Method II, the procedure 

then is to show that it is impossible to have the hypothesis true and 

the conclusion false. Thus the hypothesis is kept intact and the 

supposition is made that the conclusion is false, after which it is 

attempted to show that these jointly lead to a contradiction of some 

kind a contradiction either of a previous theorem, or of the 

hypothesis, or of the supposition. In case such a contradiction say 

r • (~r), materializes, we have the following (implied by the funda¬ 
mental postulates): 


But 

Hence 


V • (~7) —* r • (~r). 

~[r • (—r)] by the law of contradiction 
~[p(~0)J by the opposite converse rule. 


** * °y tne equivalence mentioned above 

T h r eStaridp0int ° f Underlyin * Io S ical Principles it appears that 
Method II is more complicated than Method I. Also, in our illus- 

" ‘ he alte ™ ate i " terior a "S'e theorem, Method II has the 
dditional disadvantage of causing psychological difficulties, due per- 

aps t° apparent conflicts between the figure and the accompanying 

reasoning - for example, drawing two lines as separate lines and 

then saying they must coincide. In other cases, however, Method II 
may be more workable than Method I. U 

fo^lt T is familiar P rocess of tuling out possibilities. Thus 
menteV T™ * “ “ & may SSSert that of three state! 
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a < b, a = b, or a > b. 

Suppose we are able to show that the first two possibilities are false; 
then the third must be true. From the logical standpoint this is 
based on an obvious extension of our Rule 7 above, namely, 

V V q V r 

'—p 

r 


It is possible, of course, that or ~q themselves may be estab¬ 
lished by Method I or Method II. 

Finally, let us consider briefly the use of indirect reasoning in 
fields other than mathematics. 

It should be apparent that any argument in which a rule of infer¬ 
ence of opposite converse type is used represents an instance of in¬ 
direct reasoning. Thus whenever a person is defended in a criminal 
case by claiming an alibi, he is relying on indirect reasoning. The 
argument of his lawyer may go as follows: 

If my client committed the crime, he must have been at the 
scene of the crime at the time it was committed. But he was not 
at the scene at the time (for at that time he actuall 3 r was in another 
city 100 miles away). Hence he did not commit the crime. 

This simple application of the opposite converse rule is typical of 
units of reasoning that enter into a lengthy process of crime detec¬ 
tion, involving tracking down and elimination of suspects, and finally 
pointing (perhaps) to one guilty person. Such a process may make 
use of all of the Methods I, II, HI, and many different patterns of 

reasoning are conceivable. 

Exercises 


1. Use Method II to prove the following theorem: If two lines are parallel, 

then the alternate interior angles of these lines are equal. 

2. Prove: If two angles of a triangle are unequal, then the sides opposi 
these angles are unequal, the greater side being opposite the greater angle. 
(Assume that you have already proved the isosceles triangle theorem, and 
also the theorem saying that if two sides of a triangle are unequal, then t 
angles opposite are unequal, the greater angle being opposite the grater sided 

3 Prove - If a given line segment subtends a right angle at a gi\en poi , 
then the point is on a circle having the given segment as diameter & 

4. Describe a typical process of reasoning used m attempting 


lost object. 



3-12] 


CLASSIFICATION OF ERRORS IN REASONING 


73 


5. Find examples from (a) science or medicine, (b) everyday affairs, of the 
use of indirect reasoning, and give the symbolic formulation of the method. 

6. Investigate and analyze Euclid’s indirect proof that the number of 
prime numbers is infinite. (This is a classical illustration of the use of the 
principle known as reductio ad absurdum.) See, for example, R. Courant 
and H. Robbins, What is Mathematics?, Oxford University Press, 1941, p. 22. 


3-12 Classification of errors in reasoning. In this final section of 
the chapter we bring together and classify some common errors of 
reasoning. 

We shall not discuss again the very familiar nonvalid arguments 
which are based on assuming that the converse and opposite of a 
given implication follow from it. These fallacies were treated in 
Section 3-6. Here we shall list them simply as the fallacies of (1) as¬ 
suming the converse and (2) assuming the opposite. (Alternative names 
in common use for these are respectively “affirming the consequent” 
and “denying the antecedent.”) 

Other errors that we shall now consider are: (3) the non sequitur 
error, (4) the post hoc ergo propter hoc argument, (5) begging the ques¬ 
tion (or petitio principii ), and (6) statistical fallacies. In Chapter 4 
some additional fallacies dealing with classes will be introduced. 

Non sequitur. In a sense, the fallacies of assuming the converse 
or opposite, and perhaps all logical errors, are special cases of the 
general non sequitur error. “Non sequitur” means “it does not 
follow.” We shall reserve the name for cases which are not classi¬ 
fied conveniently under one of the more specialized headings. 

A typical abstract pattern of a non sequitur would be “since p is 
true, therefore q is true.” This is like the pattern of the fundamental 
rule with the premise p q omitted. Of course if this premise is 
known to be correct, the argument is valid, though abridged. But 
conceivably the correct premise to assume might be 

V —> ~q, 

in which case the correct conclusion would be instead of q. 

A possible example of this kind of non sequitur would be the fol 
lowing: 

Since [p] the government must protect the American way of life 

hence [q] it is justifiable for the government to restrict freedom of 

speech for political extremists. 

This is precisely an argument in which, for the indicated „ 

some people would claim that p ~ 3 is correct rather than p-Jq. 
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Post hoc ergo propter hoc. This is a special type of non sequitur, 
which literally means “after this, therefore on account of this.” 
Thus it is first asserted that event B came after event *4, and then it 
is claimed or strongly suggested that event B was caused by event A. 
Every voter should be on the alert for arguments of this kind in elec¬ 
tion campaigns. 

Of course it may be that the post hoc line of argument can be justi¬ 
fied in specific cases. The important thing is, however, that evi¬ 
dence is required in each case on its merits to show that event A 
caused, or was largely instrumental in causing, event B. 

Begging the question (or petitio principii). The fallacy here is that 
in attempting to prove a certain proposition the desired proposition 
itself is unwittingly assumed in the argument. Thus the argument 
degenerates into an unconvincing assertion of the type, “it’s true 
because it’s true,” which has no more force than a straight assump¬ 
tion of the proposition in question. From another standpoint, the 
argument might be called a “vicious circle” fallacy. 

Begging the question is a common error in the work of beginning 
students in high school plane geometry. For example, in proving 
that the base angles of an isosceles triangle are equal, a student may 
assume these angles equal in order to prove two triangles congruent, 
and then go on to argue that the angles in question must be equal as 
they are corresponding parts of congruent triangles! In other cases, 
the question may be begged in a more subtle, although equally 
pernicious, manner. 

Statistical fallacies. Many examples of faulty reasoning occur in 
arguments of a statistical nature. Often these can be classified 
under one of the preceding headings, such as statistical post hoc or 
non sequitur fallacies. We should be on the alert for fallacies of this 
kind when we see claims asserting that “statistics prove so and so. 
Examples of this nature abound in modern advertising. 

More detailed discussion of such fallacies can be found in statistics 
textbooks. The statistical trouble may lie in things like the follow¬ 
ing: misleading use of means or averages, unjustifiable comparisons 
of data, faulty use (or lack of use) of per cents. 


Exercises 

1 mat procedure is commonly used in scientific investigations (especially 
in biobgy^medicine, or psychology) to avoid the post fine fallacy m es .matmg 
the extent to which one event is the cause of another event? Illustrate. 
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2. Decide whether or not the following arguments (or suggested argu¬ 
ments) are valid. If not valid, classify the type of error in the most appro¬ 
priate way, and find the particular source of the fallacy. (There is often 
room for some disagreement here.) 

0*) The Democrats cannot blame the Republicans for high prices be¬ 
cause in June, 1946, when price controls were removed, the Republicans 
were not in office.” — From a letter in the .Yew York Times. 

(b) “Some of the recent increases in food prices have been attributed 
both to short supply and to our exports of food to foreign countries. The 
truth is prices have risen largely in line with a general upward trend.” — 
From a newspaper editorial. 

(c) “Since the yearly average temperature of our city is 70°, it is an ideal 
all-year-round resort.” — From a travel advertisement. 

(d) In Alice in Wonderland the March Hare has put butter in the works of 
the Hatter’s watch, and the Hatter accuses him of spoiling it. The Marcli 
Hare defends himself by replying, “it was the best butter.” 

(e) The following is from Alice in Wonderland again: “‘How do you know 
I m mad?’ said Alice. ‘You must be,’ said the Cat, ‘or you wouldn’t have 
come here.’ Alice didn’t think that proved it at all.” 

(f) During the first year in which a certain graduate school was operated 
on a coeducational basis, several faculty members were strongly opposed to 
the plan. At the end of the year they reported that the consequences of 
this action might well be disastrous, inasmuch as 33*% of the women students 
had married into the faculty. 


(g) I do have one thing, one of the most expensive collections of jewelry 

in Hol y'vood. I’ve been married three times, so you know I came by it 
honestly. — Remarks by a movie star. 


(h) It is true that the removal of rent ceilings would be followed by an 
increase m rents, but this would not necessarily lead, in the long run, to an 
increase in living costs. For with more of consumers’ incomes being paid 
for ren‘, just that much less would be left to bid up the prices of everything 

saidthlutV^T''' r VeninS ?T S qUOted Pr0f ' A - B ' ^rontsov as having 
Troxinm X t, dlsco '' e ^ that the atmosphere on Mars confined ap 
proximately the same percentage of carbon dioxide as that on the earth 

his represents reasonable proof of the contention of Soviet Scientist Tikhov 

the fvcws quoted the professor as having said, that there k pbnt 1^ on 

higher " JW P lant *‘ fe carbon dioxide content would be much 
rw From an Associated-Press dispatch. 

0) That unusual hereditary endowment is necessary for great musicnl 

" ““ b V- reCent StUdy ° f the famUie:of g sTven“ 

amous living opera stars and mstrumental artists. It showed that musical 

fa he WaS , P °f‘ Per cent of their mothers, 69 per cent oTtTei 
fathers and 46 per cent of their brothers and si sters." - 


CHAPTER 4* 

OF LOGICAL REASONING, II: 





ESSENTIALS 


PROPOSITIONAL FUNCTIONS, GENERAL PROPOSITIONS, 

CLASSES 


4-1 Introduction. In the preceding chapter we considered some 
fundamental concepts and rules of deductive logic, mainly from the 
standpoint of particular propositions. By propositions we meant 
statements which could be classified (either actually or hypothetically) 
as “true” or “false” and not both. By particular propositions we 
meant those which avoided use of words like “all,” “any,” “some. 
Propositions using words of this nature we referred to as general 
propositions, and we turn our attention to these in this chapter. 

As a preliminary example of a general proposition, consider the 
following statement, which might be made in ordinary conversation 
by some person prone to generalizing: “all lawyers are good rea¬ 
soned ” Let us try to rewrite this in a form more like our p, q 
propositions of Chapter 3. We can do this in two ways, which we 
list along with the original statement for purposes of comparison: 


(1) All lawyers are good reasoners. 

(2) In all cases, if a person is a lawyer then that person is a good 

(3) Always “a person is a lawyer” implies “that person is a good 
reasoner.” 

At first glance we may think that propositions (2) and (3) are not 
unlike the familiar implication form, p -* q. However there am two 
differences. First, the word “always” or the phrase m.d cases 
indicates that more is being asserted than just an ■mphc'itmm 
Second the p and q here could not themselves be propositions in our 
nrevious sense for p would have to be “a person is a lawyer” and « 
Chat person is a good reasoner” And how could we determine 

whether it is true or false that an unspecified person is a la "g e - 
whether the same unspecified person is a good reasoner? Clearly 


* This chapter may be omitted without loss of continuity. 
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this is asking too much. Hence it is misleading to use the standard 
symbols p , q here, suggesting that the indicated statements are 
genuine propositions. 

In order to understand the true nature of proposition (2) or (3) it 
will be necessary to introduce the concepts of propositional function 
and quantified propositions. This we do in the first part of this chap¬ 
ter. Discussion of these topics will lead into the important topic of 
classes. The connection can be hinted at by going back to proposi¬ 
tion (1), which can be interpreted as claiming that the class of all 
lawyers is contained in the class of good reasoners. 

All of the topics mentioned will be found to have considerable 
usefulness for a more thorough understanding of mathematical 
theorems and proofs. The chapter will conclude with sections on 
rules of inference and fallacies involving classes. 


4—2 Propositional functions. Consider again the ambiguous 
statement, 

a person is a lawyer, 

which is a component of proposition (3) in the preceding section. 
Let us replace “a person” by the symbol x, but without intending 
x necessarily to designate “a person.” Then we obtain the following: 

a; is a lawyer. 

This is even more ambiguous than before. We can expect to be 

able to assign different meanings to the variable term x, for some of 

w'hich “x is a lawyer” will be true and for others false. Thus if x 

stands for Justice Black of the United States Supreme Court, it will 

be true; if x stands for Albert Einstein (the theoretical physicist), it 

wifi be false. For other meanings of x only nonsense may result. 

y analogy with mathematical terminology we refer to “x is a 

lawyer ” or any similar ambiguous statement as a propositional June- 
tion. Other examples are J 

x is a right triangle, and x is an isosceles triangle 
x is fond of y, 

x is greater than y, or x is equal to y, 
x is red implies both that y is white and 2 is blue, 
x is parallel to y } or 2 is not perpendicular to w. 

^foUows? 1 ° f Pr ° P0Siti0naI function can be debned more precisely 
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Definition. A propositional function is a statement containing 
one or more variable terms which becomes a proposition as a result 
of substituting suitable meanings for the variable or variables.* 


It will be convenient to continue the mathematical terminology, 
and say that if “values” are given to the variables in a propositional 
function, we obtain “values” of the function, the latter being propo¬ 
sitions. Values of the variables which, on substitution in the func¬ 
tion, yield true propositions are said to satisfy the function. (Here 
the mathematical analogy is not very good, since we ordinarily say 
that a value of x satisfies an equation , not a function.) 

As suggested by the examples just before the definition, we can 
build up composite propositional functions from simpler ones by use 
of the same connectives used for combining propositions, such as 
“not,” “or,” “and,” “implies,” “is equivalent to.” Thus suppose 
we introduce the following notation for the indicated propositional 
functions: 

l x : z is a lawyer, 

r x \ x is a good reasoner. 

Then we easily obtain such composite functions as the following: 

l x V r x : “x is a lawyer” or 11 x is a good reasoner”; 

'— 'l x : x is not a lawyer; 

l x • (~r r ) : 11 x is a lawyer” and “ x is not a good reasoner.” 

It is understood of course that, as usual, in making substitutions for 
x in any function the same value of x is to be used for each occurrence 
of x throughout the function in question. 

We can also make a new propositional function in the form of an 

implication: 

Is -> r„ 

that is, 

“ x is a lawyer” implies “x is a good reasoner.” 

This is a propositional function, not a proposition, because it is still 
an ambiguous statement which cannot be judged true or false until 

a value for x is specified. 


* Strictly speaking, according to this definition any statement idee 
v „ p . g p _ 3 , where p, q are variable or unspecified propositions, sa 

propositional function of propositions. We have previously thought of s>ich 
statements as composite propositions, however, and it ^e^ preferable to 
continue to do so. When we refer to a “propositional function 
we shall mean one which is not a function of vanable propositions. 
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If we substitute Justice Black for x, then our propositional function 
becomes the following proposition: 

“Justice Black is a lawyer” implies “Justice Black is a good 
reasoner.” 

This is a standard implication which could be judged true or false in 
the usual manner. It would be true (by our definition of implication) 
if we know either that Justice Black is not a lawyer (which is con¬ 
trary to fact), or that he is a good reasoner; otherwise it would be 
judged false. 

If we substitute Albert Einstein for x , we obtain 

“Albert Einstein is a lawyer” implies “Albert Einstein is a good 
reasoner.” 


This is clearly a true proposition, since we know that Einstein is not 
a lawyer (regardless of whether or not he is a good reasoner). 

Now imagine that for all possible values of x we find that the propo¬ 
sitional function l x —> r z yields a true proposition. This is precisely 
what is meant by claiming that proposition (1), or (2), or (3), in the 
preceding section is true that “all lawyers are good reasoners.” 

Of course it may turn out that the function l x -> r z is satisfied by 
some values of x and fails to be satisfied by others. 

In the same way, there might be propositional functions which are 
satisfied by no values of x, that is, which always yield false proposi¬ 
tions. For example, suppose we use k x to stand for the indicated 
composite propositional function, 


Then surely k x will be false for all possible values of x, since k x will say 

“ x is a lawyer” and u x is not a lawyer.” 

These ideas lead up to the subject of quantification, to be discussed 
in the next section. 

The notation used for propositional functions is sometimes the 
same as for ordinary mathematical functions, e.g., f(x) The sub 

scr.pt notation/., however, seems more suggestive of the Tact that 

a proposition results by substituting a value of z in the function If 

the value * - a is substituted in the function, we naturally use / to 
designate the resulting proposition. y 6 Ja to 
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Exercises 


1. Given the following propositional functions: 

h x : x is in the Western hemisphere; 
l z : x is a living object; 
m z : x is a mineral. 

Decide whether the following propositional functions are satisfied when x 
stands for “the Rock of Gibraltar”: 

h z V lx, h x ■ m x , h x —> h, lx V m z , l x • m z , m x —> l Xf ~l x , lx —> rn x . 

(Note the analogy here with the game of Twenty Questions.) 

2. Suppose f z , g x are arbitrary propositional functions. What can be said 
about the frequency with which values of x will satisfy the following func¬ 
tions? 

(a) f z V (~/ x ). (d) g x <-* (<7x V gx). 

(b) fx—> g z (~gx). (e) (/* • 0x)[~(/x V g x )]. 

(c) fx * —* ~(~/x). (0 (/* —* 9*) *—* l(~0*) (' 

3. If lx stands for “x is a lawyer” and r x for 11 x is a good reasoner,” how 
could you describe the following? 

(a) the x values such that l x is true; 

(b) the x values which satisfy ~/ x ; 

(c) the x values which satisfy l z V r x ; 

(d) the x values which satisfy l x —*r x ; 

(e) the x values which satisfy l z ■ r x .. 

4. Suppose that the propositional function f x —*gx is true when x = a. 
Is it conceivable that the following propositions are true? 

fa * ~(fb > 9b), fa(~9b), ~(/«Vflfo). 


4-3 Quantified propositions. Given a propositional function 
f x we have seen that there are three possibilities: (a) the function f x 
may be satisfied by all significant values of x, (b) by some value or 
values (but perhaps not all values) of x, or (c) by no values of x. It 
is convenient to have a special notation for the first two of these 

possibilities, as follows: „ 

(a) (x)f z , which may be read 11 for all values of x, f z is true, 


“all values of x satisfy f x .” . . . 

(b) Gx)/x, which may be read 11 for some value of x t U is true, o 

values of x satisfy fx,” or “there exists a value of x such a 

f is true ” (Note that no more than one value is required.) 

1 The symbols (x) and Gx) are known as quantifiers; the 

the universal quantifier and the latter as the existential quantifier. 
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Similarly, we might introduce universal and existential quantifiers 
for propositional functions of more than one variable. 

The propositions (x)f x , and (3 x)f x are called quantified propositions; 
the former is a universal proposition and the latter an existential propo¬ 
sition. If a quantified proposition is claimed to be true, no reference 
is made to specific cases (i.e., specific values of z) as such, even though 

consideration of specific cases might be involved in justifying the 
claim. 

Often the function/. used in (*)/, and (3*)/, will be a composite 

propositional function, in which case it may be advisable to enclose 

it in parentheses to avoid confusion. Thus our illustrative general 

proposition (1) “all lawyers are good reasoners,” or (2) “in all cases, 

if a person is a lawyer, then that person is a good reasoner,” can now 
be written in the form 

W(t-r x ), 

using l x and r x as in the preceding section. 

The third possibility mentioned above, that no value of x satisfies 
requn-es no new notation. For this possibility simply indicates 

we ° f ^ WUch Satisf ^' Hence 

l * ~ d " ih ~ * -* •“> *— 

In the same way a negation sign could be used in front of a uni¬ 
versally quantified proposition obtaining 

SfSLS* W ° Uld mean ““ iS “ 0t tme that /■ is ^isfied for 

Further consideration of the use of the npp-atirm • 

with quantifiers will be given in the next Sn ^ “ C ° nneCt, ° n 

Up to this point, the discussion in this chapter may seem to 
een somewhat remote from mathematics. To show that Hip 
cepts of propositional function and quantified propositioS reallvT 

o'nSuchdea'n £ 0 ™“ ^ the ° re “ 

If a triangle is equilateral, then it is equiangular. 

At first glance, this might seem to say merely: 

The I* tt “ eq f Ui ' at€ral triangle - then * » an equiangular triangle 
The latter is of the same structure as the statement: 

If X is a lawyer, then z is a good reasoner. 
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This statement, lacking the use of a quantifier for generality, is a 
propositional function, not a proposition. On the other hand, the 
equilateral triangle theorem is in a different category because it is 
capable of justification for any x. The proof of the theorem, of 
course, does not bother with the possibility that an x is not an equi¬ 
lateral triangle, for in that case the implication holds by definition. 
The proof is carried through by assuming an arbitrary equilateral 
triangle and showing that the indicated conclusion is true for it 
(assuming also that the postulates of Euclidean geometry are true). 
In other words, what is really proved is more accurately expressed 
as follows: 

For any x, if x is an equilateral triangle, then x is an equiangular 
triangle. 

Having proved that the theorem holds for an arbitrary equilateral 
triangle, it is then tacitly understood that it holds for all equilateral 
triangles, and the theorem is so interpreted thereafter. To express 
this meaning symbolically, of course, requires use of the universal 
quantifier. Let us use the following notation: 

p x : x is an equilateral triangle, 
q x : x is an equiangular triangle. 

Then the theorem becomes: 

(z)(Px->?*), 

which amounts to the following: 

In all cases, if a triangle is equilateral then it is equiangular. 

The latter in turn can be restated in the form: 

All equilateral triangles are equiangular triangles. 

(We could have thought of p x as the conjunction of the two proposi- 
tional functions “x is a triangle,” “x is equilateral,” and similarly 
for q The above form seems more useful here.) We note that the 
theorem can also be considered to state a necessary (or sufficient) 
condition. From this point of view the quantified proposition 

(x)(p*—>?,) 

can be interpreted as follows, where “in all cases” is implicitly under- 
stood: 

A necessary condition that a triangle be equilateral is that it be 
equiangular. 
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We chose a more specific wording for stating necessary or sufficient 
conditions in the preceding chapter (for example, using “triangle 
ABC instead of “a triangle”) to permit thinking of hypothesis 
(p) and conclusion (q) as ordinary propositions rather than ambiguous 
statements like “a triangle is equilateral.” The quantified version 
of the theorem takes care of this difficulty. 

The great majority of theorems and many postulates and defini¬ 
tions in mathematics involve quantification in some form, at least 
implicitly. Often it is found that both types of quantification are 
used at the same time, and in connection with several variables. 
This is especially the case in certain advanced branches of mathe¬ 
matics, such as theory of functions, where quite complicated quanti¬ 
fication patterns are common. For a simple illustration, consider 
the following geometric “existence theorem” (sometimes taken as a 
postulate in high school textbooks): 

Every angle has a bisector. 

In partial symbolic form this can be written 

Or){;r is an angle —»[Qy)(«/ is the bisector of x)]}, 
or it can be consolidated as follows: 

(*)fn*^((3*/)MI. 

Here n* is “x is an angle” and b vx is “y is the bisector of x” —a 
propositional function of two variables. 

Other illustrations of quantification in mathematical theorems will 
be given in Exercise 2 below. 


EXERCISES 

1. Let r x , Sx stand for the propositional functions indicated: 
r x m . x is a college student, 

s *‘ x is a person interested in football. 

Interpret in words the meaning of the following quantified 

(Reword in more idiomatic form if it seems desirabie i Pr ° P ° Sltl0ns - 

(a) (x)(r x -»s x ). 

(b) (3x)(~r x ) • s x . 

(c) (x)(~r x -► 

(d) (3x)[r x V (~s x )]. 

2. Express the following mathematical theorems as quantified nm™ • 
*2^ m ° St geneml “ terpretotion of theorems thatVent 
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(a) If a triangle is equilateral, then it is equiangular. 

(b) The sum of the angles of any triangle equals 180°. 

(c) There exists no triangle containing two right angles (Euclidean geome¬ 
try). 

(d) There exist triangles containing three right angles (Riemannian 
geometry). 

(e) Every right angle can be trisected by ruler and compasses. 

(f) Not every angle can be trisected by ruler and compasses. 

(g) A necessary condition that an integer be divisible by 10 is that it be 
divisible by 5. 

(h) A necessary and sufficient condition that an integer be divisible by 10 
is that its units digit be 0. 

(i) A sufficient condition that a quadrilateral be a rectangle is that it be 
a square. 

(j) There exists a rational root for the equation 2x -f- 3 = 8. 

4-4 Rules of inference for quantified propositions. We shall 
assume that the rules of inference, and related rules, of the preceding 
chapter remain valid when the propositions (such as p, q, r) involved 
in the rules are changed from ordinary propositions to quantified 
propositions. Such an assumption is justified by the logical develop¬ 
ment given in Principia Mathematical if we are willing to accept the 
postulates of logic adopted by Whitehead and Russell. 

There is one school of thought in logic and foundations of mathe¬ 
matics— known as the “intuitionist school” — which would not 
be willing to go along with this. For example, members of this 
school of thought question the complete validity of the law of excluded 
middle , that a proposition must be dither true or false, for quantified 
propositions. We shall come back to this briefly later (see Section 11-8). 

It is still necessary to have some special rules of inference for 
quantified propositions. Here we shall mention only a few of these, 
beginning with two rules, those for generalization and specialization. 

Rule Q-l. Generalization. If the propositional function f x is 
satisfied by any arbitrary value of x (chosen from the significant values 
for the function), then f x is true for all significant values of x, that is, 

(x)f x is true. 

Rule Q-2. Specialization. If (x)f x is true, and “a” is a signifi¬ 
cant value for x in the function f z , then f a is true. 

In mathematical proofs the f x will usually be an implication, such 

as p x —> q x - 
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We note that Rule Q-l (a postulate in Principia Mathematica) 
justifies the tacit understanding mentioned in the preceding section, 
that a proof for an arbitrary equilateral triangle establishes the theo¬ 
rem in all cases. Incidentally, it should help dispel the outdated 
idea that deductive reasoning concerns itself only with reasoning 
from the general to the particular, and that inductive methods are 
needed to go from the particular to the general. 

Rule Q-2 is used continually (but most of the time unconsciously!) 
when, in the course of proving a mathematical theorem, a previous 
theorem is invoked. For example, suppose we need to prove a cer¬ 
tain triangle ABC equiangular as an essential part of the proof of 
another theorem. Let us use p z and q x as in the preceding section to 
mean the following: 


pz \ x is an equilateral triangle, 

< 7 *: x is an equiangular triangle. 

Then the detailed pattern of inference might be like this: 


( x ) (Px —» q x ) by a previous theorem, 

Pabc —* Qabc by the specialization rule, 

Pabc by a previous step in the proof being 

developed, 

qABc by the fundamental rule of inference. 

The essential part of the pattern remains the fundamental rule of 
inference. 

Or suppose we wish to claim in another case that a certain triangle 
DEF is not equilateral because the necessary condition for an equi¬ 
lateral triangle is not satisfied, that is, because triangle DEF is not 
equiangular. Here we would have the following pattern: 

(*) Pz —> q x 


Pdbp —»qDEP 

q dbp 


uy uie specialization rule, 


Pdbp by the opposite converse rule. 

An alternate procedure would be to deduce the quantified opposite 
converse theorem from the given theorem first and then specialize 


t is instructive to note the phrasing above that “the necessarv 
ondition for an equilateral triangle is not satisfied.” This shows at 
once the connection with propositional functions. For the ouantC 
fied version of the theorem tells us that /or all x's a necUary coCdt 
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tion that p x be true is that q x be true; p x and q x are propositional 
functions which may or may not be satisfied by certain values of x. 
The failure of q x to be satisfied when x stands for the particular 
triangle DEF yields the conclusion that p x cannot be satisfied when 
x stands for DEF. 

In a similar manner, it is easy to see that if a certain propositional 
function f x is a sufficient condition for another propositional function 
g x for all values of x, then from the information that a particular 
value, x = a, does satisfy the sufficient condition ( f z ) we obtain the 
result that a satisfies g x also; that is, g a is true. 

Next we mention two special equivalence rules connecting nega¬ 
tion and quantification. Consider first the meaning to be attached 
to 

This says “it is false that f x is satisfied by all values of x ” which is 
equivalent to saying that there must be some value or values of x for 
which f x fails to be satisfied, that is, 


Similarly, 


G*)(~/x). 


asserts “it is false that for some value of x,f x is true,” which is equiva¬ 
lent to saying that for all x values f x is false, that is, 

(*)(-/*). 

The two rules can be stated symbolically as follows: 


Rule Q-3. MO*:)/*] 4 - * (3*)(~/*)* 

Rule Q-4. ~[(3z)/J *-* (x)(~/r). 

In effect, Rule Q-3 simply asserts that one exceptional case dis¬ 
proves a general rule (contrary to the usual interpretation of the 
familiar saying). Thus Rule Q-3 justifies the claim that an arbitrary 
angle cannot be trisected, for the reason that a special angle, e.g., 60 , 
cannot be trisected. 

As an illustration of Rule Q-4 consider the theorem of non-Euc id- 
ean geometry (either Lobachevskian or Riemannian) saying that 
for any triangle (and hence all triangles) the sum of the angles is not 
180°. Using the following notation, 

f x : x is a triangle, 

g x : the sum of the angles of x is 180°, 
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the theorem can be written in either of two equivalent universally 
quantified forms: 

(*)(/*— 

(*)[~(/x • 9 ')). 

The second of these, according to Rule Q-4, is equivalent to 

MG!*)(/* * gz)]. 

This asserts the following: 

It is false that there exists an x such that both x is a triangle and 
the sum of the angles of x is 180°. 

In other words, there exists no triangle the sum of whose angles is 
180°. 


Exercises 

1. Suppose someone claims that the following proposition is correct: 

(x)(x is an angle —* x cannot be trisected by ruler and compasses) 
or 

(x)(p x —> ~q x ), where we use the notation: 


P*: x is an angle, 

(] x : x can be trisected by ruler and compasses. 

Write an existential proposition stating the falsity of the above, and show 
how to verify it. 

2. Suppose s stands for the Euclidean theorem asserting that the sum of 
the angles of every triangle is equal to 180°, and t stands for the non-Euclidean 
theorem asserting that for every triangle the sum of the angles is not equal 
to 180 . How does t differ from ~s? How does s differ from 

3. If p stands for (3x)/ x , verify by using Rules Q-3 and Q-4 that 
is logically equivalent to p. 

4. Suppose a general theorem has been proved (in Euclidean geometry) 
asserting that a sufficient condition that a parallelogram be a rectangle is that 

in deLT a S T V • S f at * * hlS s y mbolioall y >« quantified form and show 
detail what rules of inference are involved in applying the theorem to a 

“TCestd: Parallel ° gram ^ T >- 'oUowtg 


pxi x is a parallelogram, 

d z : the diagonals of x are equal, 

r * : x is a rectangle. 


(It may be desirable first to reword the sufficient 
conjunction.) 


condition in the form of a 
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5. Put the following proposition in symbolic form, and prove or disprove 
it: “All prime integers are odd integers.” 

6 . The United States Constitution contains the following provision: “No 
person shall be eligible for the office of president who has not attained the 
age of 35 years.” State this both as a positively quantified and negatively 
quantified proposition. Does it give a necessary condition or sufficient con¬ 
dition for eligibility for the office of president? 

7. Distinguish between (x)(f x —> ~< 7 *) and (z)[~(/z —> g x )\. 

4-5 Classes. We are now ready to show how the concept of a 
class can be defined by use of the concept of propositional function. 

For this purpose let us consider once again the propositional 
function 

l x : x is a lawyer. 

Any x which satisfies l x is surely a lawyer, and any x which does not 
satisfy l x is not a lawyer. It would be reasonable to define the class 
of lawyers as the totality of x values which satisfy l x . 

In general we define a class as follows: 

Definition 1. The totality of x values which satisfy a given 

propositional function f x is called the class (set or collection) deter¬ 
mined by /*. 

The x values which satisfy f x are called the members of the class, or 
the elements , objects , terms , or individuals belonging to the class. 

The class determined by f x will be symbolized by x(f x ). 

For convenience, we may use the symbol A to stand for the class 
£(/ x ). If a certain x value, say x = a, satisfies f X} we say a is a member 
of the class A, or a belongs to A and we write symbolically: 

a e A. 

Let A and B be the classes determined by f x and g z , respectively. 
Suppose every x value which satisfies /* satisfies g x , and conversely, 
then A and B have precisely the same membership, and we write 
A = B (meaning here A is identical with B). Otherwise the classes 
A and B are not identical and we write A ^ B. For reference we 
make the following formal definition. 

Definition 2. Two classes A and B are said to be equal if they 

have identically the same membership. 
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Composite classes can be formed in various ways corresponding to 
the usual types of composite propositional functions. For example, 
let us introduce again the function 

r x : x is a good reasoner, 
and consider the following list of classes: 

&(lx V r x ) : the class of individuals who are lawyers or goo 

reasoners; 

&(lx ■ r x ) : the class of individuals who are both lawyers and 

good reasoners; 

• (~r*)]: the class of individuals who are lawyers but are 

not good reasoners; 

£[(~4) • r,]: the class of individuals who are not lawyers but 

are good reasoners; 

A[(~k)(~r«)]: the class of individuals who are neither lawyers 

nor good reasoners. 

These illustrations give a background for defining logical sum, logical 
product of two classes, and complement of a given class. 

Definition 3. If A and B are two classes determined respectively 
by the propositional functions f x and g x , the logical sum of A and 
B (written A V B hereafter *) is the class of individuals satisfying 
fx V g x . The logical product of A and B (written A • B, or AB\) 
is the class of individuals satisfying f x • g x . 

Symbolically, we write this definition: 


A V B = £(/ x V g x ), 

A ■ B = x(f x • g x ). 

The logical sum of two classes is also known as the union or join of 
the classes. This is appropriate because the logical sum of A and B 
must consist of all individuals that satisfy the disjunction f x V g x 
and hence of all individuals that are members of A or members of B 
(including, of course, members of both). In other words, A V B is 
ormed by throwing the membership of the two classes together. 

The logical product of two classes is also known as the intersection 
o vmeet of the classes. Again, this is appropriate because the logical 

* Some writers use A U B or A + B for the logical sum of classes A and 

Y reserve the plus sign for another operation on classes to be intro¬ 
duced m Chapter 9. A V B may be read “A wedge B » 

T sometimes A V B or A n B. 
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product of A and B must consist of all individuals that satisfy the 
conjunction f x ■ g x , and hence of all individuals that are members 
both of A and B simultaneously. 

Next we introduce the complement of a class. 

Definition 4. If A is a class determined by the propositional 
function f x , then the complement (or negation) of A (written A') is 
the class determined by ~/ x . 

In this definition, as usual, the x values to be considered are those 
and only those for which f x can be judged to be significant. 

Let us investigate next the class 

A V A', 

which is the same as the class 

xUr V (~/*)]. 

By the agreement just mentioned the x values to be considered are 
precisely those for which 

f x is true or f x is false, 

that is, for which the function [f x V (~/ x )] is satisfied. This means 
that the class A V A' consists of the totality of x values for which f x 
is significant. 

For this reason, we say that A V A' is the universal class, relative 
to the defining propositional function f x . The universal class will 
be designated by the symbol, U. 

The class A • A' is of comparable significance. The defining func¬ 
tion here is 

/*(-/*)• 

But for every x for which f x becomes a significant proposition we 
know that / z (~ , / x ) is false. Thus there are no x values satisfying 
the function, and we call A • A' the empty class, the null class, or the 
zero class, relative to the defining function f x . This will be designated 
by the symbol Z. 

To summarize, we write for all classes A the equalities 

A V A' = U, 

A • A' = Z. 

These equalities will be found to be fundamental in the abstract 
mathematical theory of classes known as algebra of classes, or still 
more abstractly as a Boolean algebra. (In Chapter 9 we develop t e 
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theory of Boolean algebras as a useful example of a postulational 
system.) 

There are quite possibly other classes besides A', the complement 
of A, which have no elements in common with A. Suppose B is 
such a class. Then the logical product of A and B is the null class. 
This leads to the following definition: 

Definition 5. Two classes which have no members in common 
are called mutually exclusive, or disjoint, classes. 

Accordingly, A and B are disjoint classes if and only if 

AB = Z. 

For a familiar example of disjoint classes, let A be the class of all 
even integers, and let B be the class of all odd integers. 

If two classes A and B are not disjoint, we can write, of course, 

AB * Z. 

This means that A and B have some members (at least one) in com¬ 
mon. In other words, there exists an individual c such that 

ceA and c e B. 

fu ^ ~ X [f*} , and B = the same information is conveyed by 
the quantified proposition: J y 

(3*)(/* • <7*). 

Propositions asserting that two classes have some members in 
lo“orm: qU6nt ° CCUrrenCe - ^ often Wear in the fol- 

Some lawyers are good reasoners. 

Some college students are football players. 

Some isosceles triangles are equilateral triangles. 

Although the order in which the classes occur in each of these pronosi 
lions may appear s lg nificant, actually nothing more is claimed than 
that some members of one class belong to another class ThV th 

propositions are reversible, yielding: Thus the 

Some good reasoners are lawyers. 

Some football players are college students, 
some equilateral triangles are isosceles triangles 

as foHmvs; 6 ge ° metriC StandP ° iDt ' "" the last example 

All equilateral triangles are isosceles triangles. 
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This statement says that every member of the class of equilateral 
triangles is a member of the class of isosceles triangles, or more con¬ 
cisely, the class of equilateral triangles is contained in the class of 
isosceles triangles. 

Similarly, our example at the beginning of the chapter makes the 
claim that the class of lawyers is contained in the class of good 
reasoners. 

It is desirable to insert here a formal definition of the phrase “con¬ 
tained in.” 

Definition 6. Given the classes A and B; if every member of 
class A is also a member of B, then we say that class A is contained 
in class B, or is included in class B. Also we say that A is a sub¬ 
class of B } or that B contains A. 

Symbolically, we write A C B (or B DA) to designate that class A is 
contained in class B. 


We can now write the following equivalence: 


(A C B) <-► [(x) {(x e A) —> (x e £)}]. 

If we assume that A and B have the defining functions f x and g x , 
respectively, this can be changed to 


(A C B) <- >[(x)(/,-> <?,)]. 

The latter says that “class A is contained in class B ” is equivalent 
to “everything which has the defining property for class A also has 
the defining property for class B” Briefly, we can read A C B as 
“all A’s are B' s,” or, equally well, “only B's are A’s.” Of course, 
this also says that a necessary condition for membership in class A 
is membership in class B. 

According to the definition, we see that any class is contained in 
itself, so that we can always write 

A C A. 


Furthermore, 

if A C B and B C A, then A = B, 

since the membership of A and B must be the same. An example 
of this is supplied by taking A and B respectively as the classes ot 

equilateral and equiangular triangles. , 

On the other hand, if A C B and it is false that B C A, then ther 

must exist at least one member of B which does not belong to A. 
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In this case A is called a proper subclass of B. For an example here, 
take A again as the class of equilateral triangles but B as the class of 
isosceles triangles. 

In case class A = class B, the symbols A and B can be used inter¬ 
changeably, just as we can substitute equivalent propositions for each 
other in the manner agreed to in Chapter 3. 

In fact, the proposition A = B is itself equivalent to the conjunction 

A C B and B C A, 
and thus to the conjunction 

(*) (/* -> g x ) and (x) ( g x -> f x ), 
and hence is equivalent to the proposition that 

(*) (/x *-* gz ). 

Similarly an equivalence of propositions often leads to a corre¬ 
sponding equality (in the sense of identity) for classes. For example, 
consider the equivalence 

(p V q) <-> (<q V p). 

This permits us to write 

(*)((/* V g x ) <-► ( g z V /,)]. 

But f x V g x is the defining function for A V B and ( g x V f x ) is the 
defining function for B V A. Thus we have the equality 

A V B = B V A. 

Of course, we could easily have convinced ourselves that this is a 
true equality without going all the way back to the equivalent proposi¬ 
tions p V q and ?Vp. Here, however, we are interested in empha¬ 
sizing the parallelism between equivalent propositions and equal 
classes, and the underlying reasons for the parallelism. 

We conclude this section with a list of some dual equalities of 
classes which will be helpful later on in connection with our develop¬ 
ment of Boolean algebra. 

The first four equalities in each column correspond precisely (in 
the manner illustrated above) to the equivalences listed for proposi¬ 
tions in Section 3-10. These include commutative, associative, and 
distributive properties. Also included are the analogs for classes of 
the double negation principle and DeMorgan’s laws, together with 
special equalities involving the null class and the universal class 
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1. 

A WA=A. 

1'. AA=A. 

2. 

AW B=BW A. 

2'. AB=BA. 

3. 

(A VB)VC=A V(BVC). 

3'. (AB)C=A(BC). 

4. 

A(BWC)=ABWAC. 

4'. AVBC=(AVB)(AVC). 


5. 

II 

V 

«»» 

6. (AVB)'=A , B / . 

6'. (AB)'=A'VB'. 



(DeMorgan’s laws for 
classes) 

7. 

AVZ=A. 

7'. AJJ=A. 

8. 

A VA'=U. 

8'. AA'=Z. 


Exercises 

1. Distinguish between the slogans “all the news that’s fit to print” and 
“only news that’s fit to print.” 

2. Three advanced college courses designated respectively by A, B, C 
have the following membership rolls: 

ABC 


Barton 

Barton 

Barton 

Clements 

Fulton 

Meyer 

Fulton 

Hatch 

Quincy 

Hatch 

Meyer 


Perkins 

Stafford 

Quincy 



(a) Give the membership of the following “classes”: A V B, AB, A'C, 
(AB)C', A(B V C). 

(b) Write and interpret equalities for BC and B V C. 

3. If A is the class of all negative integers, B the class of all positive 
integers, and C the class of all positive square integers, interpret the follow¬ 
ing: A V B, AB, BC, B V C. 

4. Express as necessary, sufficient, or necessary and sufficient conditions: 

(a) All rectangles are quadrilaterals. 

(b) Only isosceles triangles are equilateral triangles. 

(c) Only rectangles are squares. 

(d) All triangles and only those triangles that are equilateral are equi¬ 
angular. . 

(e) All points and only those points whose coordinates satisfy the equation 

x i X ji = r 2 belong to the locus of the equation. 

(f) Only integers divisible by 3 are divisible by 9. 

5. Express each of the statements of the preceding exercise as an inclusion 
or equality of classes. 

6 . Show that A C B is equivalent to A V B = B and also to AB - A, 
by using the concept of class membership. [Cf. Exercise 2(b).] 
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4-6 Rules of inference for classes. There are a number of useful 
rules of inference involving class inclusion which are often analogous 
to the rules of Chapter 3 involving implication of propositions. Here 
we state a few of the most common rules (we use the symbol j to 
mean “does not belong to” and ^ to mean “is not equal”): 


Rule C-l. 

A C B 
x t A 

Rule C-‘2. 

A C B 
B C C 


:. x t B 


.‘.ACC 

Rule C-3. 

A C. B 
x l B 
•*. x l A 

Rule C-4. 

acb 

:. B' C A' 

Rule C-5. 

AB * Z 

B <Z C 




.*. AC ^ Z 


These can easily be verified either by direct consideration of the 
meaning of class inclusion and class membership or by changing the 
class inclusions to quantified propositions. If we do the latter in 
Rule C-l, using f x and g x as respective defining functions for A and B 
and designating the x (which belongs to A) in the second step of the 
rule by the symbol a, we get: 


(x) (/* —* 0x) 

h 


(i.e., a e ^4) 
(i.e., a e B). 


This is almost a repetition of the pattern obtained in Section 4-4 for 
applying a “previous” general theorem in a particular case. The 
only difference is that the step from 


f (*)(/*—>J7x) 

to 

fa * Q a 

is deleted. Thus Rule C-l is an adaptation of the fundamental rule 
of inference. 

We could also justify Rule C-l directly by the concepts of class 
inclusion and class membership. Thus we now assume we are given 

(*)[(* ^)->(xe B)], 


at A. 


and 
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These yield the particular implication 

(a 6 A) —■> (a € B ), 
but again a e A ; _ 

hence a e B by the fundamental rule. 

Rule C-2 is an adaptation of the chain rule. It merely conforms 
to the following pattern: 

(*) (fz -* g x ) 

(*) ( g x —> h x ) 

(x)(f x ->h z ) 

Rules C-l and C-2 can be restated in the form of traditional syllo¬ 
gisms as follows: 

(C-l). All A ’s are B’s. (C-2). All A ’s are B’ s. 

i is an i. All B’ s are C’s. 


Hence x is a B. Hence all A’s are C' s. 

Rule C-l is perennially illustrated by an instance concerning the 
mortality of Socrates: 

All men are mortal. 

Socrates is a man. 

Hence Socrates is mortal. 

Rule C-2 can be restated in the form 


All A’s are B’s. 
All C’s are A’ s. 


Hence all C’s are B’s. 

This shows that it is essentially a generalization of Rule C-l. 

Rules C-3 and C-4 are easily seen to be connected with the opposite 
converse rules for propositions, with Rule C-4 a generalization of 
Rule C-3. Rule C-5 has the existence feature mentioned in the pre¬ 
ceding section and yields another form of classical syllogism, namely: 

Some A’s are B’s. 

All B’s are C’s. 


Hence some A’s are C’s. 

Finally, we mention two standard syllogistic rules involving dis¬ 
joint classes: 

Rule C-6. AB = Z Rule C-7. AB = Z 

x j A CCA 


• • 


x f B. 


/. BC = Z. 


4—6 J RULES OF INFERENCE FOR CLASSES 97 

Rule C-6 is justified at once from the definition of disjoint classes. 
The pattern is the same as 

No A’s are B’s. 
x is an A. 

Hence x is not a B. 

The pattern of Rule C-7 is a generalization of this, namely, 

No A’s are B’s. 

All C’s are A’s. 

.*. No C’s are B’s. 

For further illustrations of the use of the various rules see the exer¬ 
cises below. 

Exercises 

1. Correlate the following arguments with rules of inference for classes: 

(a) No prime integers greater than 2 are even, 
a: is a prime integer greater than 2. 


x is not an even integer. 

(b) Some primes are integers divisible by 2. 

All integers divisible by 2 are even integers. 

Some primes are even integers. 

(c) No equilateral triangles are right triangles. 

All equiangular triangles are equilateral triangles. 

No equiangular triangles are right triangles. 

(d) Some parallelograms are squares. 

All squares are rectangles. 

Hence some parallelograms are rectangles. 

2 . Show how Rule C-3 can be obtained from the opposite converse rule of 
inference for propositions. 

3. Give a proof of Rule C-5, based on the concept of class membership. 
(Here we are given AB j* Z and B C C and we wish to show AC y* Z.) By 
hypothesis, 

(3 x)[(xcA) • (xeR)l. 

Let us designate a specific x belonging to both A and B by the symbol x x . 
Then we have 

x x £ A and x x € B. 


But also by hypothesis B C C, which can be written 


(aOKx eB) —> (xe C)]. 
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Now the proof can easily be completed by stating that this implication 
holds for the special value X\, and then using the fundamental rule of infer¬ 
ence to show that Xi belongs to C as well as to A and B. 

4. Express each of the following in standard symbolism and give an illus¬ 
tration of each situation: 

All A’s are B’s. 

Not all A’s are B’s (i.e., it is false that all A’s are B’s). 

Some A’s are B’s. 

No A’s are B’s. 

All non-A’s are non-R’s. 

5. Obtain a conclusion in each of the following cases and state the rule of 
inference used, whenever one of the numbered rules applies. 

(a) No Republicans are New Dealers. 

All isolationists are Republicans. 

Hence .... 

(b) All brokers are smokers. 

Mr. H is a nonsmoker. 

Hence .... 

(c) No brokers are smokers. 

Mr. J is a broker. 

Hence .... 

(d) Not all brokers are smokers. 

Hence .... 

(e) Some politicians are corrupt. 

All corrupt persons should be brought to trial. 

Hence .... 

(f) All Socialists are non-Communists. 

Hence all Communists are . . . 

(g) All squares are rectangles. 

All rectangles are parallelograms. 

All parallelograms are quadrilaterals. 

Hence .... 

(h) Some negative numbers are rational numbers. 

No rational numbers are imaginary. 


Hence 


• • • • 
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6. Sometimes a particular proposition will occur in combination with a 
quantified one or a proposition about classes, or the latter types may be 
combined among themselves. The usual rules can be applied. Obtain con¬ 
clusions in the following cases: 

(a) If Jones is correctly informed, all vegetarians are healthy persons. 
Not all vegetarians are healthy persons. 

Hence .... 

(b) If all volunteers are efficient, no one will be hired for the job. 

Some one will be hired for the job. 

Hence .... 

(c) If all lines through P intersect line AB, then there is no parallel to 
AB through P. 

There is a parallel to AB through P. 

Hence .... 

(d) If there are any rational roots for the equation x 2 — 2 = 0, then either 
±1 or ±2 are roots. 

It is not the case that ±1 or ±2 are roots. 

Hence .... 

7. Show that the proposition A C B is equivalent both to A’ V B = U 
and to AB' = Z. 

Suggestion. Let f z and g z be the defining functions for A and B. Then 
^ C B is equivalent to 

( x)(fr->g z ), 

thafc (x) (~/r V g z ) by definition of implication. 

The complete function in parentheses is the defining function for A' V B and 
is satisfied by all x’s. Hence the given inclusion is equivalent to 

A' V B = U. 

For the second part use the equivalence 

(~/x V g z ) <-> ~[/* • (~£r)]. 

^ Fallacies involving classes. To conclude this chapter, we 
list below (and cross out) some common fallacies in reasoning in¬ 
volving classes. Two of these (F-l and F-3) are closely related to 
he propositional fallacies of assuming the converse, and two others 
(h-2 and F-4) are similarly related to assuming the opposite. F-3 
and F-4 are generalizations of F-l and F-2 respectively. The fal- 
acious nature of the arguments can be verified either directly or 
y going back to the defining functions and quantified propositions. 



For illustrations of some of these fallacies consider the following 
exhibits, which unfortunately have all too familiar a ring. 

(Fallacy F-3) All pacifists are supporters of peace by negotiation. 

All ministers are supporters of peace by negotiation. 

Hence all ministers are pacifists. 

(Fallacy F-5) Some government employees are persons capable of 

being bribed. 

X is a government employee. 

Hence X is capable of being bribed. 

(Fallacy F-6) Some persons who favored recognizing China in 1950 

are Communist sympathizers. 

Y did not favor recognizing China in 1950. 

Hence Y is not a Communist sympathizer. 

It is easy to see that arguments of the above nature are especially pop¬ 
ular with persons who favor the doctrine of “guilt by association,” or 
perhaps with persons trying to defend themselves against this doctrine. 

Arguments conforming to F-4 can sometimes be camouflaged to ap¬ 
pear like respectable syllogisms. For example, consider the following: 

(Fallacy F-4) All rectangles are parallelograms. 

Not all quadrilaterals are rectangles. 

Hence not all quadrilaterals are parallelograms. 

Each of these three propositions is true in Euclidean geometry. Still, 
the argument is a nonvalid argument, as can be emphasized by keep¬ 
ing the form of the propositions the same, but changing the word 
“quadrilaterals” to “rhombuses,” thus obtaining 

(Fallacy F-4) All rectangles are parallelograms. 

Not all rhombuses are rectangles. 

Hence not all rhombuses are parallelograms. 
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Here, of course, the first two statements are true but the third is 
false. The situation can be clarified by recalling that rectangles 
and rhombuses are overlapping subclasses of parallelograms (or by 
restating the second premise to read “Some rhombuses are not rec¬ 
tangles” with a similar change in the proposed conclusion). 

Many books on logic use diagrams involving circles which overlap, 
or are within, or fail to intersect other circles to illustrate the corre¬ 
sponding possible relationships of classes. We have refrained from 
doing that here, partly because of our desire to emphasize that rules 
of inference, and fallacies for classes, grow out of those for proposi¬ 
tions, and partly because it is possible for the use of such diagrams 
to degenerate into the substitution of a kind of doodling process for 
thinking. 

Exercises 

1. Give illustrations of fallacies F-l and F-6. 

2. State the class fallacies directly analogous to assuming that the con¬ 
verse or opposite of a true implication is true. 

3. Are the following arguments valid? If not, try to classify the fallacy. 

(a) “I think the slogan ‘believe in yourself and you’re bound to believe 
in X cigarettes’ is the first attempt by a cigarette manufacturer to inject 
the question of mental stability into its ads. However, I believe the com¬ 
pany limits its potential sales badly by implying that those who haven’t 
achieved a certain serenity are not likely to buy the weeds.” — From a com¬ 
mentator’s column. 

(b) “The assistant chief of the Visa Division of the State Department 
said he believes the Joint Anti-Fascist Refugee Committee is ‘honeycombed 
with Communists,’ since the name included the words ‘anti-Fascist’.” 

From a United Press dispatch. 

4t- 8 Conclusion. One striking result of our discussion of logical 
reasoning in these two chapters should be the realization that the 
various rules of reasoning used continually in mathematics are ap¬ 
plicable, and ought to be indispensable, in numerous situations which 
ordinarily appear remote from mathematics. In fact, it is inherent 
m the nature of deductive logic, as described at the beginning of 
hapter 3, that this be the case. The extreme abstractness of the 
modern symbolic approach to logic should serve to emphasize this 
extreme applicability in all kinds of intellectual activities. In the 

next chapter, we turn to the application of logic in those intellectual 
activities comprising the domain of science. 



CHAPTER 5 


SCIENTIFIC METHOD AND SCIENTIFIC KNOWLEDGE 

6-1 Introduction and historical view. In the first four chapters 
we have been dealing with the logical structure of mathematical 
theories and with the reasoning process used in developing them, 
together with the applications of the same reasoning process in 
numerous nonmathematical situations. We turn our attention now 
to a related topic, namely, the process of formulating scientific 
theories, including consideration both of the scientific method used 
in the process and of the nature of scientific knowledge, the end 
result of the process. 

By a science we shall here understand a branch of systematized 
knowledge and active research which is specifically concerned with 
determination of the truth concerning natural phenomena. This 
definition may be narrower than is customary nowadays, but will be 
satisfactory for our purpose. According to this definition, it would 
hardly be correct to refer to a branch of pure mathematics as a 
science. A branch of applied mathematics would more nearly 
qualify, but even here the emphasis is on construction of mathe¬ 
matical theories to be put at the disposal of the sciences, rather than 
on specific acquisition of natural knowledge. 

We begin by asking: How is scientific knowledge in any field ac¬ 
quired? A brief historical view is helpful here. In medieval times 
information about natural events was usually sought by consulting 
either the works of the encyclopedic Greek philosopher, Aristotle, or 
the treatises of the Greek astronomer, Ptolemy, or the doctrines of 
the Church fathers. The transition to modern science began when 
men like Roger and Francis Bacon, Copernicus, and Galileo started 
to question the validity of knowledge based on the assertions of 
Aristotle and other supposed authorities. These men advocated a 
more reasonable procedure: in order to obtain knowledge of nature, 
study nature. They emphasized the need of observation, experi¬ 
mentation, and collection and study of data as a necessary preliminary 
to the systematizing of knowledge about the real world. The famous 
explorers and inventors from the time of Columbus onward displayed 

some of the same tendencies. 
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It must not be supposed that the transition from medieval rever¬ 
ence for authority to the modern scientific respect for observation 
and experiment was easily and quickly accomplished; on the con¬ 
trary, it was a long struggle. The forces which had to be overcome 
were accumulated mental inertia, superstition, and intolerance. Cer¬ 
tainly, in many ways, the study of the history of science should be at 
least as enlightening as the study of political or social history. 

5-2 Scientific method and reflective thinking. Confirmation and 
infirmation. The modern method of scientific inquiry has two main 
aspects: inductive and deductive. The inductive aspect is concerned 
with the search for facts or principles by observation and experi¬ 
mental procedure. It was this aspect which was generally neglected 
in medieval times. The deductive aspect involves, as usual, logical 
reasoning leading from statements or principles taken as premises 
to new statements or principles. The mistake in medieval inquiry 
was to rely almost solely on deduction from principles laid down by 
the supposed authorities, rather than principles supported by induc¬ 
tive evidence. Today, it is generally recognized that inductive and 
deductive procedures must complement and reenforce each other in 
the formulation of scientific knowledge. 

The detailed steps in the modern version of scientific method are 

not essentially different from the steps in any process of reflective 

thinking. A well-known outline of these steps was given by John 

Dewey, famous American philosopher, in his book, How We Think.* 

(No doubt the book should have been called ‘‘How We Oueht to 
Think.”) 

According to Dewey, before there is any reflective thinking on the 
part of an individual there must be some kind of difficulty or per¬ 
plexity experienced by that individual. The difficulty may be a 
comparatively trivial matter concerned with plans for the day’s 
activities, or it may be a weighty problem concerned with stars or 
atoms or differential equations. In any case, an end to the state 
of perplexity is desired. The process of reflective thinking is a sys¬ 
tematic process which will supposedly lead to, or at least toward, a 
satisfactory solution. 

Dewey’s steps in reflective thinking (originally five in number) 
are essentially as follows: 

* John Dewey, How We Think, D. C. Heath and Company, 1933. 
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(1) Transformation of the difficulty into a clearly defined intellec¬ 
tual problem, taking due account of observed facts and the apparent 
nature of the difficulty. 

(2) Formulation of suggestions, based on observations, or past 
experience, as definite hypotheses which might lead to a solution. 

(3) Exploration of the logical consequences of the various hypothe¬ 
ses. 

(4) Testing the hypotheses, either through mental reflection or 
action, by comparing their logical consequences with the observed 
facts and thus either deciding on a probable solution or the lack of a 
solution. If it appears that no solution has been obtained, the need 
of further application of some of the preceding steps is indicated. 

Thus the reflective thinking process might be characterized as a 
refined process of trial and error. Note that the word “hypothesis” 
as used here has a somewhat special meaning, different from the 
“hypothesis of a theorem.” Here the idea is that of a tentative 
assumption. 

Step (4), testing the hypotheses, is usually crucial. If the test is 
favorable to a certain hypothesis, we say that the hypothesis is 
confirmed. If unfavorable, the hypothesis is infirmed. In scientific 
method we find often that infirmation yields a more definite answer, 
though negative, than confirmation which may appear to yield a 
positive answer. The difference in logical pattern between the two 
cases explains this. 

Thus, suppose it is desired to test a certain scientific hypothesis 
designated as P (which may consist of several principles taken 
jointly). Let Q stand for certain related observational or experi¬ 
mental facts. Then in case hypothesis P is confirmed by Q, we have 
(in rather oversimplified form) 

P —>Q, 

Q, 

and would like to conclude P. We know that we cannot do this on 
purely logical grounds without being guilty of the fallacy of assuming 
the converse. But of course other considerations of an observational 
or logical nature may point more conclusively to P. Accumulation 
of a large amount of confirming evidence may suggest that P is the 

best available hypothesis. 

On the other hand, if hypothesis P is infirmed by the observed 
facts, this indicates a discrepancy between theory and experimen . 
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Using R now to designate the logical consequences of P, we have es¬ 
sentially the following pattern: 

P —> R 
'—R 


whence 

by the opposite converse rule of inference. This is a familiar unit of 
indirect reasoning. 

We must not be misled by our emphasis here on scientific method 
into imagining that the reflective thinking process is not equally 
useful for mathematical investigations. Logical systems developed 
by deductive reasoning occur as more or less perfected end products 
in mathematics. We have seen that much mathematical research 
is stimulated by the attempt to solve problems, and a great variety 
of methods, inductive and intuitive as well as deductive, are con¬ 
sidered allowable in the attempt. And of course much mathemati¬ 
cal learning in traditional school or college courses in mathematics 
arises from problem-solving activity. Even the process of formulat¬ 
ing a logical proof in geometry can be considered a type of problem. 

In this connection we mention a book entitled How to Solve It * by 
G. Polya, a well-known research mathematician. The book might 
be called a mathematical version of Dewey’s steps and should be 
especially useful to prospective teachers of mathematics. 

Exercises 

V ,™ ch of Dewey’s steps would you call predominantly inductive, which 
mainly deductive? 

2. What is the role of indirect reasoning in the reflective thinking process? 

3. From your own daily affairs, find an illustration of a situation where 
you have used, or might profitably have used, steps similar to Dewey’s 

in * T lat l a f. hysici ^’ S meth ° d ° f dia 6 nosin g a disease with the steps 

^ (Substitute a mechanic’s method in locating car 

trouble if you prefer.) & 

h . 6 :? Th e scientific method in action. Dewey acknowledged that 

S " “°V be “ nsidered hard-and-fast rules of procedure. 

US ° f “ SUggestive aids to systematizing 

Ire emnh j f P™ 658 ' u Sometimes ifc “ay be that certain step! 

— - P d almost t0 the exclusion of others, and the order in 

* G. Polya, How to Solve It, Princeton University Press, 1946. 
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which they occur may be different. It may also be that there is 
conscious or unconscious division of labor between different thinkers 
in carrying through the various steps. This often happens in scien¬ 
tific work, and sometimes over a long period of time. 

We shall draw on the history of science for a famous astronomical 
illustration of the scientific method in action. We refer to the dis¬ 
covery of the planet Neptune in the year 1846. 

Previous to 1846 the known planets of the solar system were Mer¬ 
cury, Venus, the Earth, Mars, Jupiter, Saturn, and Uranus. The 
latter had been discovered only as recently as 1781. Its theoretical 
orbit had been computed by astronomers, using mathematical 
formulas and rules which relied heavily on Newton’s laws of gravita¬ 
tion and motion. These laws had been found adequate to explain 
and predict the motions of the known planets before the discovery 
of Uranus. Considered as hypotheses, these principles had stood the 
test of observational verification within the limits set by the inevitable 


errors in the use of measuring instruments. 

However, after Uranus had been observed for a number of years, 
discrepancies began to be noticed between its theoretical orbit and its 
observed path. At first it was probably thought that these dis¬ 
crepancies might be accounted for as errors in measurement, but as 
time passed, the disagreement between theory and observation 
became too systematic and sizeable to be explained away by the 
hypothesis of observational errors. Thus an astronomical difficulty 
arose. By about 1840 it was considered to be an acute problem and 

was the subject of serious investigation. 

Various hypotheses were considered for solving the mystery. No 
one at that time was willing to question the validity of Newton’s 
laws, which had stood so much previous observational testing. As¬ 
suming that these principles were still valid, astronomers decide 
that a possible cause might be the existence of another planet as yet 
unobserved, which by its attraction was causing Uranus to deviate 
from its computed course. Finally, in 1845, an English astronomer, 
Adams, and a French astronomer, Leverrier, independently com¬ 
puted the position of a hypothetical planet which would modify the 
theoretical motion of Uranus sufficiently to bring about close agree¬ 


ment with the observed motion. 

Although the theoretical computations of Adams and Leverrier 
did not check with each other exactly, they were sufficiently close to 
suggest a definitely limited search of the heavens for the hypothetical 
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planet. The planet (no brighter than an eighth magnitude or very- 
dim star) was actually spotted by telescope at the Berlin observatory 
in September 1846. It was verified that the object sighted was 
something new because it did not appear on recently formulated star 
charts of this region of the sky. Furthermore, it. was verified ob- 
servationally that the object was a planet and not a “fixed star," 
due to the fact that its position was found to have changed from one 
evening to the next. 

In this case the confirmation of the hypothesis (of the existence 
of the planet) was of a more definite nature than is usually possible. 
Of course the incident gave added confirmation to Newton’s laws, 
but nevertheless Newton’s laws were soon destined to lose their un¬ 
contested position in astronomy. 


Exercises 

1. Correlate the steps in the discovery of Neptune with Dewey’s steps in 
reflective thinking. 

2. Discuss the roles of inductive and deductive methods in the discovery of 
Neptune. Which seems to be of greater importance? 

3. Investigate the process by which the planet Pluto was discovered (in 
the year 1930). 

6-4 On scientific laws. Newton’s viewpoint. The remainder of 

this chapter will be concerned with certain aspects of scientific 

knowledge including such topics as the following: the nature of 

scientific laws and theories, with illustrations based on the physical 

theories of Newton and Einstein; the role of geometry in relation to 

physical science; and a comparison of scientific and mathematical 
truth. 

In the astronomical illustration of the preceding section we had 
occasion to notice the importance of Newton’s laws. Probably the 
most famous of these is his law of gravitation. Because of its sweep¬ 
ing scope the adjective “universal" is often applied to it. It has 
come to be stated about as follows: 

Every object in the universe attracts every other object with a 

force which varies directly as the product of their masses and 

inversely as the square of the distance between them. 

There are numerous other familiar scientific principles which are 
commonly referred to as laws. Such principles have certainly been 
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formulated as a result of scientific investigation and by use of the 
scientific method, but by what right are they given the rather dog¬ 
matic sounding title of “law”? 

Let us consider Newton’s own point of view toward his law of 
gravitation and laws of motion. He presented these laws in the 
treatise entitled Philosophiae Naturalis Principia Mathemaiica (1687) 
commonly called just the Principia * In this famous work he ex¬ 
pounded his system of mechanics, and also his “System of the 
World.” The Principia was to Newton as the Elements was to 
Euclid, and Newton actually used the Euclidean pattern of logical 
organization, based on “books” with axioms, definitions, problems, 
theorems, corollaries (and many “scholia” or supplementary com¬ 
ments). The laws of motion f occupied the place of honor as axioms 
(although certainly these were far different from Euclid’s “com¬ 
mon notions”). The law of gravitation was brought in by stages 
throughout the work, but did not appear in the concise form quoted 
above and — contrary to the usual impression — was not an axiom or 
postulate. In other words, the “law of gravitation” is a summary 
of various principles proved by Newton in theorems and corollaries. 

It would be incorrect to conclude that Newton’s Principia aimed 
to be completely theoretical and deductive, like Euclid’s Elements. 
On the contrary, Newton was definitely attempting to build a logical 
system which would reconcile his abstract theory with known experi¬ 
mental data, or with principles and laws (such as Kepler’s laws of 
planetary motion) accepted in the current sciences of physics and 
astronomy. Moreover, he often incorporated into the Principia the 
results of specific experiments (with due consideration of errors in 


* For a modern edition of Newton’s Principia, see Sir Isaac Newton's 
Mathematical Principles of Natural Philosophy (Cajori’s revision of Motte s 

translation), University of California Press, 1934. 

f Newton’s laws of motion as given in the Principia (Cajon edition cited 

in the preceding footnote) are as follows: „ . 

Law I. Every body continues in its state of rest, or of uniform motion 

in a right line, unless it is compelled to change that state by forces im- 

PF La\v 11 The change of motion is proportional .to the motive force im¬ 
pressed, and is made in the direction of the right line in which that force is 

im £Tni To every action there is always opposed an equal reaction: or 
the mutual actions of two bodies upon each other are always equal, and 
directed to contrary parts. 
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measurement) performed by himself or others for the purpose of 
checking his theoretical conclusions. 

The following quotation seems to give a significant summary of 

Newton’s viewpoint toward scientific method and the formulation 
of his laws.* 


“ Hitherto we have explained the phenomena of the heavens and 
of our sea by the power of gravity, but have not yet assigned the 
cause of this power... I have not been able to discover the 
cause of those properties of gravity from phenomena, and I frame 
no hypotheses; for whatever is not deduced from the phenomena 
is to be called an hypothesis; and hypotheses, whether meta¬ 
physical or physical, whether of occult qualities or mechanical 
have no place in experimental philosophy. In this philosophy 
particular propositions are inferred from the phenomena, and after¬ 
wards rendered general by induction. Thus it was that... the 
laws of motion and gravitation were discovered. And to us it is 
enough that gravity does really exist and act according to the 
laws which we have explained, and abundantly serves to account 
tor all the motions of the celestial bodies, and of our sea.” 


o the extent that this passage is representative of Newton’s 
views, it indicates that he tended toward the absolute truth concept 
of scientific knowledge. He apparently believed that natural phe¬ 
nomena themselves, together with inductive and deductive methods 
can supply true principles or laws, which are to be considered facts’ 
not based on hypotheses. Thus it is significant that he was willing 
to use the label axioms ” for his laws of motion, even though he took 
pams to cite experimental evidence in their support. Furthermore 
he seemed unaware of the fact that some of his definitions and ex’ 
Planations preceding the axioms (e.g„ his concepts of Zl2 time' 

However, Newton’s statement “I frame no hypotheses” is onen 
to mismterpretation. He was simply disclaiming here any desire to 
speculate as to possible causes of the force of <rrnvi*af c< 

forthh” r ?h iZed f that ‘ n h ' S ° ther research activities hTofte^put 
* Newton, op. cit., pp. 546-547. 
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his version of scientific method that he did not hesitate to remove 
them from the category of hypotheses. 

Newton’s idea of trying to avoid all speculation by generalizing 
propositions inferred directly from the phenomena seems somewhat 
hazy and untenable. For surely even the narrow process of inter¬ 
preting direct observations can hardly avoid the use of some assump¬ 
tions — concerned, for example, with such statistical questions as 
the degree of exhaustiveness or validity of the evidence, and the 
probable limits of experimental error. What should be said then 
concerning the more sweeping generalization process Newton advo¬ 
cated? Such a process he apparently justified by the “abundant” 
confirmation referred to in the last sentence of the quotation. 

For many years, physicists and astronomers agreed with Newton 
that the law of gravitation and related laws were unquestionable 
facts. We shall see their mistake more vividly in the next section 

when we discuss the Einstein theory. 

It is usually true that principles are not called “laws” unless they 
are supported by a generous amount of experimental confirmation, 
or perhaps unless they are deducible from other principles, them¬ 
selves well established. Some laws may be little more than a statis¬ 
tical generalization of observed relationships. Others, like Newton’s 
laws, may be much more abstract and of such a fundamental charac¬ 
ter that they are in a position to serve as postulates in a logical or¬ 
ganization of a science. In such a case, the acceptability of the 
postulates may depend on internal structural considerations of the 
theory based on them, as well as on experimental checking of their 
logical consequences. But whether they are considered generaliza¬ 
tions, axioms, postulates, or theorems, we know that they canno 

For these reasons it might seem desirable to delete th ® ' v0 
“law” from scientific vocabulary. This is not likely to PP ■ 
Perhaps the next best thing would be to emphasize that laws in aU 
departments of knowledge, as well as in all levels of government, 
subject to revision over a period of time. 

Exercises 

1. Ho» loo. the experimental ...«r».t»» P»»“” 

T —- 

scientific method and scientific kno\% ledge. 
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3. Investigate and criticize Newton’s “Rules of Reasoning in Philoso¬ 
phy.” See Newton’s Principia (edition cited above), pp. 398-400. (Also, 
reading random passages from the Principia ought to prove rewarding.) 

4. Give examples of “laws” from five of the following sciences (or divisions 
of knowledge) and attempt to classify them as either statistical generaliza¬ 
tions, or postulates, or theorems: logic, mathematics, psychology, economics, 
sociology, biology, chemistry, physics. 

5. Find and investigate a significant illustration of the scientific method 
involving the formulation of a law or principle, or comprehensive theory. 
Use a science of special interest to you. Suggested references are the fol¬ 
lowing : 

A Treasury of Science, edited by Harlow Shapley, Harper and Brothers, 
1946, second edition. 

The Development of the Sciences, edited by L. L. Woodruff, Yale University 
Press, 1941. 

An Introduction to Reflective Thinking, Columbia Associates in Philosophy, 
Houghton Mifflin Co., 1923. 

On Understanding Science, James B. Conant, Yale University Press, 1947. 

6-5 Significance of the Einstein theory of relativity. One of the 
main influences in changing the attitude of physicists and astronomers 
toward Newton’s laws of gravitation and the laws of motion has 
been the theory of relativity, developed by Einstein and other mathe¬ 
matical physicists during the first two decades of the 20th century. 
The theory is actually divided into two parts known as the special 
theory and the general theory. Many popular books, including some 
by Einstein himself, attempt to describe the two parts of the theory 
in an informal, nontechnical manner. Here we shall limit the dis¬ 
cussion primarily to the significance of the Einstein theory for scien¬ 
tific method and scientific knowledge. 

A. The special theory. The special theory of relativity was de¬ 
veloped first, and the general theory came as a logical sequel and a 
generalized development of the principles of the other. The special 
theory had its origin in the kind of scientific perplexity or impasse 
with which we are now familiar, namely, a conflict between currently 

accepted theories or “laws” and certain observations and experi¬ 
ments. 

The crucial difficulties arose in comparing experiments on the 
velocity of light with theories of the propagation of light. Here we 
omit many details, but the idea is essentially as follows. The con¬ 
jecture had been made that space is not empty but is pervaded by 
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an “ether” (or “ocean”) through which astronomical bodies move, 
and also through which light is propagated. According to this 
hypothesis, used in conjunction with Newton’s laws of motion, 
light rays meeting a body moving through the ether would appear 
to have different velocities, depending on the direction of motion 
and the velocity of the body. Thus if a light ray is traveling through 
this hypothetical ether in the same direction that the earth is sup¬ 
posed to be traveling through it, an observer on the earth should find 
that the velocity of the light ray relative to him is smaller than it 
would be if the ray were traveling in the reverse direction. 

For a rough analogy, suppose you are on a local train moving at 
40 miles per hour, and an express train traveling at 60 miles per 
hour passes you, going in the same direction. The rate at which the 
express pulls away from you is then 20 miles an hour. On the other 
hand, if the express goes by in the opposite direction at 60 miles per 
hour, the rate of change of distance between your train and the 
express is 100 miles per hour. 

Two physicists, Michelson and Morley, devised and carried out an 
experiment for the purpose of measuring the supposed variation in 
velocity of light rays traveling in different directions relative to the 
motion of the earth. The surprising results of this experiment were 

that the variation was nonexistent. 

It will lend authority to our discussion here and frequently through¬ 
out the remainder of this section to quote from a valuable expository 
book, The Evolution of Physics, by Einstein and Infeld: * 

“The result (of the Michelson-Morley experiment) was a verdict 
of ‘death’ to the theory of a calm ether-sea through which all 
matter moves. No dependence of the speed of light upon direc¬ 
tion could be found . . . Every experiment has given the same 
negative result as the Michelson-Morley one, and never revealed 
any dependence upon the direction of the motion of the earth. 


Physicists were thus forced to discard as unsatisfactory the joint 
hypotheses of (a) the existence of an “ether-sea,” and (b) the variable 
velocity of light depending on the direction of motion of the observer 
relative to the light ray. As an alternative to these discarded hy- 


* Albert Einstein and Leopold Infeld, The Evolution o)' Phydcs Staon 



5-5] SIGNIFICANCE OF EINSTEIN THEORY OF RELATIVITY 113 

potheses, Einstein proposed the following simple assumptions as the 
foundation of his special theory: 

(1) that the velocity of light is constant and remains entirely inde¬ 
pendent of the motion of the observer or of the source of light; 

(2) that physical laws remain the same for all observers who are in 
uniform motion relative to each other. 

The first of these assumptions corresponds to the known experimental 
facts. The second is of a more theoretical and general nature. 

From these two fundamental postulates follow logically as theorems 
the more highly publicized and striking principles of the theory, such 
as the shrinking of moving measuring rods in the direction of their 
motion, and the differences in reading of clocks in uniform motion 
relative to each other. These theorems definitely conflict with New¬ 
ton’s basic ideas about absolute time and absolute motion, and also 
with his laws of motion. But the quantitative predictions based on 
Einstein’s theory do not disagree significantly with those based on 
Newton’s theory except for extremely high velocities (approaching 
the velocity of light, roughly 186,000 miles per second). 

For a check of Einstein’s postulates, experiments were conducted 
with radioactive elements yielding desirable high velocities. We 
quote again from Einstein and Inf eld: * 


“The experiments show that the resistance offered by these par¬ 
ticles depends on the velocity, in the way foreseen by the theory of 
relativity. In many other cases, where the dependence of the 
resistance upon the velocity could be detected, there was complete 
agreement between theory and experiment. We see once more 
the essential features of creative work in science: prediction of 
certain facts by theory and their confirmation by experiment.” 


B The general theory. In the general theory, Einstein aimed to 
th e lt P a ^°^ slstent lo S lcaI system of broader scope than the special 

theory' AttheT 'r f withi “ tt the P rinci P les of the special 

and° uriifietf nW 7“ attera P tin S *0 8*ve a more accurate 

unified picture of the real physical world than classical nhvsies 

had proved capable of doing. Einstein has pointcTout that in 

ber' Tf misc S lf UrP ° Se ’ W “ aCtUally attem Pting to replace a num- 
W of miscell aneous assumptions and laws by a few simple and 


* Op. cU., p. 207. 
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fundamental postulates. At the same time, this required the whole 
theory of the physical universe to become more highly abstract and 
mathematical. We quote again a significant passage from Einstein 
and Infeld: * 

“New difficulties arising in the development of science force our 
theory to become more and more abstract. But our final aim is 
always a better understanding of reality. Links are added to the 
chain of logic connecting theory and observation. To clear the 
way leading from theory to experiment of unnecessary and arti¬ 
ficial assumptions, to embrace an ever-wider region of facts, we 
must make the chain longer and longer. The simpler and more 
fundamental our assumptions become, the more intricate is our 
mathematical tool of reasoning; the way from theory to observa¬ 
tion becomes longer, more subtle, more complicated. Although it 
sounds paradoxical, we could say: Modern physics is simpler than 
the old physics and seems, therefore, more difficult and intri¬ 
cate.’’ 

This quotation could be used to offer strong support for the value of 
postulational organization in applied mathematics and science (see 
our previous discussion in Section 2-7). 

One of the chief features of the general theory is that it replaces 
Newton’s laws of gravitation by a geometric theory of gravitation. 
A fundamental assumption of this geometric theory is that physical 
space is not correctly described by the strict use of Euclidean geome¬ 
try. (Newton had accepted Euclidean geometry without question 
as a valid picture of physical space.) In the general theory it is 
assumed that physical space is warped or distorted from the Euclidean 
variety by the presence of masses in motion. The warping hypothe¬ 
sis turns out to be logically sufficient to account for the Newtonian 
phenomenon of apparent force of attraction between masses. As a 
matter of fact, the general theory disagrees with predictions based 
on Newton’s law of gravitation only for “strong” gravitationa 
forces (much as the special theory contradicts the Newtonian laws 
of motion only for velocities which approach the velocity of light). 

It is natural to ask whether this occasional disagreement with 
Newton’s law of gravitation is supported by any experimental ob¬ 
servations. The answer is “yes”; there are several observational 
situations which exhibit a closer degree of correspondence with pre- 


* Op. cit., p. 225. 
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dictions based on the general theory than with predictions based on 
Newton’s law. 

We mention two of these situations: (1) the bending of light rays 
subject to strong gravitational action, and (2) the deviation of the 
planet Mercury from its orbit. In the first case Einstein predicted 
that during total eclipses of the sun there should be a bending of 
light rays coming from stars in the apparent vicinity of the sun. This 
prediction would not have been made on the basis of Newton’s Law. 
Both the fact and amount of bending have been verified satisfactorily 
by astronomers in a number of different observations of eclipses. 

In the second case, another logical consequence of the general 
theory was the prediction of a certain amount of discrepancy between 
the observed orbit of the planet Mercury and its theoretical orbit 
based on Newton’s laws. A discrepancy had been previously known 
to astronomers, but unlike the case of the discrepancy in the orbit of 
Uranus, no satisfactory explanation had been found. Einstein’s 
theory predicted the amount of the discrepancy satisfactorily. 

These experimental confirmations of the general theory must be 
considered the more impressive because the theory was developed 
without any explicit prior concern about bending of light rays or 
deviation of Mercury from its orbit. 

In spite of these successful predictions, Einstein hardly has any 
misconceptions as to the finality of his theory. He points out that 
any theory must continually meet the test of fitting the experimental 
observations, and he is supposed to have remarked once, “No amount 
of experimentation can ever prove me right; a single experiment may 
at any time prove me wrong.” 


Exercises 

1. Compare, as far as you can, the viewpoints of Newton and Einstein 
oward scientific method and the nature of scientific knowledge, including 

such topics as degree of truth of fundamental principles, use of mathematics, 
and attitude toward confirmation. (This question might conceivably pro¬ 
vide the basis for a doctor’s thesis in the philosophy of science!) 

2. Interpret from the standpoint of logic the statement attributed to 
i^instem, quoted above. 

3. Investigate the status of Einstein’s famous equation E = me 2 . How 
is it related to theory and observations? 


&-6 Geometry in relation to physical science. It was pointed out 
m the preceding section that Einstein’s general theory of relativity 
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relies heavily on a new geometric theory of physical space. From 
the standpoint of describing physical space, it is sometimes sug¬ 
gested that geometry can be studied as a branch of physics. Mathe¬ 
maticians usually frown upon this because by their definition geome¬ 
try belongs to mathematics. 

At the risk of confusing the terminology, let us consider the con¬ 
trast between these two viewpoints — between geometry as a branch 
of physics and geometry as a branch of mathematics. 

Geometry as a branch of mathematics is a collection of self-con¬ 
tained logical systems which can be developed on an abstract basis 
no matter how far removed they may seem from the real world. 
Geometry as a branch of physics, on the other hand, has as its main 
purpose the logical and accurate description of the observed facts of 
physical space. Geometry as a branch of mathematics contains nu¬ 
merous logical theories of highly imaginative types of “space.” Geom¬ 
etry as a branch of physics is interested in those logical theories which 
might conceivably be useful in the process of describing observed 
or real space. Such geometric theories, according to our previous 
classification (in Chapters 1 and 2), may be considered as belonging 
to applied mathematics. 

If someone asks: “Which is the true geometry?' 1 , the question is 
meaningless when we consider geometry as a branch of mathematics, 
whether pure or applied. As emphasized in Chapter 1, all we have 
a right to say in this case is: “// the postulates are true, then the 
theorems are true.” On the other hand, the question is meaningful, 
or more nearly so, when we consider geometry as a branch of physics. 
In the former case we are primarily concerned that our postulates 
be logically consistent, that the undefined terms be explicit, and that 
the whole development from postulates and undefined terms be 
logically complete. In the latter case we are anxious to have a 
sound logical theory, but we want the best theory possible, i.e., a 
geometric system whose postulates and theorems agree as closely as 
possible with observations. In other words, we wish the postulates 
to stand the usual tests for hypotheses in any department of scientific 

or reflective thinking. , . 

One of the main problems in geometry as a branch of physics, o 

let us say physical geometry, is the question of whether physical space 
is Euclidean or non-Euclidean. According to Einstein the answer 
would be “neither.” The apparent paradox here is due to the fact 
that “non-Euclidean geometry,” as we have seen, refers usually to 



5-7) 


MATHEMATICAL AND SCIENTIFIC TRUTH 


117 


either one of two main varieties of geometry contradicting Euclid. 
These are the Lobachevskian and Riemannian geometries. The kind 
of geometry used by Einstein in his general theory of relativity is 
neither of these, nor is it Euclid’s geometry. It is a four-dimensional 
geometry of “space-time,” making good use of generalized differential 
methods in pure geometry, due to Riemann. The fact that Ein¬ 
stein’s theory has been credited with a fairly high degree of experi¬ 
mental confirmation still does not prevent us from considering the 
narrower question of choice between the orthodox Euclidean and 
non-Euclidean geometries. 

To be more specific, we might reword the question as follows: 
Which one of the Euclidean or non-Euclidean systems of geometry 
agrees most closely with the observed facts of physical space? Ap¬ 
parently we have to be content, at the present time, with an inde¬ 
terminate answer. The crucial experimental test for choosing between 
these geometries might well be taken as the measurement of the sum of 
the angles of a physical triangle, say a triangle determined by three 
stars. So far no significant deviation from 180° has ever been dis- 
coveied. (By significant” deviation we mean statistical evidence 
of a sum which is consistently greater or less than 180° by an 

amount exceeding variations to be expected due to errors in measure¬ 
ment.) 


Accordingly, we have no clear proof by the sum-of-the-angles test 
that one of the standard non-Euclidean geometries is preferable to 
ordinary Euclidean geometry. At the same time, we have no proof 
that Euclidean geometry is preferable to the others. For it may 
well be that there is actually a deviation from 180° in one of our 
large-scale astronomical triangles, but that our measuring instru¬ 
ments are not yet sufficiently precise to exhibit the deviation. 

We can now understand the statement which is sometimes 

to be LI f C r!i Ct f PhysiCa ' SpaCe might C0n <*ivably be proved 
to be not Euclidean, but it can never be proved to be definitely Eu- 


5-7 Mathematical and scientific truth. The discussion of the role 
geometry as a branch ot mathematics and as a branch of physics 

scientTfi^tmth 6116 6d t0 yidd a COmparison of mathematical and 

°" r discus ®ion indicates that scientific truth is in a different cate- 
g ry from the abstract relative truth of pure or applied mathematics. 
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For it is the function of any science to formulate, with all possible 
aid from mathematics or logic, consistent logical theories which “fit” 
or explain observed facts as closely and efficiently as possible. 

It is significant to note the word “efficiently.” When a choice is 
to be made between possible rival theories the decision may be in¬ 
fluenced not only by observational evidence, but also by the judgment 
of mathematicians or logicians concerning the relative simplicity and 
compactness of these theories. It will be recalled that Einstein 
advances arguments of this nature in support of his theory. 

Scientific knowledge at any stage consists of the currently accepted 
scientific theories, together with known observational facts not yet 
explained by theoretical discussions. The latter unexplained facts, 
plus any contradictions arising between theories and observations, 
are always an important source of scientific problems, which in turn 
supply motivation for further scientific inquiry. New investigations 
lead to revision of previously accepted theories, and the revised 
theories yield new predictions, which again must be subjected to 
experimental testing. Thus the process repeats itself and there is no 
end in sight. 

What then is the real nature of scientific truth in contrast to mathe¬ 
matical truth? The answer is suggested in a nutshell by another 
famous quotation from Einstein: “As far as the laws of mathematics 
refer to reality, they are not certain; and as far as they are certain 
they do not refer to reality.” * 

This statement indicates that there is a qualitative distinction 
which perhaps can be summarized in less striking language by describ¬ 
ing mathematical truth as abstract and scientific truth as empirical. 
There is always this gulf between the two. But both varieties rely 
on logic and involve the kind of relativity inherent in any logical 
system of thought. 

In addition, over a period of time, both mathematical truth and 
scientific truth are subject to revision. The former changes with 
changing standards of logical rigor within mathematics. The latter 
changes not only with this variable, but also with our changing 
capacity of observation of the real world, and with the changing 
theories proposed to describe that world. 


* Quoted by C. G. Hempel, “Geometry and Empirical Science,” American 
Mathemalical Monthly , Vol. 52, 1945, pp. 7-17. 
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Exercises 

1. From the standpoint of advancement of scientific knowledge, would 
you say that mathematicians ought to devote their main research efforts to 
applied rather than to pure mathematics? 

In answering this question it will be helpful to search for examples of 
mathematical theories which have been developed from the pure standpoint 
at one period of history, and applied to some other field at a later period. 
(Refer to Richardson, Chapter II, or Cooley, Gans, first edition, Chap¬ 
ter XXI, or second edition, Chapter 24, for suggestions. See also certain 
sections of the present text, e.g., Sections 1-7, 2-2, and 2-7.) 

2. Interpret in your own words the above quotation from Einstein con¬ 
cerning the laws of mathematics and reality. 

6-8 Conclusion. This completes Part I, in which we have at¬ 
tempted to make a general study of the postulational structure of 
logical thought and the active process of logical reasoning as used 
in the formulation of mathematical and scientific knowledge, together 
with applications of the logical process and postulational organiza¬ 
tion to other situations. 

In Part II we shall continue with more extended illustrations of 
postulational systems in pure mathematics, and shall investigate, 
in some detail, modern postulational concepts and techniques. 



PART II 


SOME SIGNIFICANT 
POSTULATIONAL SYSTEMS, 
CONCEPTS, AND METHODS 



CHAPTER 6 


ELEMENTARY ALGEBRA AS A LOGICAL SYSTEM 

6-1 Introduction. It is the object of this chapter to exhibit some 
fundamental portions of elementary algebra as a logical system.* In 
so doing we shall be following up the brief discussion of postulational 
organization of algebra in Chapter 2. 

To the beginner, some of the most mysterious, and perhaps arbi¬ 
trary, appearing rules of algebra are the rules for operating with 
positive and negative numbers. We shall show that the rules of 
signs, and some important rules concerning the numbers 0 and 1, can 
be proved as theorems in a development based on certain fundamen¬ 
tal algebraic postulates, including most of those already mentioned 
in Chapter 2. Our approach will be incomplete — we will omit ex¬ 
ponents, powers, radicals, quadratic equations, simultaneous equa¬ 
tions, etc. — but at least it will be significant for the purpose of 
emphasizing logical relationships in elementary algebra which are 
often overlooked. At the same time, this approach should serve to 
introduce a more modern point of view both toward postulates and 
toward algebra as a whole. 


6-2 The postulates of rational operations (Set A). In the study 
of arithmetic and high school or college algebra everyone gains prac¬ 
tical but rather informal and intuitive acquaintance with different 
types of numbers, such as integers (i.e., whole numbers including 0 
and 1), rational numbers (i.e., numbers expressible as the quotient 
of two integers), positive and negative numbers, and real and com¬ 
plex numbers, together with various operations and relations involv¬ 
ing these numbers. A rigorous logical development of the whole 
complex number system usually is not attempted until an advanced 
stage of mathematical study — either the late college or early gradu¬ 
ate school level and even then the development is apt to be some¬ 
what sketchy. 

What we wish to do here is to formulate postulates corresponding 


AlliTr he > C !f pfcer . is based in part on E. R. Stabler, “Demonstrative 
Algebra, The Mathematics Teacher, Vol. 39, 1946, pp. 255-260. 
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to what we believe, on the basis of our past experience, to be elemen¬ 
tary properties of certain sets or classes of numbers. We shall have 
in mind especially properties of the class of real numbers, but we shall 
purposely avoid restricting ourselves to real numbers. This is be¬ 
cause the postulates actually will hold good for numbers of more than 
one type. At the same time it will be useful to realize that the 
postulates do not hold for every possible set of numbers. 

To emphasize the flexibility of interpretation of our postulates — 
and to avoid reliance on previous ideas about numbers except when 
we are specifically judging the truth or falsity of the postulates 
we shall refer to “elements” rather than “numbers.” It is equally 
desirable to be flexible in our interpretation of the operations used in 
our postulates, but we refer as usual to “addition” and “multiplica¬ 
tion,” with the understanding that we may wish to interpret these 
operations sometimes in nonstandard ways, for example, as “modulo 

addition” or “modulo multiplication.” 

Let us suppose, then, that we are given an undefined, set or class 
of elements and two undefined operations, plus and times , for com- 
. bining these elements. The undefined set of elements will be desig¬ 
nated by the symbol K, while the individual elements of the set will 
be designated by such symbols as a, b, c ... . (It is understood that 
distinct symbols such as a and b do not necessarily represent distinct 
elements. We may have a = 6.) The undefined operations of addi¬ 
tion and multiplication will be designated as usual. 

From the standpoint of Chapter 4, the undefined words entering 
into the statement of the postulates make the postulates more like 
propositional functions than definite propositions.* And not until 
concrete meanings are assigned to the undefined terms can we say 
whether the postulates are true or false. If the postulates are true, 
we use the same terminology as for propositional functions, and say 


that they are “satisfied.” .. » 

We shall give the postulates in two sets: (A) postulates of rational 

operations and (B) postulates of signs and order. Discussionof Set 

will he postponed until after we have stated the theorems yielded by 


Se in A Set A all but one of the postulates are stated in pairs referring to 
corresponding properties for addition and multiplication. It 

_r iv^N here the definition of See 4-2: A ^f^sT'pTopos!- 
statement containing one or more variable terms «h.ch becom P 
tion as a result of substituting suitable meanings for the vanable 
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understood in advance that a 4- b is an element uniquely determined 
by a and b, and similarly for ab. We assume also, without explicitly 
listing them here, the familiar axioms of equality, and we shall not 
feel obliged to refer to them in proofs. 

The postulates of Set A follow. The ordinary and primed numbers 
used in labeling the paired postulates refer to properties of addition 
and multiplication respectively. 


A. Postulates of Rational Operations 

Undefined terms: Set K of elements a, b, c, . . . combinable under two 
operations designated as plus and times, or addition and multiplication. 

Postulates 1,1'. Closure. If a, b are any elements belonging to 
the set K, then a -f b and a • b are also elements belonging to K. 

Postulates 2,2'. Commutative operations. If a, b are in K, then 

a + b = b 4- a, and ab = ba. 

Postulates 3,3'. Associative operations. If a, b, c are in K, then 
(a + 6) + c = a+(Hc), and (a6)c = a{bc). 

Postulates 4,4'. Identity elements. There exist in the set K 
unique * zero and unity elements (designated as 0 and 1), distinct 
from each other, such that for every element a in K 

a + 0 = a, and a • 1 = a. 

Postulates 5,5'. Inverse elements. For each element a in K 
there exists a unique corresponding element a, and, except per¬ 
haps for 0, a unique corresponding element /a, such that 

a + a - 0 and a • /a = 1 

(a and /a may be read respectively as “a bar” and “slant a”) 

Definitions 1,1'. a is called the opposite (or negative) of a, and 
/a is called the reciprocal of a. 

Postulate 6. Left distributive law. If a , b, c are in K, then 

a(b + c) = ab + ac. 

1 a L nd r rr nt briefly , 0n Certain 0f the postulates. Postulates 
— d 1 the closure Postulates, actually are of great significance not 

spec4 y d a propt q ty e ’’ dement "' e meaD ° ne a " d ^ one element having the 
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only in this particular set of postulates but also in many other postu¬ 
late sets for important algebraic systems. The role of closure is 
more readily appreciated by reference to a finite table of numbers 
such as the tables for adding days of the week or the tables of “modulo 
arithmetic” in Chapter 1. The closure property in these tables, it 
will be recalled, simply takes the form of using no other symbols in 
the body of the table than those appearing in the margins. 

Postulates 2,2', 3,3', and 6 state the familiar commutative, asso¬ 
ciative, and left distributive properties for elements belonging to K. 
Note that we do not include the right distributive rule as a postulate 
here, the reason being that it is readily proved as a theorem from the 
commutative and left distributive postulates. 

Postulates 4,4' and 5,5', the identity and inverse postulates, state 
familiar properties of 0 and 1, and of negatives and reciprocals of 
given elements. 

Before proceeding to the theorems deducible from these postulates 
it would be desirable to make various concrete interpretations for the 
set K as a set of numbers, and to judge in which cases the postulates 
actually are all satisfied. Let us assume here that for all types of 
numbers the commutative, associative, and distributive rules are 
valid. (This assumption is justified by the advanced logical develop¬ 
ment of the number system, mentioned above and to be referred to 
again in the final section of the chapter.) 

Example 1. Let K be interpreted as the set of all positive integers , 
and let + and X have their usual meanings. The closure postulates 
are satisfied since the sum and product of two positive integers aie 
also positive integers. Postulates 2,2', 3,3', and 6 are satisfied by 
our assumption. The number 1 is a positive integer and behaves as 
required by Postulate 4', so this postulate is satisfied. But the num¬ 
ber 0 is not included in the positive integers, and there is no positive 
integer which has the required property of a zero element. Hence 
Postulate 4 fails. Similarly, Postulates 5 and 5' fail, as the required 
negatives and reciprocals of positive integers are not positive integers, 
with the exception of the reciprocal of the integer 1. 

Example 2. Let K be the set of all rational numbers (positive, 
negative, and zero). Here all of the postulates in our list are satis¬ 
fied. The sum and product of two rational numbers are rational 
numbers. The commutative, associative, and distributive postu¬ 
lates hold by our assumption. The rational numbers 0 and 1 serve 
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as identity elements. Every rational number has a negative (or 
opposite) which is also rational, and every rational number except 0 
has a reciprocal which is rational. 


Exercises 

Determine for each of the following sets of numbers whether or not the 
postulates of Set A are satisfied. Tell why or why not, as explicitly as 
possible. (In the case of modulo systems the commutative, associative, and 
distributive postulates can be shown to hold always, as in ordinary arith¬ 
metic.) 

1. The set of all positive and negative integers and zero. 

2. The set of all real numbers, positive, negative, and zero. 

3. The set of all rational numbers between +1 and —1. 

4. The numbers 0, 1 taken modulo 2 (see Section 1-3). 

5. The numbers 0, 1, 2 taken modulo 3. 

6. The numbers 0, 1, 2, 3 taken modulo 4. 

7. The numbers 0, 1, 2, 3, 4 taken modulo 5. 


6-3 Theorems: Set A, Group 1. We now assume the abstract 
postulates of Set A and deduce theorems, still without committing 
ourselves to any definite set of elements. We claim simply that the 
theorems will be true for any set of elements for which all of the 
postulates are satisfied. 

The development of theorems from the postulates of Set A will be 

given in three groups: first, those which follow from the unprimed 

postulates 1 to 5; second, those which follow from the corresponding 

primed postulates; and third, those which involve direct or indirect use 
of the distributive postulate. 

The first group of theorems follows. Postulates will be referred to 
briefly in the proofs by names rather than by numbers. 

0 = 0 . 

0 + 0 = 0 by identity postulate. 

0 = 0 by inverse postulate 
mce tne inverse of any element of K is unique). 

Theorem 2. If a is an element belonging to K, then 

a - a. 


Theorem 1. 

Proof 

Hence 


Proof 

whence 

and 


a + a = 0 by inverse postulate, 
a + a = 0 by commutative postulate, 
a = a by inverse postulate. 
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The next theorem leads up to the operation of subtraction. The 
theorem says, in effect, that it is always possible to perform this 
operation within K. This is not trivial. For example, within the 
system of positive integers we know that subtraction is not always 
possible. 

Theorem 3. If a , b are any two elements in K, there exists in K a 
unique solution of the equation x + b = a, namely , x = a + b. 

Proof. I. Suppose there is a solution x , in K; we show x is unique in 
accordance with the indicated formula. 

We have x + b = a by hypothesis 

and 6 is in K by inverse postulate. 

Adding b to each side, we obtain 

(x + b) +_6 = a + b. 

Hence x + (b + b) = a + b by associative postulate 

(applied to left side of preceding step), 

x + 0 = a+ b by inverse postulate, 
x = a + b by identity postulate. 
Furthermore, a + b is in K by the closure postulate. 

II. We show by substituting a + 6 for x in the left side of the equation 
that a + b actually is a solution: 

(a 4- 6) 4- b = a + (b + b) by associative postulate, 

= a + (6 + b) by commutative postulate, 
= a + 0 by inverse postulate, 

= a by identity postulate. 

Thus a + b is a solution. 

In the preceding proof of Theorem 3 it should be observed that 
both parts of the proof are essential. The first part shows that if 
there is any solution (in K) it must be uniquely given by the stated 
formula. The second part corresponds to the familiar process of 
“checking” an answer to an equation in elementary algebra. (Inci¬ 
dentally, it is easy to find illustrations of equations in elementary 
algebra which apparently yield solutions under the assumption that 
there is a solution, and yet which on checking are found to have no 
solution after all. Or one apparent solution may be good and another 
“extraneous.” For examples, see chapters on radical or fractiona 

equations in algebra textbooks.) 
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We are now in a position to define officially the operation of sub¬ 
traction within our set K. 


Definition 2. If c is the unique solution of the equation x + /> 
= a, we say that c is the difference, a minus b, and write c = a — b. 

Theorem 4. If a and b are any two elements of K, subtraction of b 
from a is always possible in K according to the rule a - b = a + b. 

(This theorem is simply a restatement combining Theorem 3 and 
Definition 2.) 

Hereafter, when theorems or corollaries state equalities, it is to 
be understood that the hypothesis includes a clause like that of 
Theorem 4, such as “if a, b belong to K, ” 

Corollary 1. a-b = a + b 

( for a - 6 = a + b which = a + b by Theorem 2). 
Corollary 2. a — b = 0 if and only if a = b. 

Corollary 3. a — 0 = a. 

Corollary 4. 0 - a = a. 


Theorem 5. b - a = (a - b). 

Proof. It is sufficient by the inverse postulate to prove that 


(a - 6) + (6 - a) = 0 

(for this postulate says that the opposite of 
unique). We prove this as follows: 


any number of K 



(a - b) + (6 — a) = (a + b) + (6 + a) 

= ((a + 6) + 6] + ci\ 
= [a + (b + 6)] -h aJ 
= (a + 0) + a 


= a + a 
= 0 

Hence 6 - a = (a^b) 

Theorem 6. a + b = (7+T). 
Proof. It is sufficient to prove that 


by Theorem 4, 

by associative postulate, 

by commutative and inverse 
postulates (or Theorem 2 
and inverse postulate), 
by identity postulate, 
by inverse postulate, 
by inverse postulate. 


(a + b) + (a + b) = 0. 
as an exercise. 


This is left 
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The following two theorems correspond to the usual rules of elemen¬ 
tary algebra for removing parentheses preceded by + or — signs. 

Theorem 7. a + (b - c) = (a + b) - c (or, for short, a + b - c). 

Theorem 8. a — (6 — c) = (a — b) -f c (or, for short, a — b + c). 

Proof. a — (b — c) = a + (6 — c) by Theorem 4, 

= a + (c — b) by Theorem 5, 

= a + (c + b) by Theorem 4, 

= a + (6 + c) by commutative postulate, 

= (a 4- b) + c by associative postulate, 

= (a — b) + c by Theorem 4. 

This completes the first group of theorems. 


Exercises 

1. Prove Corollaries 2, 3, 4 of Theorem 4. 

2. Prove Theorem 7. 

3. Does the associative principle hold in K for the operation of subtrac¬ 
tion? Explain. 

4. Prove (a — b) + (c — d) = (a + c) — (b + d). 

5. Prove (a — b) — (c — d) = (a — b) -f- (d — c). 

6. Prove a — b = (a + k) — (6 + k). 


6-4 Theorems: Set A, Group 2. The second group of theorems 
might have been presented and proved in a column parallel to the 
first group, for the two groups correspond, theorem for theorem. 
Whereas addition is the fundamental operation involved in the first 
group, multiplication is fundamental in the second group. Ihe 
first group depends entirely on the unprimed postulates, except 
Postulate 6, while the second group depends entirely on the primed 
postulates. With one exception the unprimed postulates 1 to 5 can 
be changed into the primed postulates 1' to 5' by changing addition 
to multiplication, so we have here a slightly imperfect “duality 
(which, of course, does not extend to Postulate 6). The exception 
is that in Postulate 5' no inverse or reciprocal is required ioi tne 
element 0. Accordingly, any primed theorem which depends on 
Postulate 5', directly or indirectly, will have a qualification in it 
statement. The form of this qualification will be the hypothes 

that certain elements are not equal to 0. , n 

It should be apparent that the proof of any primed theorem can 
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be given by use of the primed postulates and theorems with the same 
numbers as those used in the proof of the corresponding unprimed 
theorems. This is simply because, with the exception already noted, 
the unprimed postulates can be translated into primed postulates, so 
that the same translation can be made from unprimed to primed 
theorems. Logical relationships in the proofs of the primed theo¬ 
rems remain essentially unchanged. Accordingly, the proofs of the 
theorems of the second group will be omitted. It is advisable 
however, as an exercise, to work through some of these proofs in 
detail to see the actual process involved in “translating.” 

Theorem T. /I = 1. 

Theorem 2'. If a is in K, and a ^ 0, then //a = a. 

Theorem 3'. If a, b are two numbers in K, with b ^ 0, there exists 

in K a unique solution of the equation x • b = a, namely x = a • /b. 

Definition 2'. If c is the unique solution of the equation x • b 

= a, (where b * 0) we say that c is the quotient , a divided by b and 

write c = a/b. 


Theorem 4'. If a, 6 are two numbers of K , with 6^0, division of 
a by b is always possible in K according to the rule a/b = a -Jb. 


Corollary T. 
Corollary 2'. 
Corollary 3'. 
Corollary 4'. 

Theorem 5'. 
Theorem 6'. 


a/Jb = a • b 
a/a = 1 
a/1 = a. 

1/a = /a 

6/a = /(a/6) 
/a - Jb - J(ab) 


Theorem 7'. a • (6/c) = (a6)/c 
Theorem 8'. a/(6/c) = (a/6) • c 


if 6 ^ 0. 

if a ?£ 0. 

if a 9 * 0. 

where a, 6 ^ 0. 
where a, 6 ^ 0. 
where c^0. 
where b, c ^ 0. 


Prove: 


Exercises 


1. aj(b/c) = ( ac)/b , where 6, c ^ 0. 

2. (a/6)-(c/d) = (ac)/(bd), where 6, d 0. 

3. a/b = ( ak)/(bk ), where b, k ^ 0. 

4. (a/6)/(c/d) = (ad)/(be), where 6, c, d ^ 0. 


Which depend on 
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tributive postulate we would be unable to prove certain key theorems 
concerning operations with the number 0. Due to the fact that there 
is no counterpart of the distributive postulate which can be obtained 
by interchanging multiplication and addition, we shall have no 
primed theorems in this group. First we note as a theorem the right 
distributive rule, the proof of which should be immediately obvious. 

Theorem 9. (a + b)c = ac + be. 

Theorem 10. a(b — c) = ab — ac. 

Proof. Let d = b — c. Then by Definition 2, we have 

d + c = 6, 

ad + ae = ab by distributive postulate, 

ad = ab — ac by Definition 2, 
or a(b — c) = ab — ac. 

Corollary. (a — b)c = ac — be. 

Theorem 11. a • 0 = 0. 

Proof. Since 0 = 6 — 6, where 6 is an element in K, 

by Corollary 2 of Theorem 4, 

aO = a(6 — 6), 

= ab — ab by Theorem 10, 

= 0 by Corollary 2 of Theorem 4. 

Theorem 12. Division of any nonzero element by 0 is impossible in 
K, and division of 0 by 0 is indeterminate. 

Proof. I. Let a be different from 0 (a ^ 0). To attempt division 
of a by 0 means, in accordance with the idea of Definition 2 , to 
attempt to solve the equation 

Ox = a. 

But no matter what number x stands for (in K), we know by Theo¬ 
rem 11 that the left side of this equation is 0, whereas the right side 
is different from 0. Hence it is impossible to solve the equation in K. 
II. Let a = 0. To divide a by 0 now means to solve the equation 

Ox = 0. 

But every value of .r (in K ) satisfies this equation, by Theorem 11. 
Hence the solution is indeterminate. 

It is worth noting that Theorem 12 is not sufficiently emphasized 
in elementary mathematical subjects, such as algebra and trigonom- 
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etry. Many misconceptions exist concerning “division by 0.” But 
the simple fact is that in all systems of numbers satisfying our postu¬ 
lates division by 0 is impossible or indeterminate. (Sometimes the 
word “impossible” is used to cover both cases.) 

Next we come to a related principle concerning the number 0 that 

is used correctly and with great frequency in algebra and related 
subjects. 

Theorem 13. If ab = 0, where a, b are in K, then either a = 0 
or b = 0. 

Proof. Either a = 0, in which case the stated conclusion holds, 
or a ^ 0. Suppose now that a ^ 0. Then, by the inverse postu¬ 
late we know that Ja exists in K, and 

(/a) (ab) = (/a) 0 = 0 
But Wa)(ab) = [(/a) (a)]6 

= 1-6 


Hence 


= b 

6 = 0 , 


by Theorem 11. 
by associative postulate, 
by commutative and in¬ 
verse postulates, 
by identity postulate, 
which completes the proof. 


At this point we recall a definition used in connection with “modulo 
h nn me M , ChaPt ^ Where We found that in certain systems it 

“dfvisot "oi JoT 13 COntradicted * the -istence of 

DEFjNmoN 3. If a and b are nonzero elements of K such that 
ab - 0, then a and b are called divisors of zero. 

Corollary. There are no divisors of zero in K. 

..itTcssr o< “• * re i "™'»“»— 

Theorem 14. 

Proof. 


Corollary. 
Theorem 15. 


ab = ab. 
ab = a(0 - 6) 

= aO — ab 

= 0 — ab 
= ab 

ab = ab. 
ab = ab. 


by Corollary 4 of Theorem 4, 
by Theorem 10, 
by Theorem 11, 

by Corollary 4 of Theorem 4. 


The proof of Theorem 15 is left as an exercise. 
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Exercises 

1. Prove the corollary of Theorem 14, and prove Theorem 15. 

2. Prove a/6 = ( a/b ). 

3. Prove a/a = T_ 

4. Prove a/b = (a/6). 

5. Prove (a -f 6)/c = (a/c) + (6/c). 

6. Prove (a/6) + (c/d) = (ad + bc)/bd. 

7. Construct a chart showing the “logical ancestry” of Theorem 12 con¬ 
cerning the impossibility of division by zero. This should show as clearly as 
possible the previous theorems, the definitions, and the postulates used 
directly and indirectly in the proof of the given theorem. A final summary 
should be made, listing the postulates on which Theorem 12 ultimately de¬ 
pends. 

8. Do the same for Theorem 15. 


6-6 Postulates of signs and order (Set B). Although it may seem 
that Theorem 15 above corresponds to the usual rule of “minus times 
minus equals plus,” actually we have not yet introduced any official 
distinction between “positive” and “negative” elements, or any con¬ 
cept of “greater than” or “less than.” For this purpose we intro¬ 
duce the postulates of Set B as follows. Although the three new 
postulates of Set B appear to refer only to the concept of positive¬ 
ness, they immediately permit introduction, by definition, of the 
concept of negativeness and the ordering relations (< and >). 

Postulates, definitions, and (in the next section) theorems will be 

numbered consecutively with those of Set A. 


B. Postulates of Signs and Order 

Postulate 7. Law of trichotomy. The set K contains a subclass 
p of positive elements such that for any element a belonging to K 
one and only one of the following statements holds: 

(i) a is positive (i.e., a belongs to P). 

(ii) a = 0. 

(iii) a is positive (i.e., a belongs to P). 

Postulates 8,8'. Closure for positive elements. If a and 6 are 
positive, then a + 6 is positive, and ab is positive. 


Definition 4. If a is positive, we say that a is negative.. 

Definition 5. Given any elements a, b, of K if the 
a _ b, is positive, we say that a is greater than b (a > b) an 

less than a (6 < a). 
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6-7 Theorems: Set B. It is understood now that the postu¬ 
lates of Set B as well as Set A are in force and, as usual, that a, b, c 
belong to K. 

Theorem 16. If a is a positive element of K, a is negative. 

Proof. This follows from Definition 4, on recalling that a = I 
(by Theorem 2). 

Theorem 17. a is positive if and only if a > 0. 

Theorem 18. a is negative if and only if a < 0. 

% 

Theorem 19. For any two numbers a, b of K, one and only one of 

the follounng holds: 

a > b; a = b; a < b. 

Proof. This follows from Postulate 7, Corollary 2 of Theorem 4, 
and Theorem 5. 


Theorem 20. Transitive property. If a > b and b > c, then 
a > c. 

Proof. Since a > b, a - b is positive by Definition 5. Since b > c, 
b - c \s positive by Definition 5. 


• • 

But 

and 


(a — 6) H- (b — c ) is positive 
(a — b) -f- (6 — c) = a — c 
a — c is positive 
a > c 


by positive closure postulate, 
by theorems of Set A. 

by Definition 6. 


Theorem 21. Ifa>b and c is any element of K, then a -f c > b 4- c. 

Theorem 22. If a > b and c is positive, then ac > be. 

Proof. Since a > b, a - b is positive by Definition 5. Since c is 
given positive, 

-n ( a ~ b ) c 1S positive by positive closure postulate. 

(a — b)c — ac — be by Corollary of Theorem 10. 
ac > be bj' Definition 5. 

Theorem 23. If a, b are positive elements of K with a^b (ie a 
greater than or equal ta b), then * ’’ 

(i) a + (- b) = the positive element, a - b (or 0 if a = b) 

f!! ~ a l I h , ~ Ue ? ative ekment ’ ~ (a ~ V’ (° r 0 if a 1 b ). 

^ U ( a) + (- o) = the negative element , — (a + 6). 


* Here we revert to the familiar 
opposite of a given element. 


use of the minus sign to designate the 
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Theorem 24. If a and b are positive elements of K, then 

(i) a( — b) = ( — a)b = the negative element , —ab. 

(ii) ( — a)(— b) = the positive element , ab. 

Theorem 25. The square of any nonzero element of K is positive. 
Corollary. The unity element 1 is positive. 

This last corollary makes it easy to prove certain ordering relations 
for reciprocals of elements and hence relations concerning fractions. 
Some of these are suggested below as exercises. 

This completes our sample postulational development of algebraic 
theorems. 


Exercises 

1. Prove Theorem 19 in detail. 

2. Prove Theorem 21. 

3. Prove Theorems 23 and 24. 

4. Prove: If a > b, then — a < —b. 

5. Prove: If a > b and c > d, then a + c > b -f- d. 

6. Prove: If a > b and c is negative, then ac < be. 

7. Prove: (a) If c > 0, then /c is positive, (b) If c < 0, then /c is 
negative. 

8. Prove: If a > 1, then 0 < fa < 1. 

9. Prove: If 0 < a < 1, then /a > 1. 

10. Prove: a/b > c/d if and only if ad > be, where bd > 0. 


6-8 Comparison with the definitional approach to the number 
system. The advanced logical development of the number system, 
mentioned in Section 6-2, is essentially a definitional approach, 
whereas our development has been a sample of an abstract postula¬ 
tional approach. 

In contrast with our approach, the definitional approach has the 
following characteristics: (1) it is a more concrete development; (2) it 
usually starts with assumed properties of the class of “natural num¬ 
bers,” or positive integers (1,2,3, . . .); (3) it builds up the number 
system by successive definitions of new types of numbers, together 
with their operations and ordering relations, and for each new set of 
numbers it proves theorems based on the definitions and on the 
properties of the previously defined sets of numbers. In this way, 
the properties of the sets of positive rational numbers, all rational 
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numbers, all real numbers, and all complex numbers can be de¬ 
veloped.* 

In the definitional approach the need for each new set of numbers 
defined is clearly shown by the fact that certain desired processes can¬ 
not be carried out in a more restricted set of numbers. For example, 
it is impossible to divide 5 by 2 in the system of positive integers, so 
it is desirable to introduce (positive) rational numbers to make this 
division possible. A positive rational number is defined as a pair of 
positive integers (written for example as m/n, with n ^ 0), and rules 
are defined for adding and multiplying with these new numbers. 

These defined rules are equivalent to theorems proved or provable in 
our development. 

Again it is impossible to subtract 7 from 2 (more strictly 7/1 from 
2/1) in the system of positive rationals, so negative rational numbers 
are introduced and operations for them defined so as to make sub¬ 
traction always possible. 

To show that irrational numbers are needed, the usual illustration 
is to attempt to solve the equation 


= Z 


within the system of rational numbers. Euclid gave a proof by 
indirect reasoning that such a solution is impossible, and this has 
become a standard example of an impossibility proof in mathematics 
f*or the proof, see Richardson, p. 108.) When irrational numbers 
and their operations are defined (by one of various standard methods 
tailing back on the system of all rationals), the enlarged system of 
numbers forms the system of all real numbers. 

A simple process which cannot be performed within the set of real 
numbers is to solve the equation 

* 2 + 1 = 0 . 

operations fina " y t0 ^ definition of complex numbers and their 

shrnv e tw° rems Pr0V , ed in a definitional development of this kind 
— that ou r postulates of Set A-the “postulates of rational 

see*R^L a ^ OUtl nt° f this r k , ind of approach, with details in the early staees 

with more e^Lrsis^ 

WU ^’ 19 «. 6l 'a P teiT and 2 F 

Fehr, Secondary Mathematics, D. C. Heath, 1951, Chapter 10. ' ' 
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operations” — are satisfied by the following sets of numbers with 
their accompanying operations: (1) the set of all rational numbers; 
(2) the set of all real numbers; (3) the set of all complex numbers. 
The rational numbers and the real numbers also satisfy the postulates 
of Set B — the “postulates of signs and order” — but the complex 
numbers do not. 

Note. The reason why the complex numbers do not satisfy the postulates 
of signs and order can be appreciated if we recall (from trigonometric dis¬ 
cussion of complex numbers) that every complex number has a square root 
which is a complex number, i.e., every complex number is the square of some 
complex number. Thus if it were possible to describe certain complex 
numbers as “positive” in such a way as to meet the requirements of the 
postulates of Set B, we would find in accordance with Theorem 25 that every 
nonzero complex number would be positive. On the other hand, any given 
nonzero complex number would be the opposite of some other (positive) 
complex number and thus would be negative as well as positive. This 
would contradict Postulate 7, the law of trichotomy. 

For an exhaustive postulational treatment of the algebra of complex 
numbers see the monograph, “The Fundamental Propositions of Algebra” 
by E. V. Huntington, in Monographs on Topics of Modern Mathematics, 
edited by J. W. A. Young; Longmans, Green, 1927. This monograph will 
be discussed in Section 11-5. 


It may be inquired which type of approach is preferable — the 
abstract postulational approach or the more concrete definitional 
approach. Probably the answer is that both are needed. Actually, 
the two approaches constitute logical developments in reverse direc¬ 
tions, and are comparable to large-scale necessary or sufficient 
conditions. Thus in order to have a reasonable basis for defining 
operations with new types of numbers, it is proved, in the postula¬ 
tional approach, what the definitions necessarily must be if we wish any 
system of numbers to have the standard properties specified in the 
postulates. Then in the definitional development it is shown, con¬ 
versely, that the definitions dictated by the postulational approach 
are sufficient to guarantee that the desired properties hold. Ihe 
analogy should not be pushed too far, however. There are other 
considerations which make the postulational study desirable, as "ill 

appear in Chapters 8 and 9. 


CHAPTER 7 


AH ABSTRACT GEOMETRIC SYSTEM 

7-1 Introduction. In the preceding chapter we attempted to 
show the value of a postulational approach in algebra. The results 
achieved were familiar, but the logical organization and the rather 
abstract point of view were presumably novel. 

In the present brief chapter we shall give a sample of an abstract, 
postulational approach to geometric subject matter which will appear 
novel in contrast with both Euclidean and non-Euclidean geometries. 
The peculiar feature of the geometric system to be developed is that 
it contains only a finite number of points and lines. This charac¬ 
teristic makes it very convenient for study as an example of a concise 
logical system of postulates and theorems. At the same time it 

makes it easy to give a rigorous treatment, and thus avoid Euclid's 
defects. 

Both Chapter 6 and the present chapter will be useful to us as a 

basis for more detailed discussion of postulational concepts and 
methods in Chapter 8. 


7 2 Postulates for a finite geometry. The system to be developed 
will be called a “ finite ” or “ miniature " geometry.* We shall be con¬ 
cerned with a class S of undefined objects called “points"and “lines " 
with the qualification that a “line" is simply a collection of “points!" 
We must be careful not to read any more meaning into these terms 
than is justified by the postulates. In particular, we must not be 
prejudiced by our previous experience with diagrams and ordinary 
geometric principles. The “geometry" will turn out to be of an 
unusual and restricted type. 

The postulates are as follows. (In the postulates and theorems 
u two or more points or lines are mentioned it will be understood 
always that we mean distinct points or lines.) 


R5 *, Fo [ som < !' vhat more elaborate examples of miniature geometries see 

?°n° [ey ’ Gans ’ SeCOnd editi -> Chapter 24;Tr 
1925, p V ‘ 4 i ff g ’ Fundaviental Concepts of Algebra and Geometry , Macmillan, 
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Postulate 1. Each pair of lines in S have at least one point in 

common. 

Postulate 2. Each pair of lines in S have not more than one 

point in common. 

Postulate 3. Every point in S is on at least two lines. 

Postulate 4. Every point in S is on not more than two lines. 

Postulate 5. The total number of lines in S is four. 

As in Chapter 6, we note the analogy of abstract postulates to 
propositional functions. This would become still more noticeable if 
we replaced “point” and “line” respectively by the symbols x and y. 
Then the first postulate would read, “each pair of i/s in S have at 
least one x in common,” and so on for the other postulates. Or 
“point” and “line” might be replaced equally well by nonsensical 
words such as “punk” and “lunk.” Either of these procedures would 
dramatize the absence of truth or falsity in the postulates as they 
stand. As in the case of propositional functions, we want to know 
whether the postulates are satisfied or not when appropriate meanings 
are assigned to the variable (undefined) terms. 

7-3 Consistency of the postulates. One question that naturally 
arises is, can we really have all of these postulates satisfied at the 
same time? Or is it possible that there are some internal contradic¬ 
tions among them? If we can find some interpretation of the class 
S of points and lines for which all of the postulates become true, then 
we ought to be convinced that they are logically consistent. 

For this purpose, let us interpret class S as an orchard of trees ar¬ 
ranged in specified rows, with “point” interpreted as tree and “line” 
as row of trees. Then we shall want four rows in S, with each possible 
pair of rows having one and only one tree in common, and also with 
each tree belonging to two and only two rows. This requires that 
the number of possible trees in S be the same as the number of dis¬ 
tinct pairs of things (rows) which can be chosen from four things. 
Tabulation, or the theory of combinations, tells us that the number 
of such pairs is six. Thus we want to have exactly six trees, ar¬ 
ranged in our four rows. If we count each tree the number oftimes 
it occurs in different rows we get twelve tree-counts to be distributed 
among four rows. Thus to lay out our orchard we presumably want 
to have our six trees arranged in four rows with three trees in eac 
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row. This is easily accomplished as shown in Fig. 7-1, where the 
trees are represented by A, B, C\ etc., and the rows by the dotted 
paths I, II, III, IV. 

The rows can be specified as follows: 


Row I. A , B, C. 
Row II. A, D, E. 
Row III. B, F, E. 
Row IV. C, F, D. 


n 




.^i> 

/ 

m 

\ 


B 


Note that there is really no question of whether or not the rows are 
straight, and this has been deliberately suggested by curving the 
rows in the diagram. Also, the 
rows are not like line segments; 
on the contrary, they are entirely 
empty between the trees. It is 
simply a matter of assigning trees / 
to designated rows in such a way a di'i 
as to satisfy the specifications of 
the postulates. (We do not per¬ 
mit the arbitrary creation of new 
rows in addition to those officially 

listed.) A quick check shows that the suggested arrangement of trees 
m rows actually meets all the specifications. Accordingly, we can 
justifiably claim that our arrangement of trees constitutes a proof 
ot logical consistency for the postulates. 

An alternate interpretation of the undefined terms that is still 

ZIT7 Te ™ OVe t from ordinar V geometric concepts can easily be sug- 

inter P ret ation, let the class S of “ points 1 ” and 

PYApf, - e tle ° f members and committees of a club having 

mitio? f T ei ?rT erS (Af B ’ D ’ E ' and F) and exactly four com- 
follows■ ’ ’ IJ1, IV) ' The membershi P of each committee is as 


Fig. 7-1 


Committed. A, B, C. 
Committee II. A, D, E. 
Committee III. B, F, E. 
Committee IV. C, F, D. 


Of the orchard n “ essentlal ‘y the «8 the example 

“club memhi <Mference is that “ta»” are changed to 

club members, and "rows” to "committees.” Accordingly, the 
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club interpretation is equally good for convincing us of the con¬ 
sistency of our postulates. 

Exercises 

1. Translate the abstract postulates of our finite geometry into statements 
about members and committees of a club, using the interpretations of 
“point” and “line” suggested above. 

2. Verify that the committee lists suggested above for a club of six mem¬ 
bers actually satisfy the specifications of all translated postulates obtained in 
Exercise 1. 

7-4 Theorems of the finite geometry. In formulating an inter¬ 
pretation of our postulates as a consistency proof, we have already, 
in effect, used some logical consequences of the postulates. We pro¬ 
ceed to formulate these and other results as abstract theorems. The 
theorems will then, of course, hold good for any interpretation which 
satisfies all of the postulates. For generality, we avoid specifying 
what interpretation we have in mind. 

Theorem 1. Every pair of lines in S have one and only one point in 
common. 

Proof. This follows at once from combining Postulates 1 and 2. 

Theorem 2. Every point in S belongs to two and only two lines. 
Proof. This follows by combining Postulates 3 and 4. 

Theorem 3. There are exactly six points in S. 

Proof. By Postulate 5 there are exactly four lines in S; call them 

i, n. ni, iv. l • * f 

By Theorem 1 each pair of these lines have exactly one point of £ 
in common. Call the point common to lines I and II: I-II, etc. 
Then we have the following points belonging to S: 

I-II, I-III, I-IV, ii-iii, n-iv, m-iv. 

By Theorem 2 every point belonging to S must be contained in 
this list. Likewise, by Theorem 2, no two of the listed points can 
coincide, for in that case we would have a point belonging to more 

than two lines. 

Theorem 4. There are exactly three points on each line in S. 

Proof This follows immediately from the labeling of the six points 
of S, in Theorem 3. The labeling indicates the precise pair of lines 
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on which each point lies. Thus on line I, we have the points 

I-II, I-III, I-IV, 

and no others. Similarly, on line II, we have 

I-II, II-III, II-IV, 

and no others; and similarly for lines III and IV. 

Definition. Two points which have no line in common are 
called parallel points. 

Theorem 5. Each point in S has exactly one point in S parallel to 
it. 

Proof. A given point of S is determined by (or lies on) exactly 
two lines of S. Thus there is exactly one point, determined by the 
remaining two lines, of S which has no line in common with the 
given point. 

For example, if we are given the point I-II, the parallel point is 
III-IV. 


Corollary. On a line not containing a given point of S there is 
one and only one point of S which is parallel to the given point. 

This corollary suggests an unusual transformation of the Euclidean 
parallel postulate. The corollary is obtainable from the latter by 
the process of interchanging the words “point” and “line,” and 
making slight adjustments in terminology. It could be called the 
geometric dual of the Euclidean parallel postulate. This reminds 
us of dual properties of propositions and classes (discussed in Chap¬ 
ters 3 and 4) and dual or almost dual properties of ordinary algebra 
(in Chapter 6). 

Duality between point and line is a significant concept in the two- 
dimensional version of a very general branch of geometry known as 
pi ojecti ve geometry. For example, in projective geometry two 
points always determine a line and two lines determine a point 
Fveiy theorem in projective geometry can be changed into a dual 
theorem which is equally good. Figures can be dualized. For 
example, a complete quadrilateral is defined as the figure consisting of 
ur lines, no three through a common point, and the six points of 
intei section of these lines taken in pairs. (This is analogous to our 
orchard of trees and rows, except that the “ lines ” of projective geom- 
ry are thought of as made up continuously of points, as in ordinary 
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Euclidean geometry.) The dual figure of the complete quadrilateral 
is a complete quadrangle , defined as the figure consisting of four 
points, no three of which are on a common line, and the six lines 
joining these points in pairs. 

Duality, whether logical, algebraic, or geometric in background, 
is a useful concept as an aid to understanding the importance of 
abstract form rather than concrete substance, both in the active 
process of logical reasoning and in the completed structure of a 
logical system. For this reason, in the exercises below we suggest 
the task of dualizing the miniature geometry we have been develop¬ 
ing in this chapter. 

Exercises 

1. Suppose a club operating under appropriately translated versions of 
Postulates 1 through 5 wishes to take in two new members (without dropping 
any old ones), (a) What should be done to solve the constitutional difficul¬ 
ties? (Assume that it is desired to keep Postulates 3, 4, and 5 in force and 
that the least possible modification is to be made in the other postulates.) 
(b) What effect would the changes proposed in (a) have on the theorems? 

2. Dualize the entire system of abstract postulates and theorems of our 
finite geometry to form a new finite geometry. Is it strictly necessary to 
give a separate consistency proof for the new postulates, and separate proofs 
for the new theorems? 

3. Investigate the Desargues Triangle Theorem of projective geometry. 
This has the unusual property that its converse is identical with its dual. 
(See, for example, R. Courant and H. Robbins, What is Mathematicsf, Oxford 
University Press, 1941, Chapter IV.) 

7-6 Significance of the finite geometry. It may be objected that 
the logical system developed in this chapter is of such restricted ap¬ 
plication that it is trivial. From the standpoint of any probable 
usefulness in connection with the laying out of orchards or the or¬ 
ganization of clubs, this objection is certainly justifiable! From the 
standpoint of usefulness as an illustration of postulational systems, 
concepts, and methods, however, quite the contrary is the case 

From ancient times down to the present, mathematicians have 
always concerned themselves with many problems and theories 
which appear to be remote from the real world. For example, we 
have noted in Chapter 1 that the ancient Greek geometers spent 

much time trying to perform certain construction problems with 

straightedge and compasses. They did not succeed, 
now that they could not have succeeded, but in spite of t 
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emphasized in Section 2-2), their attempts were far from useless 
because they did develop useful mathematical concepts and theories 
as by-products of their efforts. Again, certain hypothetical gambling 
problems, under investigation by the mathematicians Fermat and 
Pascal in the early 17th century, led to the beginning of the mathe¬ 
matical theory of probability. Probability theory today is funda¬ 
mental in the applied mathematical theories of life insurance and 
statistics. Many similar examples could be cited. The point is 
that problems or theories in the brain-teaser category often show their 
usefulness by stimulating more extended and profitable mathematical 
thought, or by furnishing neat and clarifying examples of the general 
nature of mathematical thought. 

It is the latter advantage that we claim for our miniature geome- 
tiy, foi it illustrates in a limited amount of space the contrast between 
Euclid’s brand and the modern brand of postulational organization. 

The special features of the modern approach as illustrated here can 
be summarized as follows: 

(I) Undefined terms are officially agreed upon in advance of the 
postulates. 


(2) The statements made by the postulates are abstract, neither 
true nor false, in their original form and thus are in the nature of 
propositional functions rather than propositions. 

(3) The undefined terms can be given a variety of interpretations 
for which the postulates can be judged to be true or false or, in 
alternative language, satisfied or not satisfied. 

(4) A proposed set of postulates is considered to be logically sound 
or consistent, if some concrete interpretation can be found for which 
all of the postulates are judged to be satisfied simultaneously. 

(-•>) given set of postulates may be satisfied by quite different 
types of concrete interpretations. 

(6) The theorems which follow from the postulates will hold good 

in - e L>: intei ' pretat,on for w hich the postulates all hold good. 

( ) I he system of postulates and theorems can be viewed either 
as an abstract logical structure or, with a specified interpretation 
as a concrete theory concerned with the indicated subject matter. ’ 

In the next chapter, we shall continue the study of consistency of 
postulates and introduce some new postulational concepts. 
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POSTULATIONAL CONCEPTS AND METHODS. FIELDS 

8-1 Introduction. We now make use of the two preceding chap¬ 
ters to give a detailed discussion of certain important characteristics 
which sets of postulates may possess, namely, consistency, inde¬ 
pendence, completeness, and categoricalness; and we explore avail¬ 
able methods for determining whether or not a given set of postulates 
has these characteristics. 

In the case of consistency, much of our discussion will be amplifi¬ 
cation of what has already been suggested in Chapter 7. As il¬ 
lustrative material and as a basis for the discussion of important 
algebraic systems known as fields , we shall make considerable use 
of the postulates introduced in Chapter G. 

8-2 Postulational inconsistency and consistency. The primary 
qualification for an acceptable set of postulates from the mathe¬ 
matical point of view is, of course, logical consistency. Although the 
meaning of consistency should be reasonably clear by now, we shall 
try to sharpen the concept by the following pair of formal definitions, 
in which we first define inconsistency. This may seem roundabout, 
but it appears to be the most satisfactory approach. 

Definition 1. A set of postulates is logically inconsistent if the 
joint assumption of the postulates, for every possible interpretation 
of the undefined terms, leads by logical deduction to a contradiction 
of the form “q is true and q is false.” 

Definition 2. A set of postulates is logically consistent if the 
set is not inconsistent. 

Combining the two definitions, we see that a set of postulates is 
logically consistent if and only if it is not the case that, for every 
concrete interpretation of the undefined terms, the joint assumption 
of the postulates leads to a contradiction. If we produce a concrete 
interpretation for which all of the postulates are judged to be true, 
then we claim that the postulates in this case cannot yield a contra¬ 
diction (assuming the Validity of the law of contradiction for the 
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concrete interpretation in question) and hence that the postulates 
are indeed logically consistent. This gives us the method of estab¬ 
lishing consistency which is already familiar to us. 


Note . The logical background of this standard consistency method can 
be explained on a somewhat oversimplified basis by use of quantified proposi¬ 
tions as discussed in Chapter 4. 

Let P r stand for a list of postulates expressed in the form of propositional 
functions which use certain undefined or variable words, all signified by the 
subscript v. For each collective interpretation of v, P v becomes the conjunc¬ 
tion of the given postulates, now in the form of definite propositions. If 
we claim that we have found an interpretation for which all of the postu¬ 
lates are satisfied we are claiming that 

Gv)(Pr), 

or that Qi») | ~[P r —► 7 (^ 7 )] |, 

assuming that the law of contradiction holds for the specified interpretation. 
Now using rule Q-3, we obtain 

(*)[/%-*0(~0)U, 

which, in turn, says it is false that for every interpretation the postulates 

lead to a contradiction. This justifies the assertion that the postulates are 
consistent. 


An interpretation satisfying all of the postulates is sometimes re¬ 
ferred to as a model of the postulates. If the specified concrete mean¬ 
ings of the undefined terms are substituted in the theorems deduced 
abstractly from the postulates, of course the theorems will also be 
judged to be true for the model. The entire logical system of postu¬ 
lates and theorems then can be said to be transformed from an 
abstract theory into a concrete theory . The word model can also be 

theory 0 ^ Y ^ ^ reIati ° n ° f the concrete theory to the abstract 
We may seem to have a watertight method for proving consistency 

ButTctuail 'TTV 0 eXhibit thC reqUi, ' ed m ° del of the P° stul »tes. 
But actually it is far from an absolute proof. For example, we are 

bX !)7 ! c 1 " tC1 ' preta,ion ' for "' hich ‘he postulates are all 

ablve that e tl? 1 ’f‘ S , free from contradiction (or, as stated 

and that th f co " tradlcti on applies to the interpretation), 

In the e IT* J gmg haS itS6lf been cor,ectl y carried out. 
tore ^ T of ‘ he . su /Sested models of the postulates for our minia- 

ried outTv h t JU t dgmg ° f a S ‘ mple nature and could be ear¬ 
ned out by direct observation. In other cases, however, we shall 
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find that the judging required is of a more complicated type and may 
itself involve long chains of reasoning. Furthermore, the assumed 
self-consistency of the interpretation often is equivalent to assuming 
the consistency of some other set of postulates, thus shifting the bur¬ 
den of the consistency proof. Logicians and research specialists in 
the foundations of mathematics have still to find any absolute type 
of consistency proof. 

Exercises 

1. Show by actual deduction that the following set of abstract logical 
premises, (a) to (d), is inconsistent (for all propositions p, q, r ): 

(a) p is true if and only if q is false. 

(b) q is a sufficient condition for the falsity of r. 

(c) r is true. 

(d) p is false. 

2. In ordinary algebra, what is meant by consistency or inconsistency of a 
set of simultaneous equations? Compare with consistency or inconsistency 
of a set of postulates. 

8-3 Consistency of the “postulates of rational operations.” 
Fields. In Chapter 6 we presented the “postulates of rational 
operations” as the basis for a sample logical development of elemen¬ 
tary algebra. We made a point of using an abstract form of state¬ 
ment which would not ordinarily be used in elementary algebra 
for example, referring to “elements” rather than “numbers.” From 
the standpoint of flexibility in postulational interpretation, we can 
appreciate better now why it is desirable to do this. 

The abstract terminology is also desirable from the standpoint of 
showing relationships with the wide branch of mathematics known 
as modern algebra , or abstract algebra. This is because modern algebra, 
in contrast with traditional algebra, is very much concerned with 
systems of elements (not necessarily numbers) whose properties are 
abstractly specified by sets of postulates. The result is that modern 
algebra is more rich and varied in subject matter, and at the same 
time tends to be more logically coherent in structure, than tradi¬ 
tional algebra. Traditional algebra is still important, of course, but 
it is no longer the center of attention in the domain of algebra, just 
as Euclidean geometry is no longer the main interest in the realm of 

geometry. , 

We now show the connection of the postulates of rational opera¬ 
tions with modern algebra by introducing the concept of a field. 


8 
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Definition. Any set of elements, with appropriate operations of 
addition and multiplication, for which all of the “postulates of 
rational operations” (Set A) of Section G-2 are satisfied is called 
a field. 

This definition is a good illustration of a common (and at times 
confusing!) mathematical habit of giving simple, everyday names to 
rather complicated ideas. Two other important types of systems in 
modern algebra, namely, groups and rings, illustrate the same tend¬ 
ency. (These will be discussed in Chapter 9.) 

For reference, we summarize the postulates of rational operations 
here as field postulates. 


Postulates for a Field 

Undefined terms: Set K of elements a, b, c, . . . combinable under 
the two operations of addition and multiplication. 

Postulates : 


Closure postulates for addition and multiplication. 

Commutative postulates for addition and multiplication. 

Associative postulates for addition and multiplication. 

Left distributive postulate . 

Identity postulates for addition and multiplication. 

Inverse postulate for addition. 

Inverse postulate for multiplication (with no reciprocal required for 
zero). 


If we are now asked for a consistency proof for the postulates of a 
held we can use as an interpretation any one of the various sets of 
numbers which in Chapter 6 were shown to satisfy the postulates of 
rational operations. This assumes that the properties of these num¬ 
bers have been adequately established ahead of time, presumably by 
the concrete definitional approach mentioned in that chapter. For a 

tetionf'“7 t r° 0f i there arC d ‘ Sadvantages in some of these interpre¬ 
tations, of the nature suggested at the end of the preceding section 

The simplest model of a field is the modulo 2 system which is 

o TthhZ fn lllar t0 US and "' hich C0nsists 0f the two elements 
9, 1, with the following operation tables: 


+ 

0 

1 

0 

0 

1 

1 

1 

0 


X 

0 

1 

0 

0 

0 

1 

0 

1 
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Without anything more complicated than direct checking of all the 
cases, we can show that the closure, commutative, associative, 
identity, inverse, and left distributive postulates all hold. (This 
should have been the result of Exercise 4 in Section 6-2.) 

Accordingly, we should have no doubt of the consistency of the 
postulates for a field. Furthermore, we see that a wide variety of 
different types of systems form fields. For example, the number of 
elements in a field may be finite or infinite, and a field may or may 
not satisfy the “postulates of signs and order” (Set B of Chapter 6). 
We can speak of the field of all rational numbers, the field of all real 
numbers, and the field of all complex numbers. In spite of the varied 
nature of these different systems, we know that for every field the 
theorems of Set A of Chapter 6 hold good. 


8-4 Fields and modulo systems. Finite fields (i.e., fields con¬ 
sisting of a finite number of elements) are useful for the purpose of 
novel illustrations. Among these are certain modulo systems. 

We recall that a modulo m system (where m is a positive integer) 
contains the number symbols 0, 1, 2, . . . , m — 1, and addition and 
multiplication tables are formed by ordinary arithmetic, except that 
results are recorded as remainders (themselves one of the symbols 
0, 1, 2, . . . , m - 1) above a multiple of m. 

Given a modulo m system, we can test as follows to see whether 


the various field postulates are satisfied. 

Closure -postulates. These hold by the method of constructing the 

addition and multiplication tables. 

Commutative , associative , and distributive postulates. These hold 
as in ordinary arithmetic. For complete details here it would ho 
necessary to fall back on some elementary principles of the theory 

of numbers. 

Identity postulates. 0 and 1 are always in any modulo system, as 
required. 

Inverse postulate for addition. For each element in a modulo 
system there is always an opposite element, as required. Thus in 
the modulo 5 system we have 2 + 3 = 0, so the opposite of 2 is 3 
(2 = 3) in this system. In the modulo m system, if k is one of the 
elements (i.e., k is an integer such that 0 < k < m), then the opposite 

of k will be simply the integer m - k (or 0 if k =0). 

Inverse postulate for multiplication. This postulate will be satis¬ 
fied if and only if each nonzero element a in the given modulo system 
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has a reciprocal (/«) in the system or, in other words, if and only if 
we can find within the system a solution of the equation ax = 1. 

This is clearly satisfied for the modulo 3 system, since here 1-1 = 1 
and 2-2=1. In the case of the modulo 5 system the postulate is 
also satisfied, because each of the nonzero elements (1,2, 3, 4) has 
the required reciprocal in accordance with the modulo 5 equalities: 

1-1 = 1, 2-3=1, 3-2=1, 4-4=1. 

In the case of the modulo 4 system, on the other hand, we find that 
there is no reciprocal for the number 2, inasmuch as 

2 - 1 = 2 , 2-2 = 0 , 2-3 = 2 

in this sj'stem. 

We are now able to state that a given modulo system will or will 

not be a field according as the inverse postulate for multiplication is 

or is not satisfied. Accordingly, the modulo 3 system and modulo 5 

system are fields, while the modulo 4 system is not a field. After 

working the exercises below, it should be easy to state a general rule 

concerning the modulus m which will decide whether or not a modulo 
m system is a field. 


l-xercises 

« h .> D0 Tf the folI ?' Vin , g . sets of numbers > "’ith the usual operations, form 
fields. If not, tell which postulates fail to be satisfied, (a) The set of all 
pos.tive integers (b) The set of all positive and negative integers and 0. 
(e) The set of all rational numbers, (d) The set of all irrational numbers. 
, List the opposite and reciprocal of each element of the modulo 5 field 

of the system ? 8y8tem 8 fieW? If S °’ Ust the reci P rocal of each element 

4. Is the modulo G system a field? Why or why not? 

5. If a modulo system contains “divisors of zero,” can it be a field? 

6. A positive integer m is called composite if it can be written as the product 
o two positive integers, each of which is less than «. Otherwise, if greate^ 

m are iteelfYnd n 'S "nt ^ 0n ' y P ° sWve integral factors ° f 

- -= th/ “— 

If Pis a prinw number and a is any integer which is not a multiple of p, then 

a p ~ l = 1 + some multiple of p. 
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This is usually written 

a p_1 = 1 (mod p ), 

and read “a p_1 is congruent to 1 modulo p.” 

To show the significance of this theorem in a modulo p system, suppose 
a is any symbol 5 ^ 0 in such a system. Then we can write 

a 2 = b (mod p), 

where b is one of the remainders 1, 2, . . ., p — 1 over a multiple of p. This 
can be rewritten 

a 2 = b + multiple of p, 
a 3 = ab + multiple of p 
= c + multiple of p , 

where c is one of the remainders 1 , 2 , . . ., p — 1 (so that in the modulo p 
table we read ab = c). Continuing in this way, we reach 

a v ~ 2 = k + multiple of p, 

where k is either 1 , 2 , ... or p — 1 , and finally, 

a p_1 = ak + multiple of p 

= 1 + multiple of p, by Fermat’s Theorem. 

In the modulo table we then read ak = 1. 

What does this result prove concerning a modulo p system, and how can 

the answer be correlated with Exercise 6 ? 

8-5 Ordered fields. Idempotent fields. In this section we intro¬ 
duce, for the purpose of illustration, two special types of fields to be 

characterized by additional postulates. 

One of the noticeable differences between the field of real numbers 
and the field of complex numbers is that the former satisfies the 
postulates of signs and order (Set B) of Chapter 6, while the lattei 
does not. To emphasize the difference, we make the following defi¬ 
nition: 

Definition. Any field which satisfies the “postulates of signs 
and order” (i.e., the trichotomy postulate and the closure postu¬ 
lates for positive elements) is called an ordered field. 

We repeat here the special postulates for an ordered field. We 
presuppose a subclass P of positive elements within the class K o 

elements of the field. 

Trichotomy Postulate. For every c'ement a bekmKinK to ^, 
one and only one of the following statements holds, a is pos.tive, 

a = 0, or a is positive. 
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Closure Postulates for Positive Elements. If a and b are 
positive elements of K, then a + b is a positive element, and ab is a 
positive element. 


Both the field of rational numbers and the field of real numbers are 
ordered fields. If we grant the consistency of either the set of all 
rational numbers, or the set of all real numbers — and the consistency 
of these depends ultimately on the consistency of the natural num¬ 
bers (1, 2, 3, . . .) — we have an interpretation establishing the con¬ 
sistency of the combined postulates for an ordered field. 

We note that from the postulational standpoint the definition of an 
ordered field simply concentrates our attention on an enlarged set of 
postulates obtained by adjoining the postulates of Set B to those of 
Set A. The act of enlarging the original list of postulates has the 
effect of narrowing the type of interpretation which will satisfy all 
the postulates, and at the same time, of course, increasing the list of 
theorems. Thus in any ordered field we have the theorems of Set B 
available, and any such field agrees abstractly in these respects with 
the systems of all rational numbers or all real numbers. 

In contrast with these latter systems, we have seen that certain 
modulo m systems form finite fields. Exercises 6 and 7 of the pre¬ 
ceding section should have led to the following result: 

Theorem. A modulo m system is a field if and only if mis a prime 
integer. * 

Could any of these finite fields be at the same time ordered fields? 

To answer the question, let us use as an example the modulo 3 
system which we shall designate as the field F 3 . If F, could be an 
ordered field, we know by a previous corollary (of Set B) that 1 
would have to be a positive element. But 


and 


1 = 2 

2=1 + 1 , 


which is positive by the positive closure postulate. Thus we would 

Hence / T, C ° ntradicti »S the trichotomy postulate 
Hence F 3 could not be an ordered field. 

n J b'l/cTi that ° ther modul ° systems which are fields cannot be 

tion ft/ WS ‘ S f Sentlally the same - Or we can use a slight varia- 
n of the proof just given by noting that in a modulo p field F 

(where p is a prune mteger), the sum of p terms each equal to 1 must 


154 POSTULATIONAL CONCEPTS AND METHODS. FIELDS [CHAP. 8 

yield 0, while the sum of a smaller number of terms yields one of the 
elements 2, 3, . . . , p — 1. If F p were an ordered field, we would 
then have the result that 0 is a positive element, again contradicting 
the trichotomy postulate. 

The second special type of field to be mentioned in this section is 
indicated by the following postulate and definition. 

Idempotent Postulate. For every element a in K , 

a • a = a. 

Definition. An idempotent field is a field for which the idempotent 
postulate is satisfied. 

If someone objects that the idempotent postulate is inconsistent 
with the other field postulates, of course the modulo 2 system, F iy 
refutes the charge. For we know this system meets the conditions 
for an idempotent field. (We have only two elements, 0 and 1, in 
the field, and each of these elements is idempotent, i.e., 0*0 = 0 
and 1*1 = 1.) 

Of course, none of the other special fields we have been talking 
about — such as the fields of rational numbers, real numbers, com¬ 
plex numbers, and likewise all modulo p fields, where p is a prime 

other than 2 — are idempotent fields. 

Modulo p systems, in general, satisfy a somewhat generalized 
idempotent postulate to the effect that for every element a in K: 

a p = a. 

This follows from Fermat’s Theorem in number theory (see Exer¬ 
cise 7 of the preceding section). 


Exercises 


Explain whether or not the following proposed sets of postulates are con- 

The field postulates and the statement, “it is possible to divide an ele¬ 
ment a of A by 0 and get a unique quotient.” _ „ 

2 The field postulates and the statement, “for every a in K, a + a - u. 

3. The field postulates and the statement, “for every a m h., a a 

4. The field postulates and the statement, “there exist divisors of zero in 


K.” 

5. (a) The field postulates 
finity of elements in K” 


and the statement, “there is a denumerable in- 
(b) The field postulates and the statement, 
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“there is a nondenumerable infinity of elements in K” (See the Exercises at 
the end of Chapter 1.) 

6. The field postulates and the statement, “a + 6 = a — 6 for every pair 
of elements a, b in K.” 

7. The field postulates and the statement, “for every a, b, in K, (a -f- 6 )p 
= a + 6, where p is a prime integer.” 


8-6 Independence of postulates. In listing the postulates for a 
field, suppose someone adds to Set A the right distributive postulate, 

(a 4- b)c = ac + be. 

Is it incorrect to include this postulate in the list? 

If we refer to the development of theorems from Set A in Chap¬ 
ter 6 we find that the right distributive rule appears there as Theo¬ 
rem 9. Thus the rule is a correct property of any field, but since it is 
provable as a theorem it should not be added to the list of postulates. 
Our whole plan of developing a certain branch or sub-branch of 
mathematics lies in logical organization, i.e., the postulate-theorem 
structure. This requires by its very nature a discrimination between 
assumed and proved statements. So, from the theoretical point of 
view at least, any statement labeled as a postulate which is capable 
of being proved from certain of the other postulates should be so 

LTn „ ' ed “ a theorem ' If ,etained as a postulate it is 

logically superfluous or redundant. 

On the other hand, suppose it is suggested that we incorporate with 
Set A a new postulate: 

d: There exist divisors of zero in K. 

tw k th" th f th< i najailon of d is a theorem following from Set A so 
that the enlarged set would now be inconsistent Tho *’• 

seems quite different from the illu^aZ eonetn.ng th Tht 

p ZZro'sftt enahf “ this in ea?h ease, the 

postulate n nth. ? ‘° Pr ° Ve 0r dis P rove «» proposed new 
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example, in the modulo 2 system. On the other hand, in most fields 
(for example, the modulo 3 system, where 0 • 0 = 0, 1 • 1 = 1, but 2 • 2 
= 1, not 2) the idempotent postulate does not hold. Accordingly, it 
must be that neither the idempotent postulate, nor its negation, is logi¬ 
cally deducible from the field postulates. In other words, the idempo¬ 
tent postulate is neither provable nor disprovable in the abstract logical 
system based on the postulates of Set A. 

Now we make the following definitions: 


Definition 1. A postulate (or statement) q is said to be inde¬ 
pendent of certain other postulates, designated collectively as P, if 
neither q nor the negation of q is logically deducible from P. 

Definition 2. An entire set of postulates is said to be an inde¬ 
pendent set if each postulate is individually independent of the 
remaining postulates of the set. 


Using the new terminology, we can make the following statements: 

(1) The right distributive postulate is not independent of the 
postulates of Set A. 

(2) The postulate d (“there exist divisors of zero in K”) is not 

independent of the postulates of Set A. 

(3) The idempotent postulate is independent of the postulates of 


Set A. 

Testing for independence. The basis of our claim in statement 
(3) above suggests the method to be used in testing an entire set of 

postulates for independence. 

First, we make sure that the given set is consistent by the usual 
interpretation method. (If not consistent we presumably go no 
further.) Consistency guarantees that it cannot be that the negation 
of any one postulate of the given set is deducible from the remaining 
postulates of the set (for then the entire set of postulates would 
always lead to a contradiction). 

Next, we try to find an interpretation of the basic undefined terms 
for which Postulate 1 of the given set fails while each of the remaining 
postulates is satisfied. If we are successful, this shows that Postulate 
1 is not redundant in the given set-i.e., it cannot be a bgica 
consequence of the remaining postulates. (For if .t were a taped 
consequence, then it would have to be true in every interpretation 
for which the other postulates are true.) In the same way, we try 
to show that Postulate 2 is not redundant by produce a newco - 
Crete interpretation for which Postulate 2 fails while each of the 
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postulates holds good, and so on to the end of the list of postulates. 
If we are successful in each case, we can then claim that the entire 
set is independent. 

A complete proof of independence for a set of a dozen or more 
postulates will probably be a painstaking process. Usually such a 
proof is not considered mathematically essential, even in advanced 
mathematical research, except in postulational investigations. It 
is, of course, considered mathematically desirable to avoid any ob¬ 
vious redundancies among the postulates. But from the psycho¬ 
logical or pedagogical point of view it is often thought justifiable to 
start a mathematical development with a definitely redundant set of 
postulates. 

Returning now to our postulates for a field (Set A), it seems quite 
likely that the set is independent. It is possible to provide inde¬ 
pendence proofs for many of the postulates as they stand, but in other 
cases some revision of statement would be needed in order to imple¬ 
ment the desired proofs. 

In the case of the five consistent postulates for our finite geometry 
of Chapter 7, it is not difficult to supply independence proofs for 
each postulate. For convenience, we restate the postulates here: 

Postulate 1 . Each pair of lines in S have at least one point in 

common. 


Postulate 2. Each pair of lines in S have not more than one 
point in common. 


Postulate 3. Every point in S is on at least two lines. 
Postulate 4. Every point in S is on not more than two lines. 
Postulate 5. The total number of lines in S is four. 

As an independence example for Postulate 1, let us interpret S to 

consist of the points A, B, C, D, E distributed among four lines I, II, 
ill, IV as follows: 


I. A, B. 

II. A, C, D. 

III. B, D, E. 

IV. C,E. 


L ^ since the pair of lines I, IV 
have no point m common. On the other hand, no pair of lines have 

more than one point in common, so Postulate 2 is satisfied. Each 

of the points A, B,C,D t E is on at least two lines and not more than 
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two lines, so Postulates 3 and 4 are satisfied. We have four lines in 
S, so Postulate 5 is satisfied. Hence Postulate 1 is independent of 
the other postulates. In the same way, independence proofs can be 
supplied for Postulates 2, 3, 4, 5. 

The concept of independence and the method of testing for inde¬ 
pendence can be applied equally well in the case of definitions or 
theorem-hypotheses involving various conditions which are jointly 
listed. Consider the following conceivable (but not conventional) 
definition for a square in Euclidean plane geometry: 

A square is a figure which meets the following conditions: (i) it is a 
quadrilateral; (ii) its sides are all equal; (iii) its angles are all equal. 

The conditions (i), (ii), (iii) are consistent in Euclidean geometry, 
as can be shown by constructing a figure which satisfies all three con¬ 
ditions. Furthermore, no one of the conditions is redundant, as 
shown by the following examples: 

Example 1. Consider a figure which is an equilateral triangle. 

(i) fails but (ii) and (iii) are satisfied. 

Example 2. Consider a rectangle whose length is twice its width. 

(ii) fails but (i) and (iii) are satisfied. 

Example 3. Consider a rhombus containing angles of 60° and 120°. 

(iii) fails but (i) and (ii) are satisfied. 

Thus the definition as stated meets the test for independence of the 
specified conditions (i) to (iii). 

It is worth while emphasizing this application to definitions. A 
common examination error made by both high school and college 
students of mathematics is to include redundant statements in defi¬ 
nitions. For example, what should we say about the following pur¬ 
ported definition of “parallelogram”? 

A parallelogram is a quadrilateral whose pairs of opposite sides 
are parallel and equal. 

Clearly a student of geometry who gives this as a definition shows a 
lack of logical discrimination, inasmuch as the condition of equal 
opposite sides can be proved by use of the condition of parallel sides. 
In fact, the former is invariably stated as a theorem, and the standai 
definition is restricted to the latter. Aside from lack of logical dis¬ 
crimination, definitions which contain obvious redundancies are 
unnecessarily cumbersome in use and require an unnecessary amount 
of checking to find out whether they are satisfied. 
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Exercises 

1. Supply independence examples for Postulates 2, 3, 4, 5 of the finite 
geometry postulates. {Hint: For Postulates 2 and 3, S can he taken to 
consist of seven points. For Postulates 4 and 5, just one point in .S' is suffi¬ 
cient, but there are more interesting examples which use four points for 
Postulate 4 and three points for Postulate 5.) 

2. Are the following statements, taken separately, independent of the 
field postulates? 

(a) aO = 0. 

(b) If ab = 0, then either a = 0 or b = 0. 

(c) The number of elements in K is finite. 

(d) The number of elements in K is infinite. 

(e) For every a in K, a + a + a = 0. 

(f) For every a in A it is possible to divide a by 0 and get a unique quo¬ 
tient. 

3. Criticize the following set of postulates given by a student on an ex¬ 
amination as a purported list of postulates for our finite geometry: 

(a) Every point in S is on at least two lines. 

(b) No point in <S is on more than two lines. 

(c) There are four lines in S. 

(d) No three lines in S have a common point. 

4. Criticize the following statement of a hypothesis in Euclidean geometry: 

“Given an equilateral triangle ABC such that angle A = B = C = G0°.” 


8-7 Weakness of postulates. Interdeducibility. Closely related 

to the concept of independence for postulates (or definitions or 

hypotheses) is the concept of weakness (and strength). The idea is 

essentially this: given two statements $ and t, we say that t is weaker 

than s (and a is stronger than t) if Ms a logical consequence of s but s 

is not a logical consequence of t. Familiar abstract examples would 
be the following: 


p or q (i.e., p V q) is weaker than p; 
p is weaker than p and q (i.e., pq). 


For a concrete example, our identity postulates for fields called for 

u r! que Zem eleraent and a “*« uni, y element. 

word “uninue 0 ” Th T ‘ heSe P ° stuktes b y dropping out the 
,, ‘d unique. This does not mean that we are not interested in 

t !nTl!e U nT, P r P r ty ’ bUt rathgr that 18 su PO''fluous to assume 

bv the aid Of ti S b# ?r unic > ueness can be P>‘°ved as a theorem 
by the aid of other postulates. To remove such excess conditions is 


ICO 


POSTULATIONAL CONCEPTS AND METHODS. FIELDS [CHAP. 8 

desirable from the standpoint of assuming as little as possible and 
proving as much as possible. Also, it is often an advantage in the 
process of testing postulates for consistency or independence (or in 
just checking to see whether the postulates are satisfied by a given 
interpretation) to have each postulate as weak as possible. 

If we should weaken the identity postulates for a field as just de¬ 
scribed and likewise delete the word “unique” in the inverse postu¬ 
lates, we would change Set A into a new set of postulates Set A'. 
Taking both sets of postulates jointly, we could show that Set A' is 
deducible from Set A, and Set A from Set A'. That is, the two sets 
are inter deducible, and thus logically equivalent. Hence, the abstract 
theory of fields would come out the same way no matter which set of 
postulates was used as a starting point. 

From the technical standpoint Set A', the weaker set, would be 
considered preferable. But from the psychological standpoint of an 
introduction to the theory of fields, Set A may well be better. As in 
the case of independence of postulates, weakness is a refinement 
which often is not insisted upon. 

The concept of interdeducibility of postulate sets, briefly illus¬ 
trated here, is important for the purpose of identifying equivalent 
approaches to the same abstract mathematical theory.* 

8-8 Completeness of postulates. We have seen that all fields 
agree in the properties expressed by the postulates and theorems of 
Set A. But they show variety in other ways. For example, they 
may or may not be infinite, they may or may not be ordered, or they 
may or may not be idempotent. 

For reasons such as these, we say that the set of postulates for a field 
is not complete. The word “ complete ” is used with somewhat varying 
meanings by different writers, but here we shall define it as follows: 

Definition. A given set of postulates is said to be complete if it 

is impossible to formulate any new postulate, expressed in terms 

of the given undefined concepts, which is independent of the given 

postulates. 

To show specifically that the field postulates are not complete it is 

* This concept is illustrated at further length in Chapter 9, when we 
exhibit the interdeducibility of two different postulational foundations lor 
groups, and also for Boolean algebras. 
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sufficient to cite the example of the idempotent postulate, which we 
have seen is independent of the postulates of Set A. 

If a set of postulates is complete, the definition indicates that any 
new postulate, proposed for possible incorporation with the original 
set and expressed in terms of the original undefined terms, must fail 
to be independent of the original set. This failure can happen, of 
course, in two ways (as already illustrated in Section 8-6 in connection 
with adding certain postulates to Set A): by having either the new 
postulate or its negation logically deducible from the given set of 
postulates. 

We can state the following rather surprising result of the definition 
of completeness: 

Theorem. Any inconsistent set of postulates is complete. 

Proof. Given an inconsistent set of postulates designated col¬ 
lectively as P, it must be that, for every interpretation of the unde¬ 
fined terms, 

P is false. 

By using the paradoxical principle of implication that a “false 
proposition implies any proposition,” [principle (a) of Section 3-4] 
we can now say that, for every interpretation, any proposition can 
be deduced from the assumption of P. In particular, any proposed 
new postulate q (and also the negation of q) can be deduced. Thus 
the given set is complete. 


Naturally, we shall be more interested in the possible completeness 
of a consistent set of postulates than in the known completeness of 
an inconsistent set. Completeness is hardly to be considered a 
redeeming virtue for inconsistency! 

If a set of postulates is both consistent and complete , we can say 
that all controversial questions which might arise within the abstract 
deductive system governed by the given postulates (or any model 
thereof) are theoretically decidable one way or the other (but not 
both!) This is because any statement formulated as a new postulate 
will either be provable or disprovable in the system (because of 
completeness), and cannot be both provable and disprovable (because 

disnronf StG f Cy V ^ iS far fr ° m Saying ’ however > that proofs or 
disproofs of particular statements are automatically made available 

winh! 0 , f ’ 'l ! SGt ° f postulates is distent and incomplete there 
will be certain statements, formulated in terms of the given undefined 
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concepts, which remain independent of the given set and which 
accordingly are neither provable nor disprovable in the system — as 
we have seen in the case of the field postulates. 

The whole problem of completeness is usually considered on a 
highly technical basis in connection with a formalized theory of 
deductive procedure, i.e., a theory of “correct” methods of making 
proofs. From this point of view, fundamental research, especially 
by K. Godel dating from about 1930, has shown that it is exceptional 
to find a set of postulates which is both consistent and complete. 
In fact, the combination of consistency and completeness appears to 
be unattainable for most branches of mathematics. 

However, there is a property related to completeness which often is 
attainable together with consistency. This is categoricalness, which 
we discuss in the next section. 

Before proceeding to that section we note that the topics under 
discussion here, and throughout much of this chapter, belong to a 
department of knowledge which is concerned with mathematics and 
logic, and yet remains outside these subjects. It has been referred 
to by some as metamathematics, by others as the methodology or 
semantics of deductive systems. For further light on these matters we 
refer to an elementary text by an outstanding contemporary logician 
and metamathematician, Tarski.* 

8-9 Categoricalness of postulates. Isomorphism. We have used 
(in Section 8-5) an example of an idempotent field of two elements. 
Would it be possible to have an idempotent field of more than two 
elements? The answer to this question and some related consider¬ 
ations afford a convenient introduction to the concepts of this section. 

Let us assume that we are given an arbitrary idempotent field, 
say Fr. Then, in accordance with the idempotent postulate, we 
must have for every element a in Fr 

a 2 = a. 

Hence or — a = 0 

an d a(a — 1) = 0, by standard theorems for any field. 

Since there are no divisors of zero in a field, we must have, as in 
elementary algebra, 

a = 0 or a = 1. 

* A. Tarski, Introduction to Logic , Oxford University Press, 1946, Chap¬ 
ter VI. 
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Thus every element of Ft is either 0 or 1, and since these are dist inct 
elements in any field, we have proved the following theorem. 

Theorem. In an idempotenl field lhere are exactly two elements, 
namely, the zero element and the unity clement. 

This theorem tells us that our previous illustration of an idem po¬ 
tent field — the modulo 2 system, F 2 — is typical of all idempotent 
fields with regard to number of elements. Is it also typical in other 
respects? 

To investigate this, let us indicate the zero and unity elements of 
our arbitrary idempotent field, Fi, by z and u to emphasize abst ract¬ 
ness. Let us formulate the operation tables for F t . 

We know by the identity and commutative postulates for addition 
that 

2 + 2 = 2 

and 2 + u = u + z = u. 

Likewise, we must have 

U + U = 2, 

for if both 

u + u = u and u + z = u, 

we would obtain u = z by adding the opposite of u to each side in each 
equation. Similarly, we obtain 


u • u = u, 

and from the standard theorems about multiplying by 0, 

z-u = u- z = z- z = z. 

Thus the operation tables can be summarized as follows; 


+ 1 

z 

u 


z 

u 

z 

z 

u 

z 

2 

z 

u 

u 

z 

u 

2 

u 


e see at once that these tables are precisely a translation of th< 
modulo 2 tables, when 0 Is translated as c and 1 is translated as u 

bv transl' t ^ "If 2 taWeS Ca " be obtained equally well from thes. 
by translating in the reverse direction. In these circumstances w< 

say that the modulo 2 field, F 2 , and the abstract idempotent field 

r t , are isomorphic, in accordance with the following definition. 

Definition I. Given two sets of elements, E, E', each considerec 
with respect to certain operations (the same number of operations 
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in each case). If it is possible to arrange a complete one-to-one 
correspondence between the elements of E and E' which holds 
throughout corresponding operation tables of E and E\ then the 
two sets are said to be isomorphic. 

This is often summarized by saying that the elements of two iso¬ 
morphic systems can be put in one-to-one correspondence com¬ 
pletely (paired) in such a way as “to preserve operations.” All that 
this means is the following: If an operation of E is performed on ele¬ 
ments a, b of E to yield the answer c and the corresponding operation 
is performed on the corresponding elements a', b' of E', then the an¬ 
swer in E' is the element c' which has already been paired with c in 
the given one-to-one correspondence. 

A convenient illustration can be obtained by thinking of the multi¬ 
plication table up to 10 X 10 written out correctly first in English 
and then in French. The two tables are certainly isomorphic under 
the pairing of English and French words for the same numbers. A 
multiplication problem given in one language can be translated to 
another language, if desired, and performed there, and the answer 
must be the translation of the answer to the given problem in the 
first language. 

A similar situation prevails if we think of multiplication tables for 
integers written with different number bases. The multiplication 
table up to “10X 10” using base ten is isomorphic to the multi¬ 
plication table up to “ 13 X 13” using base seven. 

The above definition of isomorphism can be broadened to provide 
for sets of elements considered also with respect to certain relations, 
for example, the ordering relation, <, which is available in ordered 
fields. In such a case, the pairing would require that whenever 
a < b holds in set E, then the corresponding relation a' < b' holds 

in set E'. 

Now we are in a position to define the main concept of this section, 
categoricalness. 

Definition 2. Given a set of abstract postulates involving ele¬ 
ments, and operations or relations. If any two interpretations 
satisfying all of the postulates are isomorphic, then the given se 
of postulates is said to be categorical. 

We can now say that the set of postulates for an idempotent field 

is categorical. This is because we have shown that an ^ mter P re a ' 
tion satisfying all the postulates (taken abstractly as the held i) 
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must be isomorphic with the modulo 2 field. Hence any two models 
of the postulates must themselves be isomorphic. This is also shown 
by the fact that any two models must have operation tables which are 
obtainable from or translatable into the abstract tables for F r by 
the translation process suggested. This leads us to the conclusion 
that with reference to properties which can be expressed in terms of 
the undefined concepts of an abstract field, all idempotent fields are 
abstractly in entire agreement with each other. 

This is very different from the case of arbitrary fields, which 
sometimes contain a finite and sometimes an infinite number of 
elements, so that the required one-to-one correspondence between 
the elements of two arbitrary models could not possibly be set up. 

The concept of categoricalness, as defined above, applies especially 
to postulates of an algebraic type. For use with postulates of other 
types (e.g., geometric) modified definitions of categoricalness would 
be required. In some cases, such a definition might not be very 
feasible. 


If a set of postulates is known to be categorical we can say that the 
postulates are sufficient to determine an abstract uniformity of 
properties for all models of the postulates. This is because all 
models of the postulates are isomorphic. Hence any proposed 
statement formulated in terms of the original undefined concepts 
either (a) is satisfied in all models, or (b) fails in all models. In this 
respect, categoricalness agrees with completeness. But in a cate¬ 
gorical set it may still not be possible to prove or disprove such a state¬ 
ment abstractly by formal rules of deductive proof. This is why we 
cannot claim that a categorical set has to be complete. 

On the other hand, if the isomorphism concept is definable for a 

*° f P 1 f t 1 ulat l es ’. and the set is known to be noncategorical, 
then the set will also be incomplete. 

Finally, we note that a categorical set is not always preferable to 
a noncategorical set The categorical postulates for an i" ot ent 
field certainly are of very limited usefulness in comparison with the 

thn Tw 80,1Ca vf tU atCS f ° r an arbitrary fieId - When we develop 
the theory of idempotent fields we simply study abstractly the 

properties of the modulo 2 system. When we develon thp thZ, f 

Magsgi 
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set of postulates permits a unified logical treatment of the common 
part of differing logical systems. In contrast, a categorical set of 
postulates must lead to what is essentially a single, clearly delimited 
mathematical theory. 

In the latter sense there is considerable significance in seeking a 
categorical set of postulates for the real number system or the com¬ 
plex number system, or a categorical set of postulates for Euclidean 
geometry. If such a set is produced, then the postulates can be 
looked upon as containing the theory of the corresponding branch of 
mathematics in a nutshell , i.e., with no key principles overlooked. In 
Chapter 11 we shall refer to certain well-known formulations of 
categorical postulate sets of this kind. 

Before closing this chapter we shall discuss some applications of 
postulational methods to science and to nonmathematical situations. 


Exercises 

1. If each of the following postulates is taken separately in combination 
with the field postulates, will the resulting postulate sets be categorical? 
Why or why not? 

(a) There is a finite number of elements in K. 

(b) There are exactly two elements in K. 

(c) There are exactly three elements in K. 

(d) K satisfies the additional postulates for an ordered field. 

2. Prove that the modulo 2 system and the odd-even system (odd + even 

= odd, etc.) are isomorphic systems. 

3. Show that the addition table for integers 0, 1, 2, 3 taken modulo 4 is 
isomorphic to the multiplication table of integers 1, 2, 3, 4 taken modulo 

4. The concept of isomorphism for models of our finite geometry postulates 

can be defined as follows: Two models S it S 2 are isomorphic if we can establish 
a one-to-one correspondence between the points and lines of Si an ie 
points and lines of S 2 such that whenever a point belongs to a line in e 

corresponding point belongs to the corresponding line in S 2 . 

Prove that the postulates for our finite geometry are categorica . 

Suggestion. Show that for an arbitrary interpretation S [satisfying a 
the postulates, we can label the points and lines of S in the following 
ways which seem to be different: 


I. A, B, C 
II. A, D, E 

III. B, D, F 

IV. C, E, F 


or 


I. A, B, C 
II. A, D, E 

III. B, E, F 

IV. C, D, F 


But the second method of labeling can be changed into the first by inter- 
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changing the labels D and E. Therefore any two models could have their 
points and lines labeled in accordance with the first interpretation, which 
would thus establish the desired isomorphism. 


8-10 Postulational concepts in science. We have seen that the 
pattern of logical structure familiar in mathematics is an important 
guide in the formulation of scientific theories. Hence it is natural 
to look for useful applications of postulational concepts in the area 
of science. The most significant applications are those of consistency 
and independence. 

Consistency is an all-important criterion for any set of postulates in 
science, as in mathematics or any other logically developed subject 
matter. 


Methods of investigating the consistency of postulates in science 
cannot be expected to be the same as in mathematics. For one 
thing, the fundamental assumptions of a branch of science do not 
depend on such flexible undefined terms as those with which we deal 


in mathematics. Typical basic concepts in a scientific theory cer¬ 
tainly are abstract to a greater or less degree, but all are meant to 
have their counterparts in the real world and are hardly subject to 
inteipretation in the same manner as undefined elements and opera¬ 
tions in an abstract algebraic theory. Accordingly, the attempt to 
ensure consistency of scientific postulates usually boils down to an 
attempt to obtain harmony between theory and observations, both 
on the level of postulates and of theorems. 

Mere logical consistency of postulates, of course, is not sufficient 
to satisfy scientists. Unlike mathematicians, scientists require con¬ 
sistency of their postulates with experimental facts, and we recall 
that such consistency is commonly tested indirectly by comparing 
the logical consequences of the postulates with observed data. In 
case the comparison shows agreement (within the limits of experi¬ 
mental error), there is confirmation of the postulates, indicating that 
the consistency of the postulates with the experimental facts is 
p ausible at any rate, not disproved. Disagreement with observa¬ 
tional data results in infirmalion of the postulates, indicating definite 

sproof of the required type of consistency between abstract theory 

"I” 16 . , ty ‘ A pr0Cess endin S with information is often 
theories and tT reViSi ° n ° f Previ ° Usly acce P ted scientific 

scS knmv,edg e SerVeS " “ lmP ° rtant t0 the of 
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Occasionally a closer analogy with mathematical consistency 
methods may be possible. A model or interpretation may be useful 
to support the logical consistency of a proposed set of scientific 
assumptions. For example, the physical postulates underlying the 
structure of an electron might be argued to be consistent by using as 
a model the orbitary structure of planets in the solar system. Also, 
a favorite device of Einstein in supporting some of his fundamental 
assumptions has been to imagine abstract or “idealized experiments” 
dealing with such familiar situations as falling elevators or moving 
trains. Mental experiments of this type are in conformity with the 
spirit, if not the letter, of testing a set of mathematical postulates for 
consistency by the technique of concrete interpretations or models. 

Other things being equal, the choice between two rival scientific 
theories would be decided in favor of that theory which seems to stand up 
better under the test of internal logical consistency and simplified logi¬ 
cal structure. This is well illustrated by the Einstein theory again. 
Consider the following significant passage from Einstein and Infeld:* 

“The relativity theory arose from necessity, from serious and 
deep contradictions in the old theory, from which there seemed no 
escape. The strength of the new theory lies in the consistency and 
simplicity with which it solves all these difficulties, using only a 
few very convincing assumptions.” 

This same quotation can be used to illustrate the scientific signifi¬ 
cance of independence of postulates. The quotation claims that the 
Einstein theory employs “only a few ... assumptions.” This is 
certainly an advantage in any scientific theory. In Chapter 5 we 
mentioned the two fundamental assumptions of Einstein’s special 
theory, and we noted that these assumptions lead logically to cer¬ 
tain striking theorems, such as the shrinking of moving measuring 
rods. Also the famous mass-energy equation, 


E = me-, 

appears as a theorem. Einstein might conceivably have usedpnn- 
rinles of this type as additional or alternative assumptions, but it 
strengthened his position to minimize the number of assump ions 
and keep them as simple as possible, and to rely as much as possi e 

on logical deduction. 

and L. Infeld, The Evolution of Physics, Simon and Schuster, 

1938, p. 203. 
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From the postulational standpoint, the attempt to discard super¬ 
fluous postulates from a scientific theory may he considered an at¬ 
tempt to approach the ideal of an independent set of postulates. 
But it is really more than this. If a set of assumptions is found to 
involve logical redundancies, surely some scientific progress is 
achieved. The progress here is largely by way of unification and 
simplification of the logical structure of the theory. At the same 
time, a redundant postulate, newly recognized as such, may provide 
a previously unsuspected basis for experimental confirmation or 
infirmation of the remaining postulates. 

To conclude this section, we mention a famous example of logical 
unification in physics, accomplished by one of Einstein’s predecessors, 
Clerk Maxwell (1831-1879). Here we quote from a valuable essay 
by Margenau on the historical development of physics.* The refer¬ 
ence to “all known experimental facts” means the facts of electro¬ 
magnetism : 

“. . . The physicist is not content with facts. He desires to see 
them embedded in a consistent framework of mathematics not to 
be found in the field of observations. . . . Starting with four 
simple differential equations, whose elegance and symmetry are 
still the delight of mathematicians, [Maxwell] was able to deduce 
from them all known experimental facts; moreover, he was led to 
announce an entirely new and startling result: the existence of 
electromagnetic waves which were later shown to be identical 
with radio and light waves. Physical theory was becoming more 
and more comprehensive, drawing into its range an ever-increasing 
diversity of observable facts.” 

Exercises 

1. Review the inconsistencies which led to the formulation of Einstein’s 
Special Theory. 

2. Investigate the postulational relationship of Kepler’s laws of planetary 
motion and Newton’s laws of gravitation and motion. (See E. T. Bell, The 
Development of Mathematics, McGraw-Hill, 1940, pp. 144-148.) What was 
the significance of this relationship for astronomical science? 

3. In what way might scientific progress result if Mendel’s laws of heredity, 
m biology, were found to be logical consequences of the theory of evolution? 

* H. Margenau, "Physics,” Chapter III in The Development of the 
Sciences, edited by L. L. W oodruff, Yale University Press, 1941 , pp. 108-109. 
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4. How did Galileo defend the consistency of the theory that the moon 
revolves about the earth at the same time that the earth revolves about the 
sun? (Refer to “ Proof that the Earth Moves,” by Galileo, in A Treasury of 
Science, second edition, edited by Harlow Shapley, Harper, 1946, pp. 58-61.) 

5. A pioneering attempt to apply postulational methods, and also sym¬ 
bolic logic and formalized deduction, in biology has been undertaken by the 
English scientist J. H. Woodger. Investigate an account of this in T. A. 
Goudge, “Science and Symbolic Logic,” Scripta Mathematica, Vol. 9, 1943, 
pp. 69-80. (Or for the original source, see J. H. Woodger, The Axiomatic 
Method in Biology, Cambridge University Press, 1937.) 


8-11 Postulational concepts in nonmathematical situations. In 

Chapter 2 we emphasized the importance of postulates in any logical 
organization of thought, whatever the subject matter might be. At 
that point we were more concerned with the logical development 
from the postulates used as premises than with analysis of the postu¬ 
lates themselves. In this section we suggest some applications of the 
standard postulational concepts in nonmathematical situations. 

As always, any set of postulates, or statements jointly asserted, 
should be consistent in order to be acceptable.* Numerous familiar 
examples can be supplied. 

A witness testifying in a court trial becomes discredited if there are 
contradictions in his testimony. A debater suffers a severe blow if 
his opponent can show that his fundamental premises are inconsistent. 
An executive in business or any branch of government soon has dif¬ 
ficulties with his associates if his policies exhibit inconsistencies 
(especially in the form of prejudicial treatment of other persons). 

Returning to the judicial sphere, one of the most important duties 
of the United States Supreme Court is to decide on the constitu¬ 
tionality of laws passed by Congress. The question is, of course, 
whether the laws are consistent with the fundamental postulates con¬ 


tained in the Constitution. f 

Similarly, independence of postulates can be illustrated by reter- 

ence to lawmaking. It is usually considered desirable to avoi 

cluttering up the statute books with superfluous laws that is laws 

which are clearly redundant. However, it is quite possible that so 


‘ But unfortunately a set of postulates formulated for 
poses has obvious advantages if inconsistent For the '! “"^ h g |. ^ 

proved from the postulates. (Reca 1 our theorem in Any 

inconsistent set of postulates is complete.”) Political leaders often seem 
too aware of this in formulating campaign platforms. 
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laws may be needed even when they appear to be essentially logical 
consequences of certain provisions of the Constitution. They may 
cover new circumstances, or they may be designed to implement or 
put into actual effect certain provisions of the Constitution. 

The frequent disagreements of Supreme Court justices and other 
legal experts on questions of constitutionality illustrate the difficulty 
of determining consistency or inconsistency in nonmathematical 
situations. It is often equally difficult to establish independence or 
lack of it. 


Are the simple techniques of establishing consistency and inde¬ 
pendence by means of concrete interpretations or examples ever 
applicable in these situations? Probably the answer is “sometimes,” 
or “with modifications.” If the postulates in question can be con¬ 
sidered analogous to a set of abstract mathematical postulates, so 
that they can be judged to be “satisfied” in varied circumstances, 
then the standard methods should be applicable, at least informally. 

A familiar illustration of everyday postulates of this nature is af¬ 
forded by sets of criteria, or check lists. For example, the manu¬ 
facturer of a certain automobile advertises ten features which a 
modern car should possess. The car being advertised, of course, has 
all of these features, and this fact constitutes a consistency proof. 
(Rival cars usually fail to satisfy all of the listed criteria.) 

Other common lists of criteria include qualifications for voting, 
characteristic symptoms of specified diseases, criteria for an ideal 
husband or wife, requirements for admission to or graduation from 
college, and necessary qualifications for a person to fill a certain 
position, e.g., as president of the United States. Sometimes the 
listed criteria may be on such a high level that no consistency proof 
seems possible in practice. In such circumstances we may have to 
admit that there is an inconsistency in the proposed criteria, or we 
may continue to have faith that they are consistent, and temporarily 
accept a partial realization of them. 


Lists of criteria can also be used to illustrate the role of inde¬ 
pendence of postulates. Certainly it would seem desirable to elimi¬ 
nate obvious redundancies from a check list of the type we have been 
discussing, but independence proofs of the usual variety are hardly 
likely to be attempted systematically. In case of doubt as to whether 

a certain criterion is really independent of other criteria, it would seem 
reasonable to include it explicitly. ’ “ Seem 

As to completeness and categoricalness, there may be more use 
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for these concepts than would generally be recognized, often from a 
negative point of view. For example, it might help with everyday 
arguments to realize the possibility that a certain controversial 
statement is neither provable nor disprovable on the basis of a given 
set of assumptions — i.e., that the set of assumptions is incomplete. 

From a positive point of view, an informal variety of categorical¬ 
ness is often desired. Roughly, the idea is to achieve a set of criteria 
which are jointly sufficient to determine only one kind of “model” 
of the criteria. In the case of the check list of modern features for an 
automobile, it would ordinarily be the claim of the manufacturer 
that the criteria are “categorical” in that they point definitely to his 
car as the best buy. Similarly, sponsors of a candidate for public 
office often are able to prepare a list of qualifications for the office 
which supposedly indicates with categorical definiteness that their 
candidate is the best man. More genuinely worth-while examples 
of “categoricalness” might be found in the fields of medicine or 
biology. 


Exercises 


1. Investigate the basis of any recent constitutionality decision of the 
United States Supreme Court. If there was a dissenting opinion, investigate 
the opposition arguments also. 

2. In a debate between A and B, A accepts Fundamental Principles 1, 2, 
3, 4 and B accepts 1, 2, 3 only. What would be the significance of the fol¬ 
lowing possible events (considered separately)? 

I. A proves Principle 4 is redundant in relation to Principles 1, 2, 3. 

II. B proves Principle 4 is independent of the others. 

3. The following is a quotation from the science column of the New 1 ork 
Times, July 9, 1944, concerning criteria for the pollen which causes hay fever: 


“To cause hay fever a pollen must satisfy these conditions: 

(1) It must contain an excitant. Most pollen doesn’t. 

(2) It must be borne by the wind. 

(3) It must be scattered in large amounts. 

(4) It must be so small that it can be readily wafted. 

(5) It must come from a widely distributed plant.” 


As far as you can judge from this quotation, what would your opinion be 
concerning the consistency, independence, and “ categoncalness of these 

riteria? 

C11 4 Give an example of a situation from medicine or biology (or some other 
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field) in which it might be very useful to know that a certain set of criteria 
is probably “categorical.” 

5. Discuss the pros and cons of possible redundancies in the constitution 
and by-laws of a club. 

6. Discuss with regard to the usual characteristics of postulates the fol¬ 
lowing statement of the qualities of a good teacher, adopted by the National 
Conference on Education of Teachers (as reported in the Xew York Times , 
July 3, 1948): 

“A good teacher should 

(1) Possess human qualities — love of children, sympathetic under¬ 
standing for all, fairness, patience, humor, and a sense of justice. 

(2) Have emotional stability and adjustment. 

(3) Possess outstanding native ability together with adequate profes¬ 
sional training (five years suggested as minimum) and should like to 
teach. 

(4) Be intellectually alert and curious. 

(5) Have pleasing personality and appearance, enthusiasm, vigor, vi¬ 
tality, poise, and charm. 

(6) Be able to develop love for the democratic way of life and be a full 
participating member of the democratic society. 

(7) Have the ability to think critically and objectively. 

(8) Have a healthy physical and mental outlook on life, with well- 
rounded interests. 

(9) Keep up to date with modern educational trends and philosophies, 
and participate in professional affairs. 

(10) Understand the importance of developing world citizenship and 
better human relationships.” 

7. Find and discuss a set of criteria or assumptions in some field of special 
interest to you. 


8-12 Summary. We now recapitulate our discussion of charac¬ 
teristics of sets of postulates, omitting the references to applications 
just covered in the preceding two sections. 

Every set of postulates in order to be acceptable mathematically 

and logically must satisfy the requirement of consistency. In order 

to establish consistency we exhibit a concrete illustration (model). 

based on a specified interpretation of the undefined terms used in the 

given postulates, which is judged to satisfy all of the postulates 

simultaneously. This type of consistency proof is not considered 
absolute. 

Independence of a set of postulates is theoretically desirable for 
purposes of clear-cut logical organization in the development of a 


174 


POSTULATIONAL CONCEPTS AND METHODS. FIELDS [CHAP. 8 


mathematical subject. However, it is not usually investigated in 
detail, and often known redundancies in postulates are tolerated to 
simplify the presentation of a branch of mathematics from the psycho¬ 
logical or pedagogical point of view. In order to establish the inde¬ 
pendence of a set of postulates already known to be consistent, we 
exhibit for each postulate of the set a concrete interpretation for 
which the postulate in question fails and the remaining postulates 
are all satisfied. 

A set of postulates is complete if it is impossible to formulate any 
new postulate, in terms of the undefined concepts of the system, 
which remains independent of the original postulates. Thus any 
such proposed statement is theoretically either provable or dis- 
provable in the system. 

If it is possible to define and set up an isomorphism between any 
two models of a given set of postulates, the set is categorical . Cate¬ 
goricalness guarantees essentially that all models of the postulates 
have abstractly the same properties. Hence any property which can 
be formulated in terms of the basic undefined terms will hold good 

in all models or fail in all models. 

A categorical set of postulates for a certain branch of mathematics 
furnishes a concise and adequate list of key principles for the abstract 
development of the subject. But a noncategorical set of postulates 
has the advantage of permitting the unified logical development of 
properties common to a variety of mathematical theories which can 

differ considerably among themselves. 

In the next two chapters we turn our attention to some of the most 
important mathematical systems depending on noncategorical and 

incomplete sets of postulates. 


CHAPTER 9* 
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9-1 Introduction. In this chapter we study some systems — 
groups, rings, Boolean algebras — which are of importance in many 
different parts of mathematics. Their wide applicability is partially 
explainable by the lack of categoricalness of their postulates, while 
lack of completeness is emphasized by the possibility of special 
varieties of these systems, which can be defined by adding suitable 
postulates to the various basic lists. We shall deduce fundamental 
properties for each type of system and also indicate relationships of 
the systems to each other and to fields. 

9-2 Postulates for a group: Set I. A group refers to a set of 
elements combinable under a single operation and satisfying speci¬ 
fied postulates which can be summarized as closure, associative, iden¬ 
tity, and inverse postulates. Here we list the postulates in a stronger 
form than necessary, and give a weaker form in the next section. 


Group Postulates: Set I 

Given a set G of elements a, b, c, . . . combinable under an opera¬ 
tion designated as o. G is called a group, with respect to o, if the 
following postulates are satisfied: 

Postulate 1 . Closure. For every a,b in G, a o b is an element 
in G. 

Postulate 2. Associative. For every a,b,c in G 

(a o b) o c = a o (b o c). 

Postulate 3. Identity. There exists in G an element I such 
that for every a in G 


aoI=Ioa=a 


(/ is called the identity element of G.) 


* ™ s cha Pt« may be omitted without loss of continuity (except that it 
is needed in the last section of Chapter 10). 
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Postulate 4. Inverse. For every element a in G there exists an 
element d in G such that 


aoa = aoa = I. 


(d is called the inverse of a and may be read “a inverse.”) 


The consistency of these postulates is readily shown. For example, 
interpret G as the set of all integers (positive, negative, zero) and o 
as the operation of addition. Then each postulate is satisfied, assum¬ 
ing our usual knowledge about the concrete theory of integers. This 
is an example of an infinite group. 

For still simpler consistency examples we could use examples of a 
finite group , such as the modulo 2 system or modulo 3 system, under 
addition, or even the system consisting of the single integer 0, under 
either addition or multiplication. The latter example is trivial but 
it nevertheless satisfies all the postulates. We shall not investigate 
the question of independence of the postulates.* 

We note that a group is a more general type of system than a field 
in two different ways: there is only one operation in a group, and the 
commutative postulate for that operation is not included in the 
group postulates. In all groups involving sets of numbers or number 
symbols (as in modulo systems) we are sure, however, that the com¬ 
mutative postulate holds. If there is any reason to suppose that the 
commutative postulate is redundant, we shall soon see that this is 
not the case. The sets of elements forming groups may be of many 
different types and, as we have just seen, the number of elements in a 
group may be finite or infinite. 

Before going further, we prove two theorems about the uniqueness 
of identity and inverse elements. (We recall that these properties 
were incorporated in the postulates for fields, making the postulates 
stronger than necessary.) 


Theorem 1. The identity element of a group is unique. 

Proof. Suppose there are two identity elements, /1 and / 2 . Then 
by Postulate 3, 


* If we were concerned with the question of independence, certain modi¬ 
fications in the statement of the postulates would be required For cxamp e, 
in the case of an interpretation for which the identity postu ate fails, Postu- 
late 4 would need the qualification “if / exists in G.” Then Postulate 4 
would be satisfied automatically by the falsity of the “if” clause. In such a 
case a postulate is said to be satisfied vacuously. 
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ho h = ho h- h (using h as a and h as /), 

and also 

I 2 o h = ho h= h (using h as a and h as /). 
Hence h = h , 

and the identity element must he unique. 

Theorem 2. For every element a in a group the inverse d is unique. 

Proof. Suppose di, 6 ? are both inverses of a. Then by the inverse 
postulate: 

a o &\ = / 

and a o di = I. 

Hence a o di = a o d 2 . 

Now operate on each side, on the left, by d\: 

d \0 (a o di) = di o (a o d 2 ). 

Using the associative postulate, 

(di o a) o di = (di o a) o di, 

which gives 

I o &i = I o d 2 , 

and finally 

di = di. 

Corollary. The inverse of d is a. 


Exercises 

1. Do the following sets of elements with operations form groups? Why 
or why not? 

(a) The set of positive and negative integers under multiplication. 

(b) The set of all integers (positive, negative, and zero) under addition; 
also^ under subtraction. 

(c) A modulo m addition table (where m is any positive integer). 

(d) The symbols 1, 2, ..., m — 1 under multiplication, modulo in, where 
m is a composite integer. 

(e) The symbols 1, 2, ..., p — 1 under multiplication, modulo p, where 
p is a prime integer. 

(f) The set of nonzero rational numbers under multiplication; also under 
division. 

(g) The complex fourth roots of unity, ±1, ±i under multiplication. 

(h) The positive real numbers under multiplication. 

2. Prove that left and right cancellation rules hold in any group: 

(a) If a o b — a o c, then b = c. 

(b) If a o c = b o c, then a = b. 
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3. In a group containing an even number of elements, prove that there is 
at least one element besides the identity which is its own inverse. {Hint: 
Use the indirect method.) 


9-3 Weaker postulates for a group: Set II. We now show that 
Postulates 3 and 4, the identity and inverse postulates, of Set I can 
be replaced by weaker postulates which can be called right identity 
and right inverse postulates. If this replacement is made, we shall 
call the new set of postulates Set II. Set II will then consist of 
Postulates 1, 2, 3', 4', where the new postulates are as follows: 

Postulate 3'. Right identity. There exists in G an element I 
such that for every a in G 

a o I = a. 

Postulate 4'. Right inverse. For every element a in G there 
exists an element a in G such that 

a o d = I. 


It is apparent that Postulates 3' and 4' are deducible respectively 
from Postulates 3 and 4. Hence Set II is deducible from Set I. 

To show that Set I is deducible from Set II, we assume Set II 
and prove the following theorems. 

Theorem II—1. Right cancellation. If a o c = b o c in G, then 
a = b. 

Proof. Using a right inverse c of c which exists in G, we have 

(a o c) o c = (b o c) o c. 

a o (c o c) = b o (c o c) by associative postulate, 
a o I = b o I by right inverse postulate, 

anc j a = b by right identity postulate. 

Theorem II-2. A right identity element in G is also a left ideittity 
element. 

Proof. We wish to show that an element I satisfying ao I = a 

for every a in G also satisfies I o a = a. 

To do this we note that a is available in G as a right inverse of a, 


and 

(/ o a) o a = I o {a o a) 

= Iol 
= I 

= a o d 

Hence I o a = a 


by associative postulate, 

by right inverse postulate, 

by right identity postulate, 

by right inverse postulate. 

by right cancellation (Theorem II-l). 
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Theorem II—3. A right inverse of an element a in G is also a left 
inverse. 

Proof. We wish to show that an element a satisfying ao d = I 
also satisfies a o a — I. We have 


{d o a) o d = a o {a o d) 
= do I 
= a 

= / o d 

Hence do a = / 


by associative postulate, 
by right inverse postulate, 
by right identity postulate, 
by Theorem 11-2. 

by right cancellation (Theorem II-l). 


The last two theorems above show that Postulates 3 and 4 are 
deducible from Set II and hence that Set I as a whole is deducible 
from Set II. 

Thus Sets I and II are interdeducible, and hence logically equiva¬ 
lent. In checking to see whether or not a certain concrete inter¬ 
pretation is a group, there are often advantages in using the weaker 
Set II. Of course, if we are building up theorems from Set II, we 
immediately have available the theorems already obtained from 

Set I. 


Exercises 

1. Prove that the equations x ob = a and b o y = a have unique solutions 
in a group G. 

2. Prove that in any group, if a o b = c, then c = bod. 

9-4 Independence of the commutative postulate. Abelian groups. 
Permutation groups. In this section we shall justify our previous 
claim that the commutative postulate is independent of the standard 
group postulates (Set I or Set II). First we list the postulate below, 
and give a related definition. 

Postulate 5. Commutative. For every a, b in G, 

a o b = b o a. 

Definition. A group which satisfies the commutative postulate 

is called an Abelian (or commutative) group. 

All of the examples of groups we have had so far have been Abelian 
groups. Any one of these can be used as a consistency proof for 
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the combined Postulates 1 to 5. For an independence proof we must 
also, of course, supply a concrete illustration of a group which is 
not Abelian. 

For this purpose we introduce the concept of a 'permutation as a 
process of replacing each one of a finite set of symbols (e.g., letters 
or digits) by a symbol (not necessarily a different symbol) chosen 
from the same set.* 

Suppose we start with the symbols 

1, 2, 3, 

and wish to replace these respectively by 

3, 1, 2. 

We indicate this permutation by the following notation: 



The same permutation could be indicated by 



since, in each case, 1 is to be replaced by 3, 2 by 1, and 3 by 2. 

We now introduce the operation known as permutation “ multipli¬ 
cation. ” To multiply permutations we simply find the single per¬ 
mutation which results by performing two permutations, one after 
the other. Thus, to multiply 



we see that the first permutation followed by the second sends 

1 into 3, and 3 into 2, i.e., 1 into 2; 

2 into 1, and 1 into 1, i.e., 2 into 1; 

3 into 2, and 2 into 3, i.e., 3 into 3. 

Hence the product of the two permutations can be indicated as 
follows: 

* This differs from the common use of “permutation” as a set of things 
arranged in a definite order. The latter concept we shall refer to as an 

arrangement. 
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(l 2 3\ /1 2 3\ /I 2 3\ 

U 1 2/\1 3 2/ \2 1 3/ 

It is clear now that the product of any two permutations involving 
the symbols 1, 2, 3 (and no other symbols) will be another permuta¬ 
tion on these same symbols. 

The number of possible permutations on these symbols can easily 
be found by agreeing to write the first line of symbols in the order 
1, 2, 3. Then we count the number of ways in which the corres¬ 
ponding places in the second line can be filled: 



Clearly the number of ways of filling the blanks with the available 
symbols is the number of arrangements of three things taken three 
at a time, which is 3! or 6. In the same way, the total number of 
permutations on n symbols is n!. 

We now prove that the six permutations on three symbols form a 
group, and furthermore show that this group is non-Abelian, i.e., it 
fails to satisfy the commutative postulate. Thus the specified group 
will establish the independence of the commutative postulate in 
relation to the standard group postulates. 


Theorem 1. The set S 3 of all permutations on three symbols forms 
a group under permutation multiplication. 


Proof. The closure postulate holds in S 3 by our remark above 
that the product of any two permutations on 1, 2, 3 is another per¬ 
mutation on the same symbols. 

To check the associative postulate we use the symbols i, j, k ; m, n ; 
p, q, r in each case to designate 1, 2, 3 in some order. Hence we 
can write: 


[71 2 3\/t j k\l(l m 

IV J k)\l m nJ_Rp q 

Also 

(l 2 3\ r/i j k\(l m 

V j k)l\l m nj\p q 



3\/Z in n\ /1 2 3\ 

n)\p q r)~[p q r )' 

3\A‘ j k\(l 2 3\ 

k /\P 9 r) \p q r) 


This proves that the associative postulate is satisfied for all per 
mutations of S 3 . 

The right identity postulate holds, since 
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fl 2 3 \/i j k\ = ( 1 2 3\ 

v i J k ) V j k) 

Thus the permutation 



that is, 


A 

\i 


2 

2 



serves as a right identity element in S 3 . 

Finally, to show that the right inverse postulate holds, we merely 
note that 


/I 2 3 \(i j k\ = (l 2 3\ 

\i j k)\l 2 3 J \l 2 3/ 

( 1 2 3\ 

^ ^ J has a right inverse in S 3 , namely, 

(i j k\ 

Vl 2 3) 


Thus all postulates for a group (Set II) are satisfied. 


The above theorem can readily be generalized to show that the 
set of all ft! permutations on n symbols forms a group. Such a 
group is known as the symmetric 'permutation group on the given 
symbols. Other permutation groups are possible which contain some 
but not all of the n! permutations of the symmetric group. 

We now return to our group S 3y the symmetric group on three 
symbols. The six permutations of this group may be listed with the 
following abbreviated names as follows: 



The next theorem shows that the commutative postulate is not 
satisfied by the group *S 3 and thus establishes our claim that the com¬ 
mutative postulate is independent of the standard group postulates. 

Theorem 2. The symmetric group S 3 an three symbols is non- 

A belian. 

Proof. It is sufficient to exhibit a pair of permutations of S 3 which 
produce different “products” depending on the order of the factors. 

Consider the permutations a and d: 
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Thus ad ^ da, and the group S 3 must be non-Abelian. 


Theorem 2 not only proves that the commutative postulate is 
independent of the group postulates, but it also shows that the group 
postulates are incomplete. 

A more obvious proof of incompleteness of the group postulates 
can be given by formulating other postulates which are clearly in¬ 
dependent of Set I or Set II, such as “there are exactly two elements 
in the set G," or “there is a finite number of elements in G.” The 
latter postulate taken in conjunction with the standard postulates 
leads to the theory of finite groups. Permutation groups have an 
important role in the development of this theory.* 

The theory of finite groups in turn has useful applications in the 
theory of algebraic equations, including significant bearings on rulcr- 
and-compass constructibility criteria. These methods go back to 
one of the originators of the group concept, the French mathematical 
genius, Galois (1811-1832).f 


Exercises 

1. Construct a complete multiplication table for the permutations I, a, b, 
c, d, e of the symmetric group S 3 . (Enter ab = c, ad = e, etc.) 

2. Prove that the permutations I and a themselves form a group under 
permutation multiplication. Since / and a belong to the symmetric permuta¬ 
tion group S 3 , they are said to form a subgroup of the latter. 

3. Find other two-element subgroups of S 3 . 

4. Construct a multiplication table for I, c, and d, and show that these 
permutations form a subgroup of S 3 . Call this subgroup H 3 . Is H 3 Abelian 
or non-Abelianf 

5. (a) Construct a multiplication table for the three complex cube roots 
of unity, 1, w, w 2 , and show that they form a group. 

ion ^ ^ amous theorem due to the English mathematician Cayley (1821— 

1895) states that every finite group is isomorphic to a certain permutation 
group. 

® ee E - T - BelI > The Development of Mathematics, McGraw-Hill 1940 
uhapter 10. 9 
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^Here to = cos 120° + i sin 120° = — ^ ^ 

and to 2 = cos 240° + i sin 240° = — ^ ^ v/ 3-) 

(b) Show that the group C of cube roots of unity is isomorphic to the 
group H 3 of Exercise 4. (That is, show that a pairing of elements of the 
two groups can be set up such that the multiplication table for one group 
becomes a “translation” of the table for the other group.) 

6. Show that the group // 3 of Exercise 4 is isomorphic to the modulo 3 
addition group. 

7. Prove that the modulo 4 addition group is isomorphic to the multipli¬ 
cation group of the fourth roots of unity (1, i, — 1, — i). 

8. Find a subgroup of the modulo 4 addition group, and a multiplication 
group isomorphic to this. 

9. Prove that the set of postulates 1,2,3',4',5 for an Abelian group is 
logically equivalent to the following set of four postulates: 

(i) The closure postulate. 

(ii) For every a,6,c in G: (a ob) o c = (c ob) o a. 

(iii) The right identity postulate. 

(iv) The right inverse postulate. 

9-6 Fields described in group terminology. We devote this sec¬ 
tion to the following theorem characterizing fields in terms of Abelian 
groups. 

Theorem. A field is logically equivalent to a set ( K ) of at least two 
distinct elements, combinable under two operations (designated as + 
and X) such that the following conditions are satisfied: 

(1) The elements of K form an Abelian group ( G+) under the 
operation + (with the identity element of G+ designated as a “zero 
element). 

(2) The nonzero elements of K form an Abelian group (G x ) under 
the operation X (with the identity clement of G x designated as a 
“unity” clement). 

(3) The left and right distributive postulates hold for every a, b, c 
in K, 

a(b + c) = ab + ac, 

(a + b)c = ac + be. 

Proof. I. The above description of a field is clearly deducible 
from the field postulates given in Chapter G as the “postulates of 

rational operations” (Set A). . , 

II. Now we assume that we have a set of elements satisfying 
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above description, and show that it must satisfy the postulates of 
Set A. 

Since the elements of K form an Abelian group, under +, we know 
that Postulates 1 to 5 of Set A hold (the required uniqueness of 0, 
and opposites, following by theorems we have proved for any group). 

Likewise, we know that the elements of K, excluding 0, satisfy 
Postulates 1' to o' of Set A. Postulate 6 (the left distributive postu¬ 
late) is satisfied since it duplicates one half of condition (3) above. 

What remains to be shown is that the zero element can be included 
as an element satisfying Postulates 1' to 4'. 0 is not required to 

have an inverse element under multiplication in Postulate o', so 
that this postulate is not involved here. 

From the left distributive postulate, assumed for all a, b, c in K, 
we can prove the left distributive rule for subtraction just as in the 
development of theorems in Chapter 6. (This involves only the 
additional use of Postulates 1 to 5, which are already available.) 
Hence, for any element a ^ 0 — and there must be such an element 
in K by our assumption of at least two distinct elements — we have 

a ■ 0 = a(b — b) = ab — ab = 0. 

Thus a • 0 is in K. 

In the same way, from the right distributive postulate, we can 
obtain for a ^ 0, 

0 • a = 0. 

Also we can write (still using a^0) 

0*0 = 0(a — a) = 0a — 0a = 0. 

This shows that the closure postulate holds for multiplication 
when one or both of the elements a, 6 is 0. It also shows that the 
commutative and associative postulates hold when one or more of 
the elements is 0, and that 0-1 = 0. 

We still must check that the unity element and zero element are 

distinct from each other. This is easily done indirectly. For sup¬ 
pose we had 

1 = 0 ; 

there would then be in if an element a ^ 0, making 

a • 1 = a • 0, 

a = 0, 

which is a contradiction. This completes the proof. 
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9-6 Rings. We now consider a new type of system with two 
operations, known as a ring, which can be thought of as a generaliza¬ 
tion of a field. The generalization is accomplished by relaxing some 
of the restrictions imposed by the field postulates. (This is like 
the process we have already suggested for weakening a single postu¬ 
late by removing such conditions as uniqueness or commutativity.) 
Here the restrictions to be removed are those postulates of a field 
calling for (1) commutative multiplication, (2) existence of a unity 
element, and (3) existence of inverse elements with respect to mul¬ 
tiplication (i.e., reciprocals). 

The result can be summarized as follows. 

Postulates for a Ring 

Given a set R of elements a, b, c, . . . , combinable under two opera¬ 
tions designated as +, X. R is called a ring with respect to +, X 
if the following postulates are satisfied: 

Postulate 1. Closure for addition. For every a, b in R, 

a + b is an element of R. 

Postulate 2. Associative addition. For every a, b, c in R , 

(a + b) + c = a 4- (6 + c). 

Postulate 3. Right identity for addition. There exists in R an 

element 0 such that for every a in R 

CL ~ f- 0 = GL 

Postulate 4. Right inverse for addition. For every a in R there 

exists an element a in R such that 

a + a = 0. 

Postulate 5. Commutative addition. For every a, b in R, 

a + b = b + a. 

(Postulates 1 to 5 require that R be an Abelian group under addition.) 

Postulate 6. Closure for multiplication. For every a, b in R, 

ab is an element of R. 

Postulate 7. Associative multiplication. For every a, b, c in R 

(ab)c = a(bc). 
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Postulate 8. Left distributive. For every a, b, c in R, 

a{b + c) = ob + ac. 

Postulate 9. Right distributive. For every a, b, c in R, 

(a + b)c = ac + be. 

Of course, every field satisfies these postulates, so every field is a 
ring, and we need no new proof of consistency for the ring postulates. 


As obvious illustrations of rings which are not fields, we mention 
the following. 


Illustration 1. The (infinite) set of all even integers (positive, 
negative, 0) is a ring under the usual operations. Note that there 
is no unity element in the ring. 

Illustration 2. The (finite) modulo 4 system under addition and 
multiplication is a ring. The operation tables are as follows: 


+ 

0 

1 

2 

_3 

X 

0 

1 

2 

3 

0 

0 

1 

2 

3 

0 

0 

0 

0 

0 

1 

1 

2 

3 

0 

1 

0 

1 

2 

3 

2 

2 

3 

0 

1 

2 

0 

2 

0 

2 

3 

3 

0 

1 

2 

3 

0 

3 

2 

1 


This is a ring which contains a unity element, but not every nonzero 
element of the system has an inverse (2 does not have an inverse). 
Also since 2-2 = 0, the ring has divisors of zero. 

Rings which satisfy certain additional postulates besides 1 to 9 
above are often given special names, as we indicate below. 


Postulates for Special Types of Rings 
Postulate 10. Commutative multiplication. For every a, b in R, 

ab = 6a. 

(A ring which satisfies this postulate is called a commutative ring.) 

Postulate 11. Two-sided identity for multiplication. There 
exists in R a unity element designated as 1, such that for every 
a in R, 

la = al = a. 

(A ring which satisfies this postulate is called a ring with unity 
element.) 
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Postulate 12. Idempotent. For every a in R, a has the idem- 

potent property 

a • a — a. 

(A ring which satisfies this postulate is called a Boolean ring.*) 

Postulate 13. There exist in R nonzero elements a, b such that 

ab = 0. 

(A ring which satisfies this postulate is called a ring with divisors 
of zero.) 

A field can now be characterized readily as a special type of ring 
in the following way. 

Theorem F. A field is logically equivalent to a commutative ring 

of at least two distinct elements, including a unity element , in which 

reciprocals of nonzero elements exist. 

Of course any known field gives a consistency proof for Postulates 
1 to 11 inclusive. Postulates 1 to 12 are consistent, for they are all 
satisfied by the example of an idempotent field (used in Chapter 8), 
i.e., the modulo 2 system. Postulate 13 is consistent with Postulates 
1 to 11, as shown by the ring in Illustration 2, which we know has 
divisors of zero. We shall see in the next section that Postulate 13 
is also consistent with the first twelve postulates. 

The independence of these extra postulates in relation to the 
general ring postulates now follows if we produce examples showing 
their nonredundancy. Illustration 1, which contains no unity ele¬ 
ment, is such an example for Postulate 11, while this illustration, or 
Illustration 2, or almost any field serves the purpose for Postulate 12. 
Also we know that any field fails to satisfy Postulate 13. 

It is possible also to give a nonredundancy example for the com¬ 
mutative multiplication postulate, but we shall not attempt that 
here. The standard illustration is to use systems of matrices. 

We note from Theorem F just above that certain field theorems 
will hold for rings also. Such theorems will be precisely those which 
do not involve the properties used in Theorem F to characterize a 
field as a special type of ring. 

In particular, we obtain as general ring theorems those field the¬ 
orems which can be proved without use of any of the following 


* First defined by the American mathematician M. H. Stone in 193G. 
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field postulates: (1) commutative multiplication, (2) existence of a 
unity element, (3) existence of reciprocals. Thus we obtain im¬ 
mediately the following familiar theorems concerning opposites and 
zero, among others. 


Theorems for General Rings 


Theorem 1. For every a and b in a ring It the equation x b — a 
has a unique solution in R, namely, x = a + b. 

Definition, a — b = a + b. 


Theorem 2. Left and right distributive rules for multiplication 
with respect to subtraction. For every a, b, c in R, 


and 


a(b — c) = ab — ac, 
(a - b)c = ac — be. 


Theorem 3. a • 0 = 0 • a = 0. 


Theorem 4. a(b) = ab. 
Theorem 5. ab = ab. 


Exercises 

1. Prove that the set of all integers under addition and multiplication 
forms a ring, and describe its properties. 

2. Prove that a modulo m system, where m is a composite integer, is a 
ring with unity element and divisors of zero. Illustrate by use of the 
modulo 6 system. 

3. Prove that a Boolean ring with two elements is isomorphic to the field 
F 2 , that is, the modulo 2 system. 

4. Do the following systems form rings under the usual operations? If 
so, describe their properties, (a) The set of all rational numbers, (b) The 
set of real numbers of the form m + nV2, where m and n are allowed to vary 
over the set of all integers, (c) The set of three complex cube roots of 
unity, 1, w, oj 2 (see Exercise 5 of Section 9-4). 

5. Can it be proved that a multiplication cancellation law holds for all 

rings. In other words, is it a general ring theorem that ab = ac implies 
o = c when a^O? 

6. Prove the right distributive part of Theorem 2 above. (Special atten¬ 

tion is needed since this was not listed as a separate theorem in the Chapter 6 
development.) y 

^-7 Boolean rings. As indicated by Postulate 12 of the preceding 
section, a Boolean ring is a ring in which every element is idempotent 
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Boolean rings have other interesting properties and will furnish a 
convenient transition to Boolean algebras. We proceed to deduce 
some Boolean ring theorems which we label “BR” for future reference. 

Theorems for Boolean Rings 

Theorem BR-1. In a Boolean ring B, every element is its own 
additive inverse; i.e., for every a in B, 

a 4* a = 0. 

Proof. For every a in B, 

a + a = (a + a)(a + a) by idempotent postulate, 

= a(a + a) + a(a + a) by right distributive postulate, 
= (aa + aa) + (aa + aa) by left distributive postulate, 

= (a + a) + (a + a) by idempotent postulate, 

i.e., 0 + (a 4- a) = (a + a) + (a + a). 

a + a = 0 by right cancellation in the additive group of B. 

Corollary 1. If a + b = 0, then a = b. 

Corollary 2. a + b = a — b. 

Corollary 3. If a + b = c, then a = c + b. 

Theorem BR-2. A Boolean ring is a commutative ring. 

Proof. It is sufficient by Corollary 1 above to show that for every 
a, 6 in B we must have ab + ba = 0. 

Now a + b = (a + b)(a + b) by idempotent postulate, 

= a(a + b) + b(a + b) by right distributive postulate, 
= (aa + ab) + (ba + bb) by left distributive postulate, 

= (a + ab) + (ba + b) by idempotent postulate 

= (ab + ba) + (a + b) by commutative and associa¬ 

tive addition postulates. 

a l _j_ i a = o as in similar step of Theorem BR-1. 
ab = ba. 

Theorem BR-3. A Boolean ring of two elements is logically equiva¬ 
lent to an idempotent field. 

Proof. We have seen already that any idempotent field Ft must 
contain exactly two elements (the zero and unity elements). Hence 
Ft is a two-element ring satisfying the idempotent postulate, that is, 

a Boolean ring of two elements. 
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On the other hand, given a Boolean ring B of two elements a and 
b , we must have one of these, say a, act as a zero element, and thus 


n-a — a-b — b-a = 


n 


Also by the idempotent postulate, 

b-b = b. 

Thus b acts as a unity element. Also multiplication is commutative 
and the required reciprocal exists for the nonzero element b (i.e., 
b itself). Hence all of the postulates for an idempotent field are 
satisfied. 

Theorem BR-4. A Boolean ring B containing more than two ele¬ 
ments is a ring with divisors of zero. 

Proof. By hypothesis, B contains distinct elements a, b such that 
a 9 ^ 0 and 6^0. Then also a 4- 6 is an element of B by closure, and 

a + 6^0. 

(If a + b were 0, then by Corollary 1 of Theorem BR-1 we would 
have a = b.) But ab is also an element of B, and 

ab(a + b) = (ab)a 4* ( ab)b by left distributive postulate, 

= ( aa)b + a(bb) by Theorem BR-2 and associative 

multiplication postulate, 

= ab 4- ab by idempotent postulate. 

ab(a + b) = 0 by Theorem BR-I. 

This shows that if ab 0, then ab and a + b are divisors of zero in 
B. On the other hand, if ab = 0, then both a and b are themselves 
divisors of zero. 


In connection with Theorem BR-3 above it may be of interest to 
give an interpretation from logic for a Boolean ring of two elements. 

For this purpose think of the system of all propositions, i.e., state¬ 
ments which can be classified as “true” or “false.” If p and q are 
propositions, interpret pq as the conjunction of p, q and let p 4- q be 
the complete disjunction of p, q corresponding to the use of the word 
“or” in an exclusive sense. Then: 

pq is true if and only if p and q are both true. 
p + qis true if and only if one and only one of the propositions p, q 
is true. 

Thus we can make the following operation tables (which are just 
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another form of truth value tables, but written like algebraic operation 
tables). 


+ 

false 

true 

X 

false 

true 

false 

false 

true 

false 

false 

false 

true 

true 

false 

true 

false 

true 


It is clear that this system of true and false propositions is isomorphic 
to the modulo 2 system under the following pairing: 


false.0, 

true.1. 


If we “translate” false and true as suggested by this pairing the 
above tables become the familiar modulo 2 tables: 


+ 1 

0 

1 

X 

0 

1 

0 

0 

1 

0 

0 

0 

1 

1 

0 

1 

0 

1 


Accordingly, it must be that our given system of propositions * is an 
example of an idempotent field, i.e., of a Boolean ring of two ele¬ 
ments. 

We must not jump to the conclusion that all Boolean rings are 
equivalent to idempotent fields, and restricted to two elements. 
Although the postulates for an idempotent field are categorical, this 
is not the case for the Boolean ring postulates. In fact, it is possible 
to have either a finite or infinite number of elements in a Boolean 
ring. If finite, the number of elements can be shown to be equal to 
a power of 2. These statements will be better understood after in¬ 
vestigating the related topic of Boolean algebras. 

As a possible topic for further postulational study, we exhibit 
below (in abbreviated form) a weak set of postulates for Boolean rings, 
i.e., a set equivalent to the set obtained by adjoining the idempotent 
postulate to the general ring postulates. The postulates in this set 
have been shown to be independent.! 

Weak Postulates for Boolean Rings 

1. Closure for addition. 

2. Associative addition. 

* Strictly speaking, it is a system of categories of propositions “true” and 
“false.” The individual propositions themselves are irrelevant. 

f E. R. Stabler, “Sets of Postulates for Boolean Rings, American Mathe¬ 
matical Monthly, Vol. 48, 1941, pp. 20-28. 
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3. Left cancellation for addition. 

4. Right cancellation for addition. 

5. Closure for multiplication. 

6. Associative multiplication. 

7. Left distributive postulate. 

8. Right distributive postulate. 

9. Idempotent postulate. 

9-8 Boolean algebra postulates. Abstract systems, known as 
Boolean algebras, are closely related to the (concrete) logic of proposi¬ 
tions and classes discussed in Chapters 3 and 4. The name “ Boolean ” 
is in honor of George Boole (1815-1864), British logician and math¬ 
ematician, who is generally considered the founder of modern 
symbolic logic. Boole was Whitehead and Russell’s most famous 
predecessor.* 

The postulates for Boolean algebras which we list here are based 
on a well-known set given by the American mathematician and 
postulational specialist, E. V. Huntington.f However, the associa¬ 
tive postulates are not found in Huntington’s list. They are redun¬ 
dant, but we include them to simplify the presentation, as their proofs 
are rather tedious. 

The postulates show complete duality between properties with 
respect to two fundamental operations. In particular, we should 
note the presence of the novel addition distributive postulate, 

a V be = (a V b)(a V c), 

as well as the usual multiplication distributive postulate, 

a{b V c) = ab V ac. 

We list the postulates in the familiar parallel column form. 


Postulates for a Boolean Algebra 

Undefined concepts: Set Ii of elements a, b, c, . . . combinable under 
two operations designated as V (Boolean addition) and X (multipli- 


Bibliogr 0 aphy OUtStandinS ‘ n ! ° gic ‘ S ^ Laws °f bought. See the 

r Huntil ?e ton » “ Se ts of Independent Postulates for the Algebra of 

nn g 9C8- °* 0x6 Amerkan Mathematical Society, Vol. 5, 1904, 

setha™^ been ;:™lted PPearanCe °' e< > UiValent P°“ 
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cation). It is understood that for each postulate a, b, c, 
as elements of H. 


Postulate 1. 

For every a, b in H, a V b 
is in H. 


Postulate 1'. 

For every a, b in H, ab is in H. 


Postulate 2. 
a V b = b V a. 

Postulate 3. 

(a V b) V c = a V (6 V c). 

Postulate 4. 

a V be = (a V 6)(a V c). 

Postulate 5. 

There exists in H an ele¬ 
ment Z such that for every 
a in H, a V Z = a. 

(Z is called the zero element.) 


Postulate 2'. 
ab = ba. 

Postulate 3'. 

(ab)c = a(bc). 

Postulate 4'. 

a(b V c) = ab V ac. 

Postulate 5'. 

There exists in H an element 
U such that for every a in H, 
aU = a. 

(U is called the universal ele¬ 
ment or universe.) 


Postulates 6 , 6 \ For every element a of //, there exists an element 
a ' in H such that 

a V a' = U and aa' = Z. 


[a! is called the complement of a.) 

As a consistency proof for the above postulates let us interpret H 
as a set consist ing of all possible subclasses of a certain fixed collection 
of objects (including the whole collection as a subclass of itself). The 
collection might be finite (such as the collection of all chairs in a 
certain room) or infinite (such as the collection of all integers). It 
is important to realize that each “element” in the set H becomes 
interpreted now as a class. The operation V will be interpreted as 
logical addition (or union) of classes, and the operation X as logica 

multiplication (or intersection) of classes.* 

With this interpretation, Postulates I and 1' are satisfied, since 

the union and intersection of any two classes in H must again be a 


* For reference we repeat here two definitions of Cha P ter 4 * .PjealTone 
sum or union of two classes is the class whose members belong £ aMeasto 
of the given classes. The logical product or intersection of t«o classes 
the class whose members belong to both of the given classes. 
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class of H. Postulates 2,2', 3,3', and 4,4' are the commutative, 
associative, and distributive properties already listed as properties 
of logical addition and logical multiplication of classes at the end 
of Section 4-5. 

The zero element in Postulate 4 is the “empty” class, consisting 
of none of the objects in the given collection. (This is arbitrarily 
thought of, nevertheless, as one of the given subclasses.) The uni¬ 
versal element in // is taken as the subclass consisting of the whole 
given collection of objects. For each subclass A (in II) we interpret 
the required complement as the class of objects (in II) not belonging 
to A. Then Postulates 5,5', 6,6' are satisfied (as indicated by corre¬ 
sponding properties in the list in Section 4-5). 

It is a familiar principle of the theory of combinations that the 
total number of classes (combinations) which can be formed from n 
objects taken 0,1,2, . . ., n at a time, is 2". Thus if we use n objects 
in the given collection, the total number of classes which comprise 
the set H will be 2'*. On the other hand, if the given collection of 
objects is infinite, then, of course, the number of possible subclasses 
of the collection is infinite. This shows the great variety possible in 
the models of a Boolean algebra, when we interpret set H as a set of 
classes. Any model of this type can be referred to as an algebra of 
classes. 

We can also suggest a model of the postulates which could be called 
an algebra of propositions. This is like the system of propositions, 
classified in the categories of “true” and “false,” used in the preced¬ 
ing section as an example of a Boolean ring — with the difference 
that the operation V (replacing +) is interpreted as ordinary dis¬ 
junction (in accordance with our previous notation for propositions). 

Under this interpretation we see that the closure postulates 1 and 
P are satisfied. This is because the truth value of propositions a v b 
and ab is determined by the truth values of propositions a and b 
separately. Postulates 2,2', 3,3', 4,4' are satisfied because of the 
corresponding equivalences of propositions stated in Section 3-10. 
Postulate 5 holds if we assign Z to mean the category “false.” This 
has the required property, since the disjunction of proposition a with 
a false proposition must agree in truth value with a itself. Likewise 
Postulate 5' is satisfied if we assign U to mean the category “true.” 
Next we take a' to mean the negation of proposition a, i.e., ~a. 
Then Postulates 6 and 6' are satisfied in accordance with the law of 
excluded middle and the law of contradiction, respectively. 
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Thus our algebra of propositions becomes a model of a two-element 
Boolean algebra. The operation tables are simply the following: 


V 

false 

true 

X 

false 

true 

false 

false 

true 

false 

false 

false 

true 

true 

true 

true 

false 

true 


It is apparent then that the algebra of propositions is a very re¬ 
stricted model of a Boolean algebra in comparison with algebras of 
classes. 

The close similarity between the algebra of propositions and the 
system of propositions used as a model of a Boolean ring (the multi¬ 
plication tables are the same in each case) suggests that there should 
be a close relation between Boolean rings and Boolean algebras. 
This is in fact the case. We proceed to show that a Boolean algebra 
can be considered logically equivalent to a Boolean ring with unity 
element. 

9-9 Boolean algebra theorems. We now deduce theorems from 
the Boolean algebra postulates. Our aim is to prove that on de¬ 
fining a new operation in a Boolean algebra, to be known as ring 
addition and designated as +, every Boolean algebra becomes a 
Boolean ring. 

In the next section we shall reverse the process by starting with the 
Boolean ring postulates (together with the unity element postulate) 
and show that we can arrive at a Boolean algebra. 

The theorems in this section will be labeled “BA” to distinguish 
them from the Boolean ring (“BR”) theorems. Most of the “BA” 
theorems prior to the introduction of ring addition will be in parallel 
column form, because of the complete duality between the operations 
of multiplication and Boolean addition in the Boolean algebra postu¬ 
lates. We need give proofs in one column only.* 

Theorems for a Boolean Algebra 

Theorem BA-1. The element Z Theorem BA-T. The element U 

is unique. IS un ^Q ue - 

Proof. If there were two such 
elements Z\ and Z 2 , then 

* Theorems^ 3,3' and 5,5' are exceptions. These make double use of 
Postulates 6,6' and can be called self-dual. 
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Z\ V Z»=Z\ 


Z<i V Z\—Zi 
But 


by zero element 
postulate, 
by zero element 
postulate. 


Z\ V Zi —Z 2 v Z\ 



by commutative 
postulate. 


Theorem BA-2. Z V a = a. Theorem BA-2'. Ua = a. 

Proof . This follows from the 
commutative and zero element 
postulates. 

Theorems BA-3,3'. For every a in H, the complement a' is uniquely 
determined by the conditions in Postulates 6,6'. 

Proof. Suppose a[ and both meet the requirements of Postu- 

by zero element postulate. 

by distributive postulate 
(for v with respect to X), 
by commutative postulate, 
by complement postulate, 
by Theorem BA-2'. 

by commutative postulate. 
Theorem BA-4'. U' =» Z. 

Proof. U is an element which meets 
the requirements for Z' since 

Z V U — U by Theorem BA-2 

and Z • U = Z by universal pos¬ 

tulate. 

But by the preceding theorem such an 
element is unique. 

.*. Z' = U. 


lates 6,6'. Then we have both 

aa[ = Z, aa^ = Z, 
making a,' = a[ V aaf 

<4 = aj V aa[ 

a[ V aa4 = (a; v a)(a[ V a’f) 


But 


= (a V a[)(a; v a') 
= U(a[ V cQ 

= a[ V <4 
This makes a[ = a[ v a?. 

By a similar proof, we get 

< = < V a[, 
whence a[ = 

Theorem BA-4. Z' = U. 
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Theorems BA-5,5'. ( a ')' = a (usually written a" = a). 

Proof. Since a V of = U 

and aa' = Z, 

we have by commutative postulates for V and X: 

a' V a = U, 
a'a = Z. 

Thus a satisfies conditions for {a')' and by Theorems BA-3,3' we must 
have 

(a')' = a. 

Corollary, a' V a = U. Corollary, a'a = Z. 

Theorem BA-6. a\/a=a. Theorem BA-6'. aa=a. 

Proof. 

oV a =(aV a)U by universal 

postulate, 

= (a\y a)(a\y a') by complement 

postulate, 
by distributive 
postulate (4), 
by complement 
postulate, 
by zero ele¬ 
ment postu¬ 
late. 

a\/U=U. Theorem BA-7'. aZ=Z. 

by universal 
postulate, 

= (aV U)(a\ya') by complement 

postulate, 
by distributive 
postulate (4), 
by Theorem 
BA-2', 

by complement 
postulate. 

Corollary. UVa=U. 


=aV Ua' 
=aVa' 

= U 


=a Vaa' 

=a\/Z 

=a 

Theorem BA-7. 
Proof. 

a V C/= (a V U)U 


Corollary. Za-Z. 
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Theorem BA-8. aVab=a. Theorem BA-8'. a(avb)=a. 

Proof. 


aVab=aU V ab 

by universal 


postulate, 

=a(U V b) 

by distributive 


postulate (4'), 

=aU 

by Corollary 


of Theorem 


BA-7, 

=a 

by universal 


postulate. 

The next two theorems are right distributive laws. The proof of 
Theorem BA-9' is familiar from the proof of the corresponding theo¬ 
rem for a field (with + replacing V). 

Theorem BA-9. Theorem BA-9'. 

a6vc=(avc)(6vc). (av b)c=acv be. 

Proof. This is left as an exercise. 

The next two theorems are DeMorgan’s laws in abstract form. 

Theorem BA-10. Theorem BA-10'. 

(a V by = a'b'. ( a fc)' = a' V b'. 

Proof. It is sufficient by Theorems BA-3,3' 
to prove that both of the following hold: 

(i) (av b) v ( a'b ') = U. 

GO (a V b)a'b' = Z. 

Proof of ( i): 

(a V6) V a'b' = [(a V b) v a'] ((a V b) V 6'] 

by addition distributive postu¬ 
late, 

= [(& V a) V a'] [a V (b V 6')] 

by commutative and associative 
postulates, 

= [b V (a V a')] [a V (b V 6')] 
by associative postulate, 

= [b V U] [a v C7] 

by complement postulate, 
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= U • U by Theorem BA-7, 

= U by universal postulate. 

Proof of (ii): This is left as an exercise. 


Now we define the new operation of ring addition , to be designated 
by the usual symbol +. In forming the definition, we can get some 
help from our propositional interpretation. We saw that the con¬ 
crete system of true and false propositions is a Boolean algebra when 
Boolean addition, V, is interpreted as ordinary disjunction. But 
the system is a Boolean ring when ring addition, +, is interpreted as 
complete disjunction. The complete disjunction of two propositions 
p, q can be expressed in terms of ordinary disjunction as 

P(~?) V (~p)g. 

This suggests for the abstract ring sum of two elements a, b the 
corresponding expression, 

ab' V a'b. 

Definition BA-1. a + b = ah' V a'b. 

We proceed to prove the theorems needed to establish our claim 
that every Boolean algebra is a Boolean ring with respect to the 

operations of multiplication and ring addition. 

We drop the parallel column form of arrangement, as we are not 
interested here in the operation dual to + (although such an opera¬ 
tion could be defined and theorems concerning it listed in a parallel 
column). We include certain theorems which will be needed for 
the reverse deductive process in the next section. 

Theorem BA-11. For every a, b in H, a + b is an element of H. 

Proof, a + b = ab' V a'b by Definition BA-1. 

a' and b' belong to H by complement postulate. 

... ab' V a'b is in H by closure postulates for multipli¬ 

cation and Boolean addition. 

Theorem BA-12, a + U = a'. 

Proof, a + U = aU' V a'U by Definition BA-1, 

= aZ V a' U by Theorem BA-4, 
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= Z V a' by Theorem BA-7' and universal 

postulate, 

= a' by Theorem BA-2. 

Theorem BA-13, a + Z = a. 

Proof, a -f Z = aZ' V a'Z by Definition BA-1, 

= aU V Z by Theorems BA-4 and BA-7', 

= a V Z by universal postulate, 

= a by zero element postulate. 

Theorem BA-14, a 4- a = Z. 

Proof. a + a = aa' V a'a by Definition BA-1, 

= Z V Z by complement postulate and Theo¬ 
rems BA-5,5', 

= Z by zero element postulate. 

Theorem BA-15, a -f 6 = 6 + a. 

Proof. This is left as an exercise. 


Before proving the associative rule for ring addition we insert the 
following “lemma” or preliminary theorem. 

Lemma BA-1, (a + 6)' = ab V a'b\ 

Proof, (a + 6)' = (ab ' V a'b )' by Definition BA-1, 

= ( ab')' • (a'b)' by Theorem BA-10, 

= ( a' V b")(a" V 6') by Theorem BA-10', 

= (a' V 6) (a V b') by Theorems BA-5,5', 

= (a' V b)a V (a' V 6)6' 

by distributive multiplication postulate, 

= (a'a V 6a) V (a'6' V 66') 
by Theorem BA-9', 

= (Z V 6a) V (a'6' V Z) 

by Theorems BA-5,5' and complement 
postulate, 

= 6a V a'6' 

by zero element properties, 

= a6 V a'6' 

by commutative multiplication postulate. 

Theorem BA-16, (a + 6) + c = a + (6 + c). 
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Proof, (a + b) + c = (a + b)c' V (a + b)'c 

by Definition BA-1, 

= ( ab' V a'b)c' V ( ab V a'b')c 

by Definition BA-1 and Lemma BA-1, 

= [a(6V) V a'(be')] V [a(bc) V a'(b'c)] 

by Theorem BA-9' and associative multi¬ 
plication postulate. 

The remainder of the proof is to show that the right side of the 
desired equality gives the same result. This is left as an exercise. 


Theorem BA-17. a(b + c) = ab - 1- ac. 

Proof. We show that the left side and 
same expression, as follows: 

a(6+c)=a(6c' V b'c ) 

=a(bc') Va(b'c) 

ab+ac=ab(ac)' V (ab)'(ac) 

= ab(a' V c') V (a' V b')(ac ) 

= [(ab)a' V ( ab)c '] V [a'(ac) V b'(ac )] 

= [(a'a)b V (ab)c'\ V [(a'a)c V 6'(ac)] 

= [Z6 V (ab)c'] V [Zc V b'(ac )] 

= [Z V (a6)c'] V [Z V b'(ac)\ 

= (ab)c' Vb'(ac) 

=a(bc')Va(b / c) 


right side are equal to the 

by Definition BA-1, 
by distributive multiplica¬ 
tion postulate, 
by Definition BA-1, 
by Theorem BA-10', 
by distributive rules, 
by commutative and asso¬ 
ciative postulates, 
by complement postulate, 

by zero element properties, 

by associative and com¬ 
mutative postulates. 


a(b+c)=ab- 3 rac. 


Theorem BA-18, (a + b)c = ac + be. 

Proof. This follows immediately (as in the case of a field) from 
Theorem BA-17 and the commutative multiplication postulate. 


Theorem BA-19. With respect to the operations of multiplication 
and ring addition the elements of a Boolean algebra form a Boolean 

ring with unity. . Q 

Proof. Postulates 1 to 9 for a general ring (as given in Section 

are satisfied respectively because of Theorems BA-U BA -16, B - , 

BA-14 BA-15, Postulates 1' and 3' for Boolean algebras, Theoiem 
BA-1?’ and BA-18. Finally, the idempotent postulate is satis 
because of Theorem BA-6', and the ring has a unity element, namely, 
“versa! element, by Postulate 5' in the Boolean algebra list. 
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It is significant to note the meaning of ring addition for an inter¬ 
pretation of a Boolean algebra as an algebra of classes. In this case, 
we recall that a Boolean sum of two classes, A and B, is simply the 
logical sum, or union, of A and B. According to the definition for 
ring addition, we have 

A +B = AB' V A'B. 


This indicates that A + B is the union of the classes AB' and A'B, 
and is formed by taking the total membership of these classes. But 
AB' is the intersection of class A with the complement of B. Thus 
it consists of all members of A that are not members of B. Similarly, 
A'B consists of all members of B that are not members of A. Ac¬ 
cordingly, the class A + B is the class of all elements belonging to 
one or the other of the classes A and B, but not both — a class which is 
known as the symmetric difference of A and B. 

In the case of two disjoint classes (i.e., mutually exclusive classes, 
classes with no common members), we see that the symmetric dif¬ 
ference is the same as the union, that is, 

A +B = A v B if AB = Z. 

The symmetric difference of two classes can be obtained by delet¬ 
ing the common membership, or intersection, of the classes from 
their union. Accordingly, the union can be obtained by putting the 
intersection back with the symmetric difference. Thus 


A V B = (A + B) V AB 

and since A + B and AB are disjoint classes, we can change the wedge 
on the right to a plus sign, obtaining 


A V B = (A+ B) + AB. 

This concrete result for classes suggests the following theorem for 
abstract Boolean algebras. 

Theorem BA-20, a V b = (a + b) + ab. 

Proof. Here it is convenient to use the Boolean ring property 

that each element is its own inverse with respect to ring addition. 

This, of course, permits transposing terms in an equality without 

change of sign. (See Theorem BA-14 above, or Theorem BR-1 and 
Corollary 3, Section 9-7.) 

Hence, to prove the theorem it is sufficient to prove instead that 

(a V b) + ab = a + b. 
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This can be accomplished as follows: 

(a V b)+ab= (a V b)(ab)' V (a V b)'(ab) 

= (aV6)(a'v6')V (a'b')(ab) 

= [a(a , v6 , )Vb(a , v6')]vZ 


= ( aa ' V a6') V (ha' V bb') 

= {Z V ab') V (ba'V Z) 
=ab'Wa'b 


=a+b 


by Definition BA-1, 
by Theorems BA-10' and 10, 
by Theorem BA-9', commuta¬ 
tive, associative, comple¬ 
ment postulates, 
by distributive and zero ele¬ 
ment postulates, 
by complement postulate, 
by Theorem BA-2, zero ele¬ 
ment and commutative 
multiplication postulates, 
by Definition BA-1. 


Exercise 

Given the collection of symbols a, 0. Let H be interpreted as the set of 
all subclasses of these symbols taken two at a time, one at a time, and none 
at a time. Then Ii is a (concrete) Boolean algebra under logical sum and 
logical product, and a (concrete) Boolean ring under symmetric difference 
and logical product. Designate the classes of H as follows: 

U = [a, 01, B = (01, 

A = [a], % = l 1* 

The following are sample operation results: 

A V B = U, A • B = Z (making A and B divisors of zero), 

A + U = B, A - U = A. 

Make complete tables for the three operations and also a table of comple¬ 
ments. The tables illustrate a Boolean algebra (and Boolean ring) of four 

elements. . .. 

In the same way, starting with three symbols a, 0, y, and using B as tn 

set of all subclasses of these, we can make operation tables for an 8-elemen 
Boolean algebra. 


9-10 Deriving a Boolean algebra from a Boolean ring with unity. 

We now continue our list of Boolean ring theorems started in Sec¬ 
tion 9-7 making the additional assumption that the ring satishe 
the unity element postulate (Postulate 11 of Section 9-6 - 

a Boolean ring is commutative we need only require a 
element). We wish to show that on introducing a suitable definition 
for Boolean addition, the elements of such a Boolean ring wU sat fy 
the postulates for a Boolean algebra. We previously proved Then- 
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rems BR-1 to BR-4, of which Theorem BR-2 was the commutative 
law of multiplication. We continue here with the same numbering 
sequence. 

In the following, we use B\ to designate a Boolean ring with unity 
element. The unity element and zero element will be designated as 
usual for rings by 1 and 0. These will be found to meet the require¬ 
ments of the U and Z of the Boolean algebra postulates. 

In what follows we shall often dispense with parentheses when 
three or more terms occur in a sum, or three or more factors in a 
product. This is permissible as a generalized principle resulting 
from the associative postulate (as mentioned back in Section 2-6). 

We begin with the following definition for Boolean addition in a 
Boolean ring; this is the same in form as Theorem BA-20, proved in 
the preceding section for Boolean algebras. 

Definition BR-1. a V b = (a + b) + ab, or a + 6 + ab. 

Theorem BR-5. For every a, b in B\ , a V b belongs to B\. 

Proof. This follows at once from Definition BR-1 and the ring 
closure postulates for multiplication and ring addition. 

Theorem BR-6. a v 0 = a. 

Proof, a v 0 = (a + 0) + aO by Definition BR-1, 

by zero element ring properties. 

Theorem BR-7. a v b = b V a. 

Proof. This follows from the commutative addition property for 
any ring, and the commutative multiplication property proved in 
Theorem BR-2. 

Theorem BR-8. (a V b) V c = a V (6 v c). 

Proof. This is left as an exercise. 

Theorem BR-9. a v6c=(a vh)(a Vc). 

Proof. aV6c=a+6c+abc by Definition BR-1. 

Also (a V b) (a V c) = (a+6+ah) (a+c+ac) 

=[a-f (b-\-ab) ] [a+ (c+ac) ] 

by ring associative addition postulate, 
=aa+(6+ah)a+a(c+ac)+(6+a6) (c+ac) 

by ring right and left distributive postulates, 


= a + 0' 
= a 
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=aa+ (ba+aba)+(ac-\-aac)-\-(bc+bac)-}-(abc+abac) 
by ring distributive postulates and associative 
postulates, 

=a+(ba+ab)+(ac+ac)+bc-\-(abc+abc)+abc 

by idempotent postulate, Theorem BR-2, 
and associative postulates, 
=a+0+0+6c+0+a&c by Theorems BR-2, BR-1, 

= a-\-bc-\-abc 

by zero element and associative postulates. 
aV6c=(a Vh)(a V c). 

Theorem BR-10. a(b V c) = ab V ac. 


Proof. This is left as an exercise. 

Definition BR-2. For every element a in B h the element a' is 
defined to be 

a' = a + 1. 

Theorem BR-11. For every a in B i, a' is an element of B\ such that 

a V a' = 1 and aa' = 0. 


Proof. 

a' is an element of B\ 
a V a’ = a V (a + 1) 

= a + (a + 1) + a(a + 1) 
= (a + a) + 1 + (aa + al) 

= (0+ l) + (a + a) 


:! +0 ) 

Also aa' = a(a + 1) 
= aa-}- a 1 
= a + a 


by addition closure postulate, 
by Definition BR-2, 
by Definition BR-1, 
by associative addition, left 
distributive ring postulates, 
by Theorem BR-1, idempotent 
postulate, and unity element 
postulate, 

by zero element postulate, 
by definition, 

by left distributive postulate, 
by idempotent postulate and 
unity element postulate, 
by Theorem BR-1. 


= 0 

Theorem BR-12. a + b = ab' V a b. 
Proof. This is left as an exercise. 


9-11] INCLUSION IN ABSTRACT BOOLEAN ALGEBRAS 207 

Note that Theorem BR-12 is the definition of a + b in the develop¬ 
ment based on Boolean algebra postulates, while Definition BR-2 
was suggested by Theorem BA-12. 

Theorem BR-13. With respect to the operations of Boolean addi¬ 
tion (v) and multiplication , the elements of any Boolean ring with 

unity element form a Boolean algebra. 

Proof. The Boolean algebra postulates V and 3' for multiplica¬ 
tion closure and associative multiplication are clearly satisfied, as 
these hold in any ring. 

Commutative multiplication holds by Theorem BR-2. The 
Boolean addition postulates hold as follows: closure by Theorem 
BR-5, commutative addition by Theorem BR-7, and associative 
addition by Theorem BR-8. The distributive postulates 4 and 4' for 
Boolean algebras hold by Theorems BR-9 and BR-10. Postulate 5 
is satisfied by taking the zero element of the ring as the required 
element Z. Postulate o' is satisfied by taking the unity element of 
the ring as the required universal element. Postulates 6,6' hold by 
Theorem BR-11. 

This completes the development which, in conjunction with the 
development of the preceding section, shows that, on introduction of 
appropriate definitions, Boolean rings with unity element and 
Boolean algebras become logically equivalent systems. 

9-11 Inclusion in abstract Boolean algebras. We consider finally 
some abstract definitions and theorems of Boolean algebras concern¬ 
ing the relation of inclusion, which we have previously used (in 
Chapter 4) for classes alone. In this section elements are understood 
to belong again to a Boolean algebra H. 

Definition BA-2. If a' V b = U, we say that a is included in b 

(or b includes a), and we write 

a C b (or 6^ a). 

We note that if the two-element propositional interpretation of a 
Boolean algebra is being used, then 

a' V b= U 

means “not-a or 6” has the value “true.” Hence, in this case “a is 
included in 6” means essentially 11 a implies b is true.” 

First we prove a theorem which will be useful for purposes of 
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dualizing. When we refer to “dual statements” we recall that we 
mean statements obtainable from each other by interchanging the 
operations of V and X, and interchanging the elements U and Z. 

Theorem BA-21. The statements a C b and a Z) b in a Boolean 
algebra are dual statements. 

Proof. By definition, a (Zb means a' V b = U. The dual of the 
latter statement becomes 

a' • b = Z, 

which in turn is equivalent to 

(a'by = Z' = U 

or (a')' V b' = U by Theorem BA-10', 

or a V b' = U by Theorems BA-5,5', 

or b' V a = U by commutative postulate for 

Boolean addition. 

The latter, by definition, says 

b (Z a, that is, a Z) b. 


By virtue of the theorem just proved we can dualize all of the 
theorems which follow by changing C to D and making the other 
modifications as usual. 

Theorem BA-22, a (Z a. 

Proof. This follows immediately from the definition and the com¬ 
plement postulate. 

Theorem BA-23, a (Zb if and only if ab' = Z. 

Proof. By definition, a C b is equivalent to 

a' V b = U. 

But this is equivalent to 

(<z' V b)' = Z 

(,a')'b ' = Z by Theorem BA-10, 
ab' = Z by Theorems BA-5,5'. 

Theorem BA-24, a (Zb if and only if ab = a. 

Proof. “Only if" part. Given a (Zb, we show ab = a. 


or 

or 
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Here 

N 

11 

by Theorem BA-23, 

and 

ab = ab V Z 
= ab V ah' 

by zero element postulate, 


= a{b V b r ) 

by distributive postulate, 


= aU 

by complement postulate, 


= a 

by universal postulate. 

“If” 

part. Given ab = a, we show a 

C b. 

Here 

ab' — ( ab)b' 



II 

by associative postulate 
for multiplication, 


= aZ 

by complement postulate, 


= Z 

by Theorem BA-7'. 


Corollary 1. For every a in H, Z (Z a and a C U. 
Corollary 2. If a Zb and b C a, then a = b. 


Theorem BA-25, a C b if and only if a V b = b. 

Proof. This is left as an exercise. 

Corollary, ab = a if and only if a V b = b. 

The next theorem is the abstract analog of the opposite converse 
equivalence rule for propositions. 

Theorem BA-26, a (Zb if and only if b' <Z a'. 

Proof. Using our usual notation for logical equivalence, 

(a C b) < -> ( ab ' = Z ) by Theorem BA-23. 

{ah' = Z) * -► [6'(a')' = Z] by commutative multiplication postu¬ 

late and Theorems BA-5,5'. 

The statement in brackets, in turn, is logically equivalent to 

5' C a' by Theorem BA-23. 


Theorem BA-27. IfaCbandbCc then a Q c. 

Proof. From the given hypotheses, we have both 

ob = a and c = b v c by Theorems BA-24 and BA-25. 
at = a{b V c) 

= ab v ac by multiplication distributive 


= a V ac 


postulate, 


= a 
a C c 


by Theorem BA-8, 
by Theorem BA-24. 
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The preceding theorems are now available for interpretation from 
the standpoint of either the algebra of propositions or the algebra of 
classes. We note here that the class interpretation is the typical 
interpretation in the following sense: every (abstract) Boolean algebra 
is isomorphic to a certain (concrete) algebra of classes. This is a 
theorem due to Stone,* which can be proved by advanced methods 
of modern algebra. 


* M. H. Stone, “The Theory of Representations for Boolean Algebras," 
Transactions of the American Mathematical Society , Vol. 40, 1936, pp. 37-111. 


CHAPTER 10* 

RELATIONS, ORDER SYSTEMS, LATTICES 

10-1 Introduction. In this chapter we consider some important 
mathematical systems which are connected primarily with relations 
rather than with operations. First we discuss relations in general, 
then equivalence relations, linearly ordered systems, partially or¬ 
dered systems, and lattices. 

10-2 Relations in general. A relation between two elements can 
be said to exist whenever a specified propositional function R of two 
variables x, y is satisfied by these two elements. For a given mean¬ 
ing of R we use the notation 

xRy 

to mean that x has the relation R to y for specified “ values" of x and y. 

If R means “is father of" then xRy means “x is father of y ." The 
relation is satisfied by all pairs and only pairs of elements (x, y) for 
which x designates a male parent and y one of his offspring. 

If x and y stand for positive integers and R stands for the relation 
“greater than," then xRy holds for every pair of positive integers 
(x, y) having the property that x is greater than y, and otherwise R 
fails to hold. However, if R stands for “equals," then xRx holds for 
every pair (x, x), while xRy fails for two unequal values of x and y. 

Relations can be described or classified in various standard ways, 
as indicated in the following definitions. In each case we suppose 
that the elements concerned belong to a certain fundamental set. 

Definition 1 . (a) A relation R is said to be reflexive on a set <S if, 
for every x in S, x has relation R to itself, so that xjRx is true. 

(b) R is irreflexive if, for every x, xRx is false. (Note that this is 
stronger than “not reflexive.") 

Definition 2. (a) A relation R is symmetric on a set S if, when¬ 

ever xRy holds in S, then yRx holds also; i.e., always xRy implies 
yRx. 


* This chapter may be omitted without loss of continuity. 
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(b) R is asymmetric in S if, for every x, y in S, it is false that both 
xRy and yRx. (This is stronger than “not symmetric.”) 

Definition 3. A relation R is transitive on a set S if, for every x, y, 
z in S, the conjunction, xRy and yRz, implies xRz. 

Consider some illustrations. Suppose R x stands for the relation 
“husband of.” Then R\ is irreflexive and asymmetric: for x is never 
the husband of x, and it is always false that both x is the husband 
of y and y is the husband of x. (But we have to admit that R\ is a 
transitive relation. This is because the transitivity property holds 
“vacuously” by virtue of the falsity of its hypothesis, namely the 
conjunction “ x is the husband of y and y is the husband of 2 ”!) 

Suppose R 2 is the relation ^ (less than or equal to) for real num¬ 
bers. Then R 2 is reflexive (for always x ^ x), and transitive (for 
x ^ y and y ^ 2 implies x ^ 2 ). But R 2 is not symmetric (for 
x ^ y does not imply y ^ x) ; and at the same time it is not asymmetric 
(as it is possible to have both x ^ y and y ^ x by simply having x 
and y equal). 

Suppose R 3 is the relation “congruent to” for triangles in geometry 
(Euclidean or non-Euclidean). Then R 3 is reflexive, symmetric, and 
transitive. 


Exercises 

For each of the following sets decide, if possible, whether the indicated 
relation is reflexive, irreflexive, symmetric, asymmetric, transitive: 

1. The relation < for real numbers. 

2. The relation “sister of” for a family of sisters. (Note that transitivity 
fails, for “x is sister of y and y is sister of x” does not imply “x is sister of x”) 

3. The relation “square root of” for positive integers. 

4. The relation “negative of” for real numbers. 

5. The relation “ancestor of” for a set of lineal descendants of a certain 
individual, one in each generation for 10 generations. 

6. The relation “is fond of” for persons. 

7. The relation “cousin of” for persons. 

8. The relation “multiple of” for positive integers. 

9. The relation “is a subset of” for a given collection of sets of objects. 

10-3 Equivalence relations. We now consider different abstract 
systems of relations which are of sufficient importance to be designated 
by special names. It is convenient to use a postulational approach 
here. We begin with postulates suggested by the usual notion of 


10-3) EQUIVALENCE RELATIONS 213 

equality , which can be generalized to the concept of an equivalence 
relation. 

Postulates for Equivalence Relations 

Given a set S of elements and a relation R which may or may not 
hold between pairs of these elements, R is called an equivalence rela¬ 
tion on S, if the following postulates are satisfied: 

Postulate 1. R is reflexive. 

Postulate 2. R is symmetric. 

Postulate 3. R is transitive. 

These postulates are clearly satisfied by equality, in the sense of 
identity of numbers. They are also satisfied by equality in a more 
general sense. 

For example, in the definitional development of the number system 
a rational number is defined as a pair of natural numbers a/b (b 0), 
and two rational numbers a/b and c/d are defined to be equal if 

ad = be. 

Assuming the usual properties for natural numbers, we are able to say: 

1. a/b = a/b (since ab = ba). 

2. a/b = c/d implies c/d = a/b (for ad = be implies cb = da). 

3. a/b = c/d and c/d = e/f implies a/b = e/f. (For ad = be and 
cf = de implies adcf = bede which implies af - be. There is a special 
case here if a = 0, but then c and e must also = 0, so the conclusion 
still holds.) 

Thus the defined equality for rational numbers is an equivalence 
relation, just as much as identity of natural numbers. Similar state¬ 
ments hold for equality of real numbers, or of complex numbers. 

In the same way, congruence of triangles (or other figures) in 
geometry is an equivalence relation. 

Another type of equivalence relation is the relation “congruent 
modulo m” which is used in the theory of numbers, and which has 
been the basis of constructing our modulo systems. To check the 
postulates here we define the concept officially as follows: 

Definition. Given any integers a, b ?n (positive, negative or 0, 

although usually m is a positive integer greater than 1), if <z — 6 is 

an integral multiple of m we say that a is congruent to b modulo m 

and write 

a = b mod m, or a = 6(mod m). 
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The following statements show that this is an equivalence relation: 

1 ■ a = a mod m (since a — a or 0 is a multiple of m). 

2. a = b mod m implies b = a mod m (since if a — b is a multiple 
of m, then b — a is a multiple of m). 

3. a = b mod m and b = c mod m implies a = c mod m (for we 
have a — b = km for some integer k, b — c = Im for some integer l, 
whence a — c = (k + l)m, so a — c is a multiple of m also). 

Next we prove a general theorem which is of considerable signifi¬ 
cance in the theory of numbers and in abstract algebra. 

Theorem. An equivalence relation R on a set S separates S into 
mutually exclusive subsets such that (1) all pairs of elements in the 
same subset are in relation R to each other; (2) no two elements in dif¬ 
ferent subsets are in relation R to each other. 

Proof. Take any element t belonging to S. Form the subclass T 
of S by placing in T all elements x belonging to S such that 

xRt 

(and hence tRx by the symmetric property of the equivalence rela¬ 
tion R). Of course, the element t itself will be in T (by the reflexive 
property of R). 

If the subclass T is not the whole set S, we take another element u, 
belonging to S but not to T, and form a subclass U as before, con¬ 
sisting of all elements x satisfying 

xRu. 

T and U can have no element in common. For suppose an element 
y belonged to both T and U, then we would have both 

yRt and yRu, 

that is, 

yRt and uRy (by symmetry). 

But by the transitive property this would make 

uRt, 

and thus u would belong to the subclass T, contrary to agreement. 

If T and U together do not exhaust S, we take another element 
belonging to S but not to T or U and proceed as before to form a new 
subclass having no elements in common with T or V. In this way, 
every element of S belongs to one and only one subset of the type 
specified, and S is separated as required. 
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We show now how this abstract theorem can be used within the 
theory of numbers. First we mention the following fundamental 
theorem and corollary which are proved in that subject: 

Theorem N.* Given any two integers a and m with integer m 0, 
then there exist unique integers q and r (designating quotient and re¬ 
mainder) such that 

a = q • m + r, where 0 < r < |m|. 

Corollary 1 . If m is any positive integer, every integer is congruent 
modulo m to one and only one of the integers 0, 1,2 , ,m — 1. 

Now, making use of our general theorem about equivalence rela¬ 
tions and the fact that “congruent modulo m ” is such a relation, we 
have immediately the following result: 

Corollary 2. The relation “ congruent modulo m" ( where m > 0) 
separates the set of all integers into m mutually exclusive subclasses 
such that all of the integers in any one subclass are congruent to exactly 
one of the “ remainders ” 0, 1,2 , ,m - 1, while no integers in dif¬ 
ferent subclasses are congruent to each other. 

These subclasses are known as residue classes, and any integer 
belonging to a certain residue class is called a representative of that 
class. The remainders 

0, 1, 2, . . . , m — 1 

can conveniently be used as representatives of the different residue 
classes modulo m. 

It is easy to show that if 

a = a'(mod m) and b = b'(mod m), 
then a + b = a' + 6' (mod m) 

and ab = a'b'{ mod m). 

This indicates that the sum of two integers is congruent to the sum 
of any representatives of the residue classes to which they belong, and 
similarly for the product. Thus our familiar addition and multipli¬ 
cation tables modulo m (in which the marginal entries are 0 , 1 , 2 ,..., 
m — 1) can be thought of as tables for addition or multiplication 
modulo m of any members of the residue classes having the indicated 
representatives. 


* For a proof, see Marie Weiss, Higher Algebra for the Undergraduate, 
John Wiley, 1949, p. 13; or G. Birkhoff and S. MacLane, Survey of Modem 
Algebra, Macmillan, 1941, pp. 15-16. 
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Exercises 

1* P rov c that, in ordinary logic, logical equivalence of propositions is an 
equivalence relation. Describe how the relation separates the class of all 
propositions. 

2. Prove that the three postulates for an equivalence relation are inde¬ 
pendent. 

3. Prove (by elementary algebra) the rules mentioned above for adding and 
multiplying congruent integers. 


4 Linearly ordered systems. In Section 6-7 we proved certain 
theorems for the relation > which hold within ordered fields. Using 
a < b here instead of b > a, we can easily obtain the following proper¬ 
ties for elements of ordered fields: 

1. If a b, then a < b or b > a. 

2. If a < b, then a b, that is, a < a is false. (Irreflexive 
property for <.) 

3. If a < b and b < c, then a < c. (Transitive property for <.) 

Corresponding to the first property, we make a new abstract defi¬ 
nition for a type of relation and then introduce the abstract postulates 
for linear order. 

Definition. Given a set of elements and a relation R which may 

or may not hold between pairs of elements, the relation is determi¬ 
nate if a j* b implies either aRb or bRa. 

Postulates for Linear Order 

A set of elements S is said to be linearly ordered, or to form a linear 
ordering, with respect to a relation R if the following postulates hold 
on S: 

Postulate 1. R is determinate. 

Postulate 2. R is irreflexive. 

Postulate 3. R is transitive. 

These three postulates are consistent, since they are satisfied by 
the < relation, or equally well the > relation, in any ordered field. 

Thus the rational numbers or the real numbers (but not the com¬ 
plex numbers) form linearly ordered systems with respect to either 

< or >. 

The following theorem is easily proved. 
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Theorem. If aRb holds within a linearly ordered system S, then 
bRa is false (i.e., R is asymmetric on S). 


Exercises 

1. Prove the theorem just above. 

2. Write out detailed statements for the postulates of linear order. 

3. Are the following examples of linearly ordered systems? Why or why 
not? 

(a) The set of all natural numbers 1, 2, 3, . . . with respect to the rela¬ 
tion <. 

(b) The set of all rational numbers with respect to the relation ^. 

(c) The set of all points in an x, y coordinate system with the understand¬ 
ing that any point A is in relation R to point B, if the abscissa of A is less 
than the abscissa of B (otherwise not). 

(d) The set of all points on the x axis with point A in relation R to point B 
if the abscissa of A is greater than the abscissa of B. 

(e) The set of integers 1, 2, 4, 8, 24 with the understanding that xRy 
when integer x is an exact divisor of integer y. 

(f) The set of paternal ancestors (father, paternal grandfather, paternal 
great grandfather — i.e., paternal grandfather’s father — etc.) of a given 
person, going back five generations, with xRy interpreted as “x is descendant 
of y." What about the set of all ancestors for five generations? 

4. Prove that the postulates for linear order are independent. 


10-5 Partially ordered systems. A type of order more general 
than linear order is partial order. It is more general in essentially 
two different ways: (a) the determinate property for relation R is not 
requiied for a partially ordered system; (b) a typical linear ordering 
relation is the relation < (or >) as used for real numbers, while a 

typical partial ordering relation is the less restricted relation ^ (or £). 

Before listing the postulates for partial order, we introduce a defi¬ 
nition for a new type of relation property. 

Definition. A relation R is called antisymmetric on a set S if, 

for every x , y belonging to S, the conjunction xRy and yRx implies 

x = y. 

Note for comparison that the symmetric property says that always 
xRy implies yRx ; the asymmetric property says that xRy and yRx 
iiever hold at the same time; while the antisymmetric property says 
that xRy and yRx hold simultaneously only if x = y. Now we pro¬ 
ceed to the postulational definition for partial order. 
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Postulates for Partial Order 

A set of elements S is said to be partially ordered, or to form a 
partial ordering with respect to a relation R, if the following postu¬ 
lates hold on S: 

Postulate 1. R is reflexive. 

Postulate 2. R is antisymmetric. 

Postulate 3. R is transitive. 

A simple illustration of a partially ordered system is the set of all 
natural numbers under the relation ^ or as we have already 
suggested. This is because: (1) we always have x ^ x; (2) x ^ y 
and y ^ x implies x = y, (3) x ^ y and y ^ z implies x ^ z. 

Another illustration of more interest is the set S of all subclasses of 
a certain class of objects, under the relation “is subclass of,” or “is 
contained in.” 

We repeat the definition of Chapter 4 that one class X is contained 
in another class Y if every member of X is also a member of Y. In 
this case we write X C Y. Also, two classes are understood to be 
equal when they are identical in their membership. 

To check the postulates, we merely note the following properties, 
which are an immediate result of the definition: 

(1) For every class X belonging to S, X C X. 

(2) For every X,Y in S, if X C Y and Y C X, then X = Y. 
(This is because every member of each class belongs to the other, so 
the classes have the same membership.) 

(3) If W C X and X C Y, then W C Y. 

As a simple special case let the set >S be the set of all subclasses of 
the class I consisting of the two letters a and 0 (cf. the exercise of 
Section 9-9). From the standpoint of college algebra these subclasses 
can be described as the combinations of the given letters taken two at a 
time , one at a time, and none at a time. Thus set S comprises the 
following classes of letters: 

I:[*,0] B: [0] 

A: [a] Z: [—] 

It is understood always that the “empty class,” Z, is contained m 
every class (including itself). Accordingly, for distinct classes we 

have the following relations: 
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A Cl, B Cl, 

ZCA, ZCB, ZCL 

But note that A is not contained in B, nor is B contained in A. This 
can be written: 

A B, B<f.A. 

In other words, A and B are noncomparable, which indicates more 
of a deviation from linearly ordered systems than in the case of real 
numbers under the relation 

The results can be summarized in the following table, in which we 
place a check mark in the appropriate position if and only if one class 
is contained in another, reading from left to right in the familiar way: 


c 

Z 

A 

B 

/ 

z 

V 


V 

v/ 

A 


V 


\/ 

B 



v/ 

V 

I 




n/ 


Exercises 

1. List the classes forming the partially ordered system consisting of all 
subclasses of the set of three letters a, b, c, and prepare a table showing which 
classes are contained in others. 

2. Are the following examples of partially ordered systems? 

(a) The set of integers 

1, 2, 3, 4, 6, 12 

with xRy interpreted to mean (i) “x is an exact divisor of y,” (ii) “x is a 
multiple of y.” 

(b) The set of all descendants of a given person, together with the person 
himself, interpreting xRy to mean “x is the same person as i/” or “x is a de¬ 
scendant of y.” 

(c) The same as (b) except that xRy is to mean “x is in the same genera¬ 
tion as y.” 

( 3- In a partially ordered system S (under relation R) define xCy to mean 

t( xRy but x ?£ y ” Show that if relation C is determinate, S becomes 
linearly ordered with respect to C. Illustrate. 

4. In a linearly ordered system T (under relation Q) define xPy to mean 
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“xQy or x = y .” Prove that T becomes partially ordered under relation P. 
Illustrate. 

5. Illustrate partially ordered systems by classification charts of families, 
species, etc. in botany or zoology. 

10-6 Duality in partially ordered systems. In this section we 
return to the concept of duality in a new form. Duality in partially 
ordered systems actually has connections with duality in projective 
geometry and Boolean algebras, through the theory of lattices. 

Definition. In a system S which is partially ordered under 
relation R, let R' be the relation between y and x which holds when¬ 
ever relation R holds between x and y t so that 

xRy is equivalent to yR'x. 

Then R' is called the dual relation to R* 

For example, if R is the relation ^ for real numbers, then R' 
is Or if R is the relation “is exact divisor of” for integers, then 
R' is the relation “is multiple of.” If R is the relation “cousin of” 
for persons, then R' is also “cousin of,” and similarly whenever R 
is a symmetric relation. 

Theorem. Duality principle for partially ordered systems. Any 
system $ which is partially ordered under relation R is likewise par¬ 
tially ordered under the dual relation R'. 

Proof. From the postulates for partial order, for every x, y, z in S 
we have, using our symbolic logic notation, 

xRx, 

(xRy) ■ (yRx) —> x = y, 

(xRy ) • ( yRz ) —► xRz. 

Changing each of these to statements concerning relation R', we 
obtain 

xR'x, 

(yR'x) • ( xR'y ) —> x = y, 

(zR'y) • (yR'x) — z R'x. 

But these statements tell us that R' is a relation on S which also satis¬ 
fies the partial order postulates. Hence S is also a partially ordered 
system under R '. 

* More generally, from the standpoint of relations, R' is called the converse 
relation of R. 
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10-7 Lattices. Systems known as lattices are important special 
types of partially ordered systems. In recent years, through the 
research of Garrett Birkhoff * and others, lattice theory has been 
shown to have considerable unifying influence on many apparently 
distinct branches of mathematics (including modern algebra, topology, 
theory of sets, projective geometry, logic). 

In order to give the definition of a lattice we must first introduce 
the notion of abstract meet and join in a partially ordered system. 


Definition 1. If x, y are elements (distinct or not) belonging to 
a partially ordered system 8, and g is an element of 8 such that both 
gRx and gRy, then g is called a lower bound of x and y. 

If for any lower bound, g', of x and y, g'Rg holds, then g is called 
a greatest lower bound (GLB), or meet, of .r and y. 


Definition 2. If x, y are elements (distinct or not) belonging to 
a partially ordered system 8 , and h is an element of 8 such that 
both xRh and yRh, then h is called an upper bound of x and y. 

If for any upper bound, h\ of x and y, hRh' holds, then h is called 
a least upper bound (LUB), or join, of x and y. 

Theorem 1. If two elements x and y in a partially ordered system 
S have a meet (or join), the meet (or join ) is unique. 

Proof. Suppose < 7 , and g 2 are both meets of x and y. By defini¬ 
tion, gi and g 2 belong to 8 , and we have both 

giRg-z and g«Rg h 

whence g x = g 2 by the antisymmetric property of relation R in 8. 

A similar proof holds for joins. 

Corollary. Two elenicnts each equal to x in a partially ordered 
system 8 always have x itself as both meet and join. 

The notion of meet and join can easily be extended to the case of a 
finite set of elements. 

Next we come to the definition of a lattice. 

Definition 3. A lattice is a partially ordered system 8 in which 
every pair of elements x, y has a meet and a join. 


T ! ieon d' African Mathematical Society, 1940; 
1941 G Chapter°Xi and S ' MacLane ' Surmj of Modern Algebra, Macmillan, 
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The meet of x and y is commonly designated asxfl2 / and the join 
as x U y* It is easy to use the duality principle of partially ordered 
systems to prove a corresponding principle (Theorem 3 below) for 
meets and joins in lattices. But first we prove the following. 

Theorem 2. (a) If g is the meet, x Pi y, of x and y in a partially 

ordered system S with respect to the fundamental relation R of the 
system, then g is the join of x and y with respect to the dual relation R'. 

(b) If u is the join, x U y, of x and y with respect to relation R, 
then u is the meet of x and y under relation R '. 

Proof, (a) We have gRx, gRy, and if also hRx, hRy, then hRg by 
the GLB property. 

Hence xR'g, yR'g, and if also xR% yR'h, then gR% so g satisfies 
the definition of join of x and y for the relation R'. 

A similar proof holds for (b). 

Theorem 3. Duality principle for lattices. Any theorem concern¬ 
ing meets and joins in an arbitrary lattice must hold equally well when 
the words “meet" and “join” are interchanged. 

Proof. By Theorem 2, any partially ordered system which is a 
lattice under relation R is also a lattice under the dual relation R’. 
A statement proved about meets and joins with reference to rela¬ 
tion R would yield, by the same argument, the same statement about 
meets and joins under relation R'. But this could be translated 
back into a statement about joins and meets, respectively, under 

the original relation R. 


The following are illustrations of lattices. 

Illustration 1. The partially ordered system of all subsets (in¬ 
cluding the empty set) of a given class I forms a lattice under t e 

relation of set-inclusion (C). To justify this statement we can 
show that if x, Y are any two subsets of the system, then th 
logical product IF (be., the class of all members common to bo 
X & and Y ) serves as their meet. 


This is because 


XY CX, XY C T, 


and if W is any set such that 

wax, wcy, 

^^be read respectively as “* meet y" and join y 
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then automatically we have 17 C XY. Thus XV satisfies the re- 

ouirements for the abstract meet of X, Y. 

Similarly, the union or logical sum of X, Y satisfies the require¬ 
ments for the join of X and Y. 

This lattice has a universal upper bound, namely, the whole class 
/. This means that every “element” (i.e., subset) of the system is 
contained in the class 7. Also the empty set is a universal lower 

bound. 


Illustration 2. The system of all positive integers under the rela¬ 
tion “divides” forms a lattice. By “m divides n ” we mean integer 
m is an exact divisor of integer n. It is readily seen that the system is 
partially ordered. The meet of any two integers m and n is simply 
their highest common factor. This is because, by definition, the 
HCF of m and n divides m and n, and also any other common factor 
divides the HCF. In the same way, the join of any two integers is 
their least common multiple. 

This lattice has a universal lower bound, namely, the integer 1, 
but no universal upper bound. 


Illustration 3. The system of all real numbers under the relation 
^ forms a lattice. The meet of two real numbers x and y will be 
the smaller of the numbers (or their common value if they are equal), 
while the join of x and y will be the greater of the two (or their com¬ 
mon value if equal). This lattice has neither a universal upper nor 
universal lower bound. 


Illustration 4 . The set of all subgroups of a given group forms a 
lattice under the relation of set-inclusion. The whole group itself 
is a universal upper bound and the identity element is a universal 
lower bound. (For complete details somewhat more group theory 
is needed than we have covered in Chapter 9.) 


Exercises 

1. Prove that the following set of integers forms a lattice under the rela¬ 
tion “divides": 1,2,3,4,6,8,12,24. Does the lattice have universal bounds? 

2. Does the set of all ancestors of a given person for three generations form 
a lattice under the relation “is a descendant of or is the same person as”? 
Why or why not? 

3. Prove the corollary of Theorem 1. 

4. (a) Prove that the following genealogical classification of various alge- 
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braic systems is a lattice under the relation “is specialization of or same 
system as”: 

Ring 

Commutative ring 

l 

Boolean ring 
Finite Boolean ring 

Boolean ring of two elements 
(i.e., idempotent field) 


Field 

Finite field 



(b) Would there still be a lattice if “Boolean ring of two elements” were 
removed from the classification? 


10-8 Lattices and Boolean algebras. Inasmuch as an abstract 
Boolean algebra is isomorphic to some algebra of sets (see Section 9- 
11), it is natural to expect a close relationship between Boolean alge¬ 
bras and lattices. We conclude the chapter by investigating this 
relationship. 

First, we prove the following Boolean algebra theorem (continuing 
the numbering of Chapter 9). 


Theorem BA-28. Every Boolean algebra H becomes a lattice under 
the abstract inclusion relation (d)> with the meet of two elements x, y, 
belonging to H , equal to xy, and the join equal to x V y. 

Proof. I. H is a partially ordered system under the relation C* 
To prove this, we refer to certain theorems of Section 9—11 which 
establish the reflexive, antisymmetric, and transitive properties: 


(1) x C x by Theorem BA-22. 

(2) (x C y) ■ (y C x) —► x = y by Corollary 2 of Theorem BA-24. 

(3) (x C V) ‘ Id C z) x C z by Theorem BA-27. 

II. xy, which belongs to H by closure, is a lower bound for x and y. 
This is because 

( xy)x = x{xy) 

= (xx)y 
= xy 

Hence ^ x 

Similarly x y ^ 2/- 


by commutative postulate, 
by associative postulate, 
by idempotent property, 
by Theorem BA-24. 
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III. Now letting w be any lower bound of x and y, we show that 
w is included in xy: 


Since w C x and w C y, 

we have wx = w, wy = w 

whence ( wx)(wy) = w ■ w = w 

or ( ww)(wy ) = w 


and 


w(xy) = w 

w c xy 


by Theorem BA-24, 
by idempotent property, 
by associative and com mu 
tativc postulates, 
by idempotent property, 
by Theorem BA-24. 


This shows that xy is the GLB or meet of x and y. 

A dual Boolean algebra proof shows that x V y is the LUB or join 
of x and y. Thus H is a lattice under the inclusion relation. 


Although this theorem shows that every Boolean algebra can be 
considered to be a lattice, the converse is not true. For one thing, 
the postulates for a Boolean algebra require existence of zero and 
universal elements (universal bounds from the lattice standpoint), 
and complements, which do not exist in every lattice. 

In order to find out just what special lattice properties will suffice 
to make a lattice a Boolean algebra, we prove next a series of lattice 
theorems (designated by the label “L”). 

Lattice Theorems 

Theorem L-l. In any lattice the commutative law holds for meets 
and joins: 

a O b = h H a and a U b = b U a. 

Proof. The meet, or GLB, of a and 6 is the same as the GLB of b 
and a, by definition, and dually for the joins. 

Theorem L-2. In any lattice the associative laws hold for meets and 
joins: 

{a D b) O c = a O {b P\ c) and (a U 6) U c = a U (6 U c). 
Proof . (For meets.) 

Let g = (a (~\b) C\ c = meet of a H b and c. 

gR(a O b), gRc , where R is the fundamental 

relation of the lattice. 

(a p] b)Ra and (a p] b)Rb. 
gRa, gRb, gRc. 

In other words, g is a lower bound of a, b, and c. 


Hence 

But 
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If x is any lower bound of a, b, c 

then xR(a n b) by definition oi a C\b 

and xRc, 

whence xR[(a P\ b) C\ c] by definition. 

That is, xRg. 

Thus g is a GLB of a, b, c. 

In the same way, if we put 

h = a n (bn c), 

we find that h is also a GLB of a, b, c. 

But by the same argument as in Theorem 1 of the preceding sec¬ 
tion, the GLB of a, b, c must be unique. 

g = h, as required. 

By duality, the associative law holds for joins. 


Theorem L-3. In any lattice the following dual “ absorption ” laws 
hold: 

(1) a U (a Pi b) = a, and (2) a Pi (a U b) = a. 

Proof of (1). We know that 

(a n b)Ra 

and aRa. 

Hence a is an upper bound to both a and a p\ b. Furthermore, if x 
is any upper bound of these two elements, we must have 

aRx, 

so that a is the least upper bound of a and a O b, that is, 

a U (a H b) = a. 

Part (2) of the theorem holds by the duality principle. 


The analogs of the two dual distributive postulates of Boolean 
algebras do not hold in every lattice, i.e., these postulates are inde¬ 
pendent of the lattice postulates. This can be shown as usua y 
examples. However, if one of the lattice distributive postulates 

holds, we prove now that the other holds also. 


Theorem L-4. 1 } »» « lattice the following distributive law holds: 

in(sUr) = (tnj)u(in A 
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then the dual distributive law holds also: 

a U (6 H c) = (a U b) Pi (a U c). 

Proof. Expanding the right side of the desired law, using the law 
given by hypothesis, we show that this equals the left side: 

(a U b) O (a U c) = [(a U b) H a) U [(a U 6 ) D c] 

= [a n (a U b)) U [c H (a U b)\ 

by commutative property for meets, 

= a U [c O (« U b)] 

by absorption property (2) of Theorem L-3, 
= a U [(c Pi a) U (c fj &)] 
by hypothesis, 

= [a U (c fl a)] U (c n b) 

by associative property for joins, 

= a U (c Pi b) by absorption property ( 1 ), 

= a U (b n c) by commutative property. 

Definition L-l. A lattice which satisfies the distributive law 
x Pi (y U z) = (a; n y) U (z O 2 ) is called a distributive lattice. 

Theorem L-5. If a lattice L contains universal bounds, i.e., ele¬ 
ments Z and I such that for all x belonging to L we have both 

ZRx and xRI, 

then for every a in L we have 

a\J Z = a and a D I = a. 

Proof. This is obvious at once from the definition of meet and 
join. 

Definition L-2. Given a lattice L with universal bounds Z and 
I. If for every a belonging to L there exists an a' in L such that 

a\Ja' = I, a D a' = Z f 

then L is called a complemented lattice. 

We are now in a position to state our sufficient condition for a 
lattice to be a Boolean algebra. 

Theorem L-6. If a laitice L is both distributive and complemented , 

it becomes a Boolean algebra by taking the Boolean sum and product 

of any two elements x, y of L to be their lattice join and meet respec¬ 
tively , that is, 

x V y = x U y and xy = x O y. 
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Proof. Referring to our list of postulates for a Boolean algebra 
(Section 9-8), we can check off all the postulates as follows: 

Closure postulates (1,1') hold by the lattice property (requiring 
meets and joins of elements in L to belong to L). 

Commutative postulates (2,2') hold by Theorem L-l above. 

Associative postulates (3,3') hold by Theorem L-2. 

Distributive postulates (4,4') hold by Definition L-l and Theorem 
L-4. 

Zero and universal postulates (5,5') hold by Definition L-2 and 
Theorem L-5. 

Complement postulates (0,6') hold by Definition L-2. 

The above theorem concludes the development of this chapter. 
It furnishes a good illustration of the unifying power of the abstract 
postulational approach in mathematics. For we see that Boolean 
algebras which were shown in Chapter 9 to be closely identified with 
special types of closed operation systems (rings) are also closely 
identified with Special types of order systems (lattices). 
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SURVEY OF MATHEMATICAL FOUNDATIONS 

11-1 Introduction. In this final chapter we propose to do the 
following: ( 1 ) outline some important postulational investigations 
which have been carried out in the past for various standard branches 
of mathematics, including Euclidean and non-Euclidean geometry, 
the algebra of complex numbers, and the theory of natural num¬ 
bers; ( 2 ) suggest the nature of the foundations of logic and arith¬ 
metic presented in the Principia Mathcmatica; (3) survey briefly some 
other approaches to the foundations of mathematics, especially 
those of the formalist and inluitionist schools of thought; (4) indicate 
the broader significance of various foundational points of view in 
connection with the nature of mathematical knowledge. 

We begin with postulational methods in non-Euclidean geometry. 
We have already discussed this kind of geometry at some length as 
an example of a branch of mathematics which historically had to 
struggle to establish its claim to intellectual respectability. The 
struggle itself had beneficial by-products leading to more thorough 
postulational investigations in geometry and other branches of 
mathematics, and also to a better appreciation of the potential useful¬ 
ness of somewhat imaginative branches of pure mathematics in 
physical and astronomical science. 

2 Postulational methods in non-Euclidean geometry. We 

shall restrict ourselves here to a sample consistency proof for the 
postulates of Riemannian geometry, in particular, for a special case 
of Riemannian geometry known as “double elliptic geometry.” 

We recall that in Riemannian geometry the Euclidean parallel 
postulate is replaced by one which reads, “through a point not on a 
given line there is no line parallel to the given line.” At the same 
time, certain tacit assumptions made by Euclid have to be changed 
notably the assumptions that (a) a straight line is infinite in length’ 
and (b) there is only one line (i.e., not more than one line) through 
two given points. In place of these, the Riemannian postulates are: 
(a) a straight line is unbounded (and may turn out to be finite in 
length), and (b ) there is at least one line through two given points 

229 
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The desired consistency proof can be supplied in the usual way, by 
exhibiting what we believe to be a consistent model of the Riemannian 
postulates. 

For this purpose let us consider a sphere in Euclidean three-dimen¬ 
sional space. It is a familiar Euclidean property (more strictly speak¬ 
ing, a theorem in calculus of variations) that the shortest path on the 
surface of a sphere, between two points on the surface, is along the 
great circle joining these points.* Thus a great circle on a sphere is 
in this respect analogous to a straight line in a Euclidean plane. But 
in other respects the analogy breaks down. For example: (1) any 
two great circles on a sphere must intersect in two points on the 
sphere, (2) all great circles on a given sphere have a fixed finite length, 
(3) all great circles at right angles to a given great circle intersect 
in two points at a distance from it equal to one-quarter of the length 
of a great circle. These properties are quite different from those of 
straight lines in the Euclidean plane. Yet they are in abstract 
agreement with the properties of straight lines in the double elliptic 
version of Riemannian plane geometry. 

To clarify the situation, let us consider “point,” “line,” and 
“plane” as undefined terms in the latter geometry. Assuming prior 
knowledge of Euclidean spherical geometry, we now interpret these 
terms in accordance with the following glossary: 


Riemannian “plane”: surface S of a fixed Euclidean sphere. 
Riemannian “point”: point belonging to S. 

Riemannian “line”: great circle belonging to S. 


We see that with this interpretation the key Riemannian postulate 
of nonexistence of parallel lines is satisfied. Also the special Rieman¬ 
nian postulates (a') and (b') above (of unboundedness of straight 
lines and existence of at least one line through two points) are satisfied. 
Thus we have exhibited a model for Riemannian geometry within the 


realm of Euclidean geometry. 

Note that we are not claiming by any means that a Riemannian 

“plane” is the same as a spherical surface, or that a R‘ eI " anI ” 
“line” is a great circle. All we are really claiming is that points 
and great circles on the surface of a sphere in Euclidean geomet y 


TT^Tdrcle on a sphere is a circle with radius equal to the radius of 
the sphere, and whose center is the center of the sphere. 
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have the same logical relationships as the undefined “points” and 
“lines” in the double elliptic Riemannian “plane.” * 

More explicitly, we find that in the double elliptic variety of Rie¬ 
mannian plane geometry the following statements hold: two straight 
lines intersect in exactly two points; all lines perpendicular to a 
given straight line intersect in two points at a distance from it equal 
to one-quarter of the total length of a straight line; through certain 
pairs of points there go infinitely many lines; and, of course, the sum 
of the angles of a triangle is greater than 180°. The latter corre¬ 
sponds to the familiar Euclidean theorem that the sum of the angles 
of a spherical triangle (i.e., a triangle whose sides are arcs of great 
circles on a sphere) is greater than 180°. 

As a result of our Euclidean model of Riemannian plane geometry, 
we now assert that Riemannian plane geometry is entitled to be 
rated just as consistent as Euclidean geometry. Otherwise any con¬ 
tradiction resulting from the assumed properties of points and lines 
in Riemannian plane geometry could be translated into a corre¬ 
sponding contradiction in Euclidean spherical geometry. 

This is a good illustration of the nonabsoluteness of a consistency 
proof, because of shifting the burden of proof from one department to 
another. 

The logical consistency of Lobachevskian geometry can be sup¬ 
ported in a similar way by finding a Euclidean model for the Lo¬ 
bachevskian postulates. One well-known model for this purpose 
was suggested by Henri PoincarS, the famous French mathematician 
and scientific philosopher. 


Exercises 


1. Investigate Poincare’s model for Lobachevskian geometry. (See John 
W. Young, Fundamental Concepts of Algebra and Geometry, Macmillan, 1925, 
pp. 15-21. For somewhat simpler models, see Richardson, Chapter XVI; 
Cooley, Gans, first edition, Chapter XVIII; or R. Courant and H. Robbins,’ 
What is Mathematics?, Oxford University Press, 1941, pp. 218-224.) 

2. Explain the significance of the consistency of the non-Euclidean geome¬ 
tries from the standpoint of investigating the independence of Euclid’s fifth 
postulate in relation to his other postulates. 


* We mentioned in Chapter 1 another possible variety of Riemannian 
plane geometry known as “single elliptic” geometry. In this geometry two 
lines always intersect in exactly one point, and two lines perpendicular to a 

E«nXfuS iCh “ at * distance fram ' *° —half 
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We recall that Euclid proved the existence of one parallel to a line through 
a given point by use of his postulates and implicit assumptions. Further¬ 
more, in the presence of the other postulates and tacit assumptions his fifth 
postulate was equivalent to the assumption of only one (i.e., not more than one ) 
parallel to a line through a given point. Hence, in order to get a satisfac¬ 
tory proof of independence of the fifth postulate in relation to Euclid’s other 
postulates and tacit assumptions, which system of non-Euclidean geometry 
should be cited? 


11-3 Hilbert’s postulates for Euclidean geometry. Turning now 
to Euclidean geometry, we recall from Chapter 2 that Euclid’s postu- 
lational foundations for the Elements were deficient in various re¬ 
spects. In particular, there were no official undefined terms, and he 
used tacit assumptions and vague concepts requiring definition in 
many of his proofs. Furthermore, we can add now that he made no 
explicit attempt to investigate such things as the consistency, inde¬ 
pendence, and categoricalness of his postulates. He did seem to 
have some kind of feeling for independence, as is shown by the fact 
that he explicitly listed his fifth postulate, instead of attempting to 
prove it on a makeshift basis or adopting it (or something equivalent) 
as a tacit assumption. However, he should have gone further in 
this direction by making official all the other assumptions he needed. 

Numerous modern investigations into the foundations of geometry 
have been made with a view to remedying the defects in Euclid. We 
have already mentioned those by Hilbert and Veblen.* Here we 
shall give a brief account of Hilbert’s postulates. 

Hilbert used point , line , plane , between , and congruent as undefined 
terms. He listed six groups of postulates which he called “axioms” 
of connection , order , parallels , congruence , continuity , and completeness , 
respectively. In Group 1 we find such postulates as the following: 

Two distinct points determine a straight line. 

Any two points of a straight line determine that line. 

Three noncollinear points determine a plane. 

If two points of a line are in a plane, every point of the line is in 

the plane. 


* David Hilbert, Foundations of Geometry , Open Court , ( P ^ bllshm f ( "° ' f 
1921 Oswald Veblen, ‘'A System of Axioms for Geometry,” Transactions of 
the African Mathematical Society, Vol, 5, 1904, pp. 343-384; also hi. mono¬ 
graph “The Foundations of Geometry,” in Monographs on Topees of Modern 
Mathematics, edited by J. W. A. Young, Longmans, Green and Co., 192/, 

pp. 3-51. 
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Every line contains at least two points; every plane at least 
three noncollinear points; and space at least four points not in a 
plane. 


The postulates of Group 2 serve to characterize the undefined con¬ 
cept of “betweenness.” For example: 


If A, B, C are points of a straight line and B lies between A and 
C, then B lies also between C and A. 

Given two points of a straight line, there exists at least one other 
point of the line which lies between them. 

Of three given collinear points, one and only one is between the 
other two. 

Given three points A, B, C which are not on the same straight 
line, and a straight line in the plane of ABC not passing through 
any of the points A, B, or C , then if the line contains a point of the 
segment AB it also contains a point either of the segment BC or of 
the segment AC. 


From the postulates of the first two groups it is possible to prove 
some of Euclid’s tacit assumptions and form definitions correspond¬ 
ing to some of his vague concepts. The following are sample theorems 
of this type, given by Hilbert: 

Every straight line a in a plane divides the remaining points of 
this plane into two regions having the following properties: Every 
point A of the one region determines with each point B of the 
other region a segment AB containing a point of the straight line a. 
On the other hand, any two points A, A' of the same region deter¬ 
mine a segment A A' containing no point of a. 

Every simple polygon whose vertices lie in a plane divides the 
points of this plane not belonging to the broken line constituting 
the sides of the polygon, into two regions, an interior and an exterior 
(whose properties are then described). 

The line segment AB is defined to consist of points A and B together 
with the points between A and B. 

Hilbert’s Group 3 contains simply what we have called the “Eu- 

clidean parallel postulate” (not Euclid’s fifth postulate), assuming 

both the existence and uniqueness of a parallel to a given line through 
an outside point. 6 

Group 4 is concerned with the undefined concept of congruence as 
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used in relation to segments, angles, and triangles, including the 
following: 

If a segment AB is congruent ( = ) to the segment A'B' and also 
to the segment A"B", then segment A'B' is congruent to segment 
A"B". 


If in the two triangles ABC and A'B'C' the congruences 
AB = A'B ', AC = A'C' t angle A = angle A' hold, then the con¬ 
gruences angle B = angle B' and angle C = angle C also hold. 


The postulate just stated is essentially the familiar proposition of 
high school geometry that two triangles are congruent if two sides 
and the included angle of one are equal respectively to two sides and 
the included angle of the other. Using this as a postulate does away 
with the need for superposition, or “moving” a figure from one posi¬ 
tion to another. 

In Group 5 we find only the following postulate of continuity, 
usually named after Archimedes. It also provides for the possibility 
of measuring a given line segment in terms of a unit line segment: 

Archimedean postulate (or assumption of measurement). Let 
A i be any point on a straight line between arbitrary points A 
and B. Take the points A 2 , A 3} A 4 , . . . so that A 2 lies between 
At and A 3 , A 3 between A 2 and A 4 , etc., and let the segments AA i, 
A\A 2 , A 2 A 3 , ... be congruent to each other. Then in this succes¬ 
sion of points, there exists a point A n such that B lies between A 

and A n . 


The last group (not contained in the first version of his postulates) 
consists of what Hilbert called the postulate of completeness. We 
might better refer to it as a postulate of linear completeness, inas¬ 
much as the word “completeness” is used in a different sense 
from our concept of completeness of a set of postulates. It is as 

follows: 

To a system of points, lines, and planes it is impossible to 
add other elements in such a manner that the system thus genera¬ 
lized shall form a new geometry obeying all of the five groups o 


axioms. 


Hilbert established, or at least supported, the consistency of his 
postulates by constructing an algebraic model of the postulates. 
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This model, if we restrict ourselves to an adaptation to two dimen¬ 
sions, is comparable to the interpretation of the undefined concept 
“point” as a pair of real numbers (x,y), and of a “line” as a linear 
equation 

ax 4- by -f c = 0, 

where the a, b, c coefficients are real numbers. A point is understood 
to lie on a given line if and only if the coordinates of the point satisfy 
the equation of the line. Two lines meet or have a point in common 
if and only if the two equations have a solution. Appropriate mean¬ 
ings are assigned likewise to “between” and “congruent.” For 
example, a line segment AB determined by points (xi, yi) and 
(x 2 , 2 / 2 ) is interpreted as congruent to segment A'B' determined by 
(x|, yi) and (x 2> y 2 ) if and only if 

Ct 2 - X1) 2 + (y 2 - yi) 2 = (x 2 - xi ) 2 + (y 2 - yi) 2 . 

On the basis of interpretations of this kind, Hilbert claimed that all 
of his postulates were satisfied. Furthermore, he asserted with some 
supporting examples that the postulates are independent within 
groups and between groups; but he did not prove that all of the 
postulates, thrown together in one large set, are independent. 

Hilbert did not treat the question of categoricalness of his postu¬ 
lates very explicitly. However, he indicated that his postulate of 
linear completeness permits establishment of a one-to-one corre¬ 
spondence between the points on a line and the numbers of the real 
number system. This enables numerical coordinates to be intro¬ 
duced for points of a plane or of space. In this way an isomorphism 
can be established between any two interpretations satisfying all of 
the postulates. The resulting categoricalness of his postulates 
justifies the claim that no further assumptions are needed for clear- 
cut determination of Euclidean geometric properties. 

We note that the consistency (and categoricalness) of Hilbert’s 
postulates hinges very definitely on the consistency of the real num¬ 
ber system (and the same statement would hold for Veblen’s postu- 
•lates, or any other formulation of postulates for Euclidean geometry). 
It will be important, then, for us to take up the question of the con¬ 
sistency of the real number system; we shall do this shortly as part of 
the wider question of postulates for the algebra of complex numbers. 
But first we devote one section to a general discussion of the relation¬ 
ship of geometry and algebra from the standpoint of the foundations 
of each subject. 
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11-4 Relations of geometry and algebra. Bearings on analytic 
and projective geometry, and the calculus. The close connection 
between the domain of space and number indicated in the preceding 
section is of great significance for the rather loosely organized branch 
of mathematical study known as analytic geometry. 


From the geometric foundational standpoint “analytic geometry” 
(as usually understood) can be thought of as a logical outgrowth of 
Euclidean geometry, after reaching a point in the development from 
the postulates of the latter which permits the introduction of a 
coordinate system for all the points of a plane (or space). Standard 
Euclidean theorems, such as theorems of congruence, parallels, 
similarity, Pythagorean theorem, and related methods of trigonome¬ 
try, are utilized in conjunction with a presupposed knowledge of the 
algebra of real (occasionally complex) numbers.* 

In this way it is possible to arrive at formulas for the distance 
between two points or the angle between two lines, and to prove that 


every straight line in the plane has a corresponding equation (a linear 
or first degree equation) connecting the coordinates of a variable point 
on the line. Similarly, every circle has a special type of second 
degree equation. These methods also make it possible to go beyond 
the figures involving straight lines and circles, which are the concern 
of Euclidean plane geometry, and study other curves, including 
ellipses, parabolas, hyperbolas, cycloids, and “polar” curves, such as 
cardioids, spirals, and various curves with “loops” or “leaves. For 
many of these curves it is possible to start with a geometric definition 
of the curve as a locus and develop an equation that can be used in 
conjunction with algebraic or trigonometric methods to obtain further 
geometric properties of the curve. The algebraic methods amount 
to a procedure for thinking through a geometric problem using dif¬ 
ferent mental images in a different language, and then translating 
back the results of the thinking into the original geometric form. 

It is this kind of translation process for solving a geometric prob¬ 
lem through the medium of analytic geometry and algebraic methods 
which has permitted the formulation of algebraic criteria for con-- 
structibility with rulers and compasses. Since ruler-and-compass 
constructions involve the use of intersecting straight lines and circles, 
^proposed construction is possible if and only if it is possible to 


'TTTthirTection and the following one, the word “algebra” is used 
primarily in the traditional rather than the abstract, modern sense. 
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determine the desired geometric elements analytically from the 
given geometric elements by combining linear and second degree 
equations in two variables. This, in turn, shows that a required 
construction is possible only if the numbers corresponding to the 
desired elements satisfy an irreducible algebraic equation whose 
degree is a power of 2. In the case of the famous problems of dupli¬ 
cating the cube, trisecting an arbitrary angle, and squaring the circle, 
it can be shown that this necessary condition fails to be satisfied.* 

The methods of analytic geometry likewise facilitate the applica¬ 
tion of the extended Euclidean geometry to many different types of 
practical problems arising in science, engineering, or industry. 
Often these applications require the use of a branch of mathematics 
which, like ordinary algebra, originates from the number system, but 
makes use of more elaborate techniques than algebra — namely, 
differential and integral calculus. This subject involves the study 
of functions by means of limiting processes. The methods of calculus 
aie indispensable for the definition of the rather elusive geometric 
concepts of lengths, areas, and volumes, and for numerical evaluation 
of these in particular cases. 

The methods of analytic geometry are also available for studying a 
broader kind of geometry than Euclidean, known as projective geome¬ 
try. From the postulational point of view projective geometry is a 
generalization of both Euclidean and non-Euclidean geometry, in that 
no fundamental postulates or properties concerning such “metric” 
concepts as lengths and angles are involved, and there is complete 
duality between projective properties of points and lines in the plane.t 
By contrast with projective geometry, the Euclidean and non-Euclid¬ 
ean geometries are often referred to as metric geometries. Other 


It M™2^ d T® U ® 100 ° f angle trisection ’ L. E. Dickson, “Why 

7 nr K e n°, TnSeC , t a " Angle or to Construct a Regular Polygon oi 

1921 pp 217 by 22q U e s and | C °n !>a u SSeS ’” MathenuUics ^eac/icr, Vol. 14, 

1921 pp , 217-223 See also Dickson, Xew First Course in the Theoru of 

Equations, John Wiley, 1939. For more advanced discussions see the other 
ackson relerence in the Bibliography, or R. Courant and H. E “ns 

points of intersection of corresponding sides are coUh^r™"* 111 ’ the 
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classifications of geometries and subgeometries can be made from 
both the analytic and postulational points of view. 

It should be noted that the process of studying geometric proper¬ 
ties with the assistance of algebra and calculus can be reversed. 
Many problems involving algebraic operations or functional rela¬ 
tions can be interpreted geometrically by the device of “graphing” 
pairs of values of two variables as points, and equations as curves. 
This is in line with the fact that a geometric interpretation is possible 
for the postulates of ordinary algebra. So if our primary concern is 
building up knowledge of algebra or function theory, we can trans¬ 
late problems into the geometric language as an aid to thinking, 
thus reversing the point of view of analytic geometry. I his 
mutual reenforcement of methods of algebra or calculus on the one 
hand and geometry on the other is a striking feature of modern 
mathematics.* 

It may be of interest to mention a somewhat informal set of postu¬ 
lates for Euclidean geometry which makes explicit use of the interrela¬ 
tion of algebra and geometry. These postulates, based on an ideal¬ 
ized kind of measurement by scale and protractor, were proposed by 
the late American mathematician George D. Birkhoff in 1932, and 
were incorporated into an elementary textbook by Birkhoff and 
Beat ley. t The postulates assume at the start a one-to-one corre¬ 
spondence between the points of a straight line and the real numbers, 
and thus are more closely identified than usual with the method o 

analytic geometry. 

We now go on to the crucial question of the foundations oi the 
algebraic number system. 


11-6 Huntington’s postulates for the algebra of complex numbers. 

A comprehensive postulational investigation of the real and complex 
number system of algebra was made near the beginning o the 
present century by E. V. Huntington. Some important results ot 


* The men usually given credit for founding analytic geometry,are die 
French mathematicians, Descartes (Io96-lf,o0 and Fermat ( f 

Newton (1642-1727) and Leibniz (1646-1716, German) share the credit 

'To'rSt. -a «. - ;« Si? 

*-* . 


Co., 1940. 
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Huntington’s postulates 

the investigation are given in a monograph of his which contains a 
set of 27 postulates for the algebra of complex numbers.* It is 
claimed that the set is consistent, independent, and categorical; and 
it is indicated how to modify the complete set so as to obtain cate¬ 
gorical postulates for the real number system alone. 

The 27 postulates are in abstract form, and the basic undefined 
terms consist of a class K of elements (corresponding to the complex 
numbers) and a subclass of K, designated as (' (corresponding to the 
real numbers), together with two operations designated as © and O, 
and a relation 0. (The circles are supposed to emphasize abstract¬ 
ness and to help avoid preconceived notions in testing the postulates.) 
The postulates can be summarized in consolidated form essentially 
as follows: 

I. The elements of class K form a field with respect to © and O. 

II. The subclass C is an ordered field. 

III. The class C satisfies the following continuity postulate: Any 
nonempty subset S of C which has an upper bound in C has 
a least upper bound in C. 

IV. There exists in A an element j whose square equals u, where 

u is the opposite of the unity element of K (j is called the 
imaginary unit of A). 

V. For every element a in K there exists n pair of elements x and 
y in C such that. 


x © 0 O y) = a. 

Of these postulates, numbers I and II are familiar to us already, 
umbers IV and V show the connection between the class of “com¬ 
plex elements K and the subclass C of “real” elements. 

Postulate HI requires special mention. By an “upper bound in 

C toi a subset S, we mean an element b in C such that for every * 
belonging to S we have * 


x ~ b (omitting the circle around the 0 symbol). 

An element l is the “least upper bound” for S if there is no smaller 

Longmans, Green and Co 1927- n „oii,i i A. Young, 

the Bibliography) * '' alS ° aVa,lable 118 a se P arat * publication (see 
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upper bound, so that if V < l there is at least one element y of S such 
that 

V < y. 


The significance of the postulate can be illustrated if we interpret 
S as the set of all rational numbers whose squares are less than 2, and 
C as the set of all real numbers. Then 1.5 is an upper bound for S, 
but it is not a least upper bound, since 1.42 is also an upper bound. 
The latter is not a least upper bound, since 1.415 is likewise an upper 
bound. Since no rational number when squared equals 2 but the 
square root of 2 can be approximated to any number of decimal 
places, we see that no rational number can be a least upper bound to 
S. Thus the continuity postulate would fail if C were interpreted as 
the system of rational numbers. 

On the other hand, the required least upper bound does exist 
within C, using the specified interpretation of C as the system of 
real numbers. The real number V2 itself is the least upper bound. 


In this way, the real number system is considered free of gaps. 

The main point for us to consider here is the question of con¬ 
sistency. Huntington uses a geometric interpretation of his unde¬ 
fined terms to justify his claim that the postulates are consistent. In 


this interpretation K is taken as the class of all points in the plane, 
and C as the class of all points on the “axis of reals,” i.e., the x axis in 


analytic geometry. The operations © and O are interpreted geo¬ 
metrically as is sometimes done in college algebra courses in connec¬ 
tion with geometric representation of complex numbers and their 
operations.* © is interpreted as an ordering relation of points on 
the axis of reals. In checking the postulates, use is made of familiar 
principles of Euclidean geometry, involving, for example, parallel 
lines and similar triangles. Accordingly the consistency of Hunting- 
ton’s postulates hinges on the consistency of Euclidean geometry. 

This is unsatisfactory from our standpoint because we find our¬ 
selves in something of a vicious circle. Hilbert has contended t ia 
Euclidean geometry is consistent if the system of real (or complex; 
numbers is consistent, and now we find the contention reverse yy 
Huntington. It appears then that we have no independent guaiantee 


For example, the sum of points a and b is taken to be the fourth vertex 
of a oarallelogram whose other three vertices are the origin, point « and 
“/ointTand whose sides are the vectors, or directed line segments, jommg 

the origin to points a and 6. 
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of the consistenc} r of either Euclidean geometry or the number sys¬ 
tem of algebra; at best, each is consistent if the other is consistent. 

Huntington did offer an alternative nongeometric type of con¬ 
sistency example, but this merely amounted to the concrete, defi¬ 
nitional development of the number system. Thus, starting from 
the natural numbers 

1, 2, 3, . . . 

he introduced successively, with appropriate definitions but without 
complete details, the systems of positive rationals, positive reals, all 
reals, and all complex numbers. The set of complex numbers thus 
constructed can be shown to satisfy all of the 27 postulates. 

But does this latter fact in itself constitute an adequate consistency 
proof? In the process of proving that the various postulates are 
satisfied for the constructed system of complex numbers, the argu¬ 
ments must inevitably go back to the starting point of the definitional 
development, namely, the system of natural numbers. Accordingly, 
the best that can be claimed from this point of view is that the com¬ 
plex number system, or the set of 27 postulates proposed by Hunting- 
ton for the complex number system, is consistent if the system of 
natural numbers is consistent. Huntington did not attempt to 
investigate the latter question, perhaps because previous work by 
Peano had already presented a postulational analysis of the natural 
numbers. We take up Peano’s postulates in the next section. 

Exercises 

1. Investigate Huntington’s proof of the categoricalness of his 27 postu¬ 
lates for the complex number system. (See his monograph “Fundamental 
Propositions of Algebra,” cited in this section; pp. 191-192.) 

2. Investigate some of Huntington’s independence examples for his postu¬ 
lates. (See the monograph cited, pp. 192-195.) 

11-6 Peano’s postulates for natural numbers. There are two 
reasons why it is significant for us to include some discussion of the 
well-known postulates for natural numbers formulated by the Italian 
mathematician G. Peano (1858-1932). 

First, as mentioned in the preceding section, a nongeometric con¬ 
sistency proof for a set of postulates for the complex number system, 
such as Huntington’s, hinges on the consistency of the system of 
natural numbers. Second, we can indicate how to prove as theorems 
from Peano’s postulates such fundamental properties of natural num- 
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bers as the commutative, associative, and distributive rules. Previ¬ 
ously we have assumed these properties for all types of numbers, and 
have been content to say that these rules are established in the defini¬ 
tional development of the number system. We can use Peano’s 
postulates to show how to get started in this definitional development 
from the level of the natural numbers. 

Peano’s Postulates for Natural Numbers * 
Undefined, terms: set of natural numbers, “successor of.” 

Postulate 1. 1 is a natural number. 

Postulate 2. For every natural number x there exists a unique 
natural number which is the successor of x. (The successor of x 
is indicated by x'.) 

Postulate 3. There is no natural number whose successor is 1. 


Postulate 4. If two natural numbers x and y are such that their 
successors are equal, i.e., x' = if, then x = y. 

Postulate 5. Principle of mathematical induction. Let M be a 
subset of natural numbers with the following properties: 

(a) 1 belongs to M , 

(b) x belongs to M implies x' belongs to M. 

Then M is the set of all natural numbers. 

Theorems for Natural Numbers f 


Theorem 1. For every natural number n, n' y* n. 

Proof. Let M be the set of natural numbers x such that x ' y± x. 
By the first postulate, 1 is a natural number and by Postulate 3, 

1 ' ^ 1 . 

Hence 1 belongs to M. 


* As presented by E. Landau, Foundations of Analysis, Chelsea Pub¬ 
lishing Co., 1951. , 0 „ 

For a slightly different version of the postulates see Bertrand Kussen, 

Introduction to Mathematical Philosophy, second edition, Macmillan, 1924. 
See also C. G. Hempel, “On the Nature of Mathematical Truth,” American 

Mathematical Monthly , Vol. 52, 1945, pp. 543-556. 

For a somewhat more advanced discussion see R. B. Kershner and l. n. 
Wilcox The Anatomy of Mathematics, Ronald Press, 1950, Chapter 8. 

f Here we follow the general plan of development given by Landau, op. 
cit. but certain details required for rigor are omitted. 
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Let y be a natural number belonging to M, so that 

//' ^ !/■ 

Then ( y'Y ^ if • 

For if (i/)' = y', then we would have y' = y by Postulate 4. Thus 
y' belongs to M. 

Hence both conditions of the postulate of mathematical induction 
are satisfied, and M consists of all natural numbers. Thus for every 
natural number n we must have 

n' n. 


Next we define addition of natural numbers ‘‘recursively’' by the 
following definition in two parts. 

Definition 1. For any natural numbers x and y, 

x + 1 = x' 
x + y'= (x + y)' . 

Theorem 2. If a is any natural number , then for all natural num¬ 
bers y, a-\- y is a natural number. 

Proof. a + 1 = a' by Definition 1. 

a' is a natural number by Postulate 2. 

a + 1 is a natural number. 

Next, let x be a natural number such that a + x is a natural 
number. 

Th en (a + xY = a + x' by Definition 1, 

an d a + x' is a natural number by Postulate 2. 

Now form set M consisting of all natural numbers y for which 
a + y is a natural number. By the first paragraph above, 

1 belongs to M. 

By the second paragraph, 

x belongs to M implies x' belongs to M. 

Hence by the postulate of mathematical induction M is the set of 
all natuial numbers. That is, for all natural numbers y, a 4- y is a 
natural number. 

Theorem 3. If a and b are natural numbers, then 

(a + b) + 1 = a + (6 + 1). 
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Proof, a + b is a natural number, by Theorem 2. 

(a +- b) + 1 = (a + by 'j 

= a 4- b' f by Definition 1. 

= a + (6 4- 1) J 

Theorem 4. If a, b are any natural numbers and if for a certain 
natural number x 

(a + b) + x = a + (b + x), 
then (a 4- b) 4- x' = a 4- (6 4- x'). 

Proof. By Theorem 2, a 4- b is a natural number. Also 
(a 4- b) 4- x is a natural number, and 

(a 4- 6 ) 4- x = a 4- (6 4- x) by hypothesis. 

[(a 4- b) 4- .r]' = [a 4- (b 4- *)]' by Postulate 2, 
or (a 4- b) 4- x' = a 4- (6 4- z)' by Definition 1, 

= a 4- (b 4- £') by Definition 1. 

Theorem 5. // a, b are any natural numbers, then for all natural 

numbers y 

(a 4- b) 4- y = a 4- (b 4- y). 

Proof. Let M be the set of all natural numbers y such that the 
desired associative law of addition holds. Then: (a) 1 belongs to M, 
by Theorem 3, (b) x belongs to M implies x' belongs to M, by Theo¬ 
rem 4. Hence, by the postulate of mathematical induction, M con¬ 
sists of all natural numbers. 


Theorem 6 . For all natural numbers y 

y 4- 1 = 14 - y. 

Proof. First, 14-1= 14-1. Next, we let x be any natural num¬ 
ber for which 

i + 1 = 14-i 

and show that the same property holds for x'. This is done as 
follows: 

x' 4- 1 = (* 4- 1) 4- 1 by Definition l, 

= (1 + x) 4- 1 by assumption, 

= 1 + (x + 1) by Theorem 3 (or 5), 

= i 4 - x ' by Definition 1. 

Let M be the set of natural numbers y for which the commutative 
property with respect to 1 holds. We have shown that the two in¬ 
duction conditions are satisfied, so M consists of all natural numbers. 
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Theorem 7 . If a is any natural number, then for all natural num¬ 
bers y 

a + y = y + a. 

Proof. By Theorem 6 , 

a + 1 = l+o. 

Now we assume that x is commutative with a and show that x' 
has the same property. 

x' 4- a = {x 4- 1) 4- a by Definition 1, 

= (1 + x) + a by Theorem 6 , 

= 1 4 (x 4 a) by Theorem 5, 

= 1 4 (a 4 x) by assumption, 

= (a + x) + 1 by Theorem 6 , 

= a 4 (.r 4 1) by Theorem 5, 

= a 4- x' by Definition 1. 

The theorem now follows by the usual induction argument. 

Definition 2. For any natural numbers x and y 

x • 1 = x, 
x{y') = xy 4- x. 


Theorem 8. If a is any natural number, then for all natural num¬ 
bers y, ay is a natural number. 

Proof. The proof is like that of Theorem 2, and is left as an exer¬ 
cise. 


Theorem 9. If x, y are any natural numbers, then for all natural 
numbers z 

x{y 4- z) = xy 4- xz. 

Proof. x{y 4- 1) = xy 4- x • 1 by Definition 2. Thus the dis¬ 
tributive law holds for 2 = 1 . Now we suppose the law holds for w 
and show it holds for w'. That is, we assume 

x{y + w) = xy + xw, 

and get 

x(y 4- w ') = x(y + w)' by Definition 1, 

= x{y 4- u>) + x by Definition 2 , 

= {xy 4- xw) + x by assumption, 

- xy 4- {xw 4- x) by Theorem 5, 

= xy + xw' by Definition 2 . 
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Now let M be the set of all natural numbers z for which the dis¬ 
tributive law holds in conjunction with x, y. Both induction condi¬ 
tions of Postulate 5 have been shown to hold. Hence M consists of 
all natural numbers. 

By similar methods the following theorems can be proved. The 
proofs are left as exercises. (Theorem 10 is included here for use in 
proving Theorem 12.) 

Theorem 10. If x and y are any natural numbers, then for all 

natural numbers z 

(x + y)z = xz + yz. 

Theorem 11. For all natural numbers x, y, and z 

( xy)z = x{yz). 

Theorem 12. For all natural numbers x, y 

x • y = y • x. 

Thus it is possible to deduce from Peano’s postulates and defini¬ 
tions the standard closure, commutative, associative, and distributive 
rules for natural numbers. This puts us in a position to continue 
with the definitional development of the number system, introducing 
the number 0, order relations, rational numbers, and so on through to 
the system of complex numbers. 

Coming back to the consistency question, we can hardly claim that 
Peano’s postulates help establish the consistency of the natural 
numbers. All we can say is that if we grant that the (concrete) 
system of natural numbers is consistent and that the natural num¬ 
bers, as commonly used for counting and other concrete purposes, 
actually have the properties demanded by Peano’s postulates, then 
these (abstract) postulates are consistent. There seems little doubt 
that the postulates correspond to our intuitive ideas about the natural 
numbers, but unfortunately our intuition sometimes deceives us. 

Peano’s postulates can be shown to be categorical on the assump¬ 
tion that they are consistent. This is not a great deal of help. We 
are still left with the crucial problem of the consistency of the con¬ 
crete system of natural numbers. . . , 

The only way out is to push the starting level of the definitional 

development of the number system down still deeper, and attempt 
to derive the concrete properties expressed abstractly by l eano s 
postulates from a more secure foundation. 
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Mathematicians who attempt to do this usually are inclined to 
start with a systematic development of the theory of sets, relations, 
and one-to-one correspondence. Such concepts are actually involved 
in the abstract statement of Peano’s postulates. By use of these 
and related ideas, definitions can be given both for the general con¬ 
cept of cardinal number , i.c., the number of elements in a class, and for 
operations with cardinal numbers. Theorems can then be deduced 
leading up to the desired properties of natural numbers from the 
ordinal point of view, as required by Peano’s postulates. (The 
ordinal viewpoint simply looks at the natural numbers in the standard 
order used in counting.) 

Logicians push the starting level of the development down still 
further and derive the theory of classes from a foundation in the logic 
of propositions and propositional functions.* We are well aware 
that Whitehead and Russell’s Principia Mathcmalica is the most 
notable attempt of this kind to date. So we now turn our attention 
briefly to the foundation of logic presented there. 


11-7 The Whitehead-Russell foundation for logic. Officially, the 
Principia Mathcmalica starts with “primitive ideas” and “primitive 
propositions” corresponding to what we have called “undefined 
terms ’ and “postulates.” But there is this difference: the primitive 
ideas and propositions are not supposedly subject to interpretation 
in the usual postulational manner. They are specifically restricted 
to concepts of logic. In other words, a concrete rather than an abstract 
point of view prevails. 

The chief aim of Principia Mathcmalica is to develop a usable body 
of logic leading up through the theory of classes and relations to the 
concrete foundations of the number system, and hence to all mathe¬ 
matics derivable from the number system. The school of thought 
which agrees with the corresponding philosophical view of Russell 
and Whitehead, that mathematics can thus be considered as an ex¬ 
tension of logic, is sometimes known as logicalism. f 
No attempt is made in Principia Mathcmalica to prove the con- 


Chapter 4 suggested roughly how this might be started. We cannot 
hope to base this development satisfactorily on abstract postulates for 
Boolean algebra, inasmuch as we must assume some preliminary concrete 
knoMedge of logic in order to deduce theorems from these postulates. 

t For expositions of this point of view, see the references to Russell and 
Hempel in the first footnote of the preceding section. 
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sistency or independence of the primitive propositions. In fact, it is 
the opinion of Whitehead and Russell that the usual postulational 
methods are not suitable at such a fundamental level under the 
concrete point of view adopted. 

The primitive propositions are used not merely as a substantive 
foundation for the deduction of a body of theorems, but also for 
furnishing the rules of procedure by which theorems may legitimately 
be deduced. Concurrent with the deduction process is the familiar 
process of combining the primitive concepts into new concepts 
through definitions. From the formal point of view, according to 
Whitehead and Russell, a definition is merely the substitution of a 
new symbol for a combination of symbols whose meaning is already 
known because they represent either primitive ideas or ideas pre¬ 
viously defined. The authors hold that the defining process is theoret¬ 
ically superfluous; from the practical standpoint, however, it is surely 
indispensable and equal in importance to the deductive process. 

Important among the primitive ideas are assertion, negation, and 
disjunction of propositions. Assertion of a proposition is in the sense 
of affirming a true statement. Negation and disjunction have the 
familiar meanings. 

Implication is defined in terms of negation and disjunction, as we 
have indicated in Chapter 3: 


p —> q means p ) V q. 

Conjunction, instead of being adopted as a primitive concept, is 
also defined in terms of disjunction and negation by the use of one of 
DeMorgan’s principles. Thus 


pq is defined as ~[(~p) V 


The primitive propositions include a rule of deduction which is es¬ 
sentially the same as our “fundamental rule of inference.” The 
remaining primitive propositions are for the most part implications 
involving disjunctions. The law of excluded middle and the law of 
contradiction which we adopted as assumptions in Chapter 3 appear 


i Principia Mathcinatica <\s theoiems. # 

The primitive propositions which appear in the form of lmplica- 
ons are the following. (We list them by the numbers used o 
esignate them in Principia Mathematica, but we have omit ed t 
assertion sign” indicating that these are asserted to be true, a 
•e have changed the horseshoe implication symbol to our arrou.) 
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1.2. (p V p) —>p. 

1.3. <?-> (p V q). 

1.4. (p V q) —> ► (q V p). 

1.5. [p V (7 V r)] [«7 V (p V r)]. 

1.6. (q —► r) —> [(p V ry) -> (p V r)]. 

Some of the early theorems resulting from the primitive proposi¬ 
tions are the following: 

2.01. (p —» ~p) — 1 ► (^p). (Principle of rcduclio art absurdum.) 

2.02. ^ (p —> q). (A true proposition is implied by any propo¬ 
sition.) 

2.03. (p —> ~q) —*► (<? —»► ~p). (One form of the opposite converse 
principle.) 

2.05. (q -> r) -> [(p -*■ ry) -> (p -> r)]. ( Syllogism principle anal¬ 

ogous to our “chain rule.”) 

The proofs of these can be indicated briefly as follows, using in each 
case the definition of implication after substitution: 

2.01. Substitute ^p in place of p in 1.2. 

2.02. Substitute ~p for p in 1.3. 

2.03. Substitute ~p for p and ~q for q in 1.4. 

2.05. Substitute ~p for p in 1.6. 

The above primitive propositions and theorems refer to the theory 
of deduction in terms of elementary propositions (corresponding to 
what we have called particular propositions). Additional primitive 
propositions are introduced in order to extend the theory of deduc¬ 
tion to quantified propositions. This is followed by a lengthy and 
highly symbolic treatment of the theory of classes and relations, com¬ 
pleting the first half of Volume I. The second half of the volume 
is devoted entirely to a “Prolegomena to Cardinal Arithmetic.” 
The magnitude of the task can be somewhat appreciated by noting 
that this part arrives at definitions of the numbers 1 and 2, but the 
general definition of cardinal number is not reached until the begin¬ 
ning of Volume II. It must be granted that few mathematicians 
have the patience to follow through the Principia’s introduction to 
elementary arithmetic! 

As far as the consistency problem is concerned, there is little 
doubt that Pnncipia Mathematica contains justification for Peano’s 
postulates as properties of the system of natural numbers. Thus 
the consistency problem for Euclidean geometry, for the complex 
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number system, and for branches of mathematics depending on these, 
is shifted far back to the consistency of the foundations of the Prin- 
cipia Mathematica. As we have seen, nothing is done by Whitehead 
and Russell to establish this consistency, except to claim that the 
primitive propositions are true, and hence presumably consistent. 
But the claim is not supported except by informal considerations. 

Furthermore, Whitehead and Russell make use of some special 
theories and axioms of a controversial nature. For example, the 
theory of types is an important subtheory introduced in Principia 
Mathematica to resolve certain bothersome paradoxes of logic. One 
of these paradoxes, due to Russell, is the following: 

Let C be defined as the class consisting precisely of those classes 
which are not members of themselves. Is C a member of itself? If 
it is a member of itself, then it must be one of the classes belonging 
to C and hence must be not a member of itself. On the other hand, 
if C is not a member of itself, it must be one of those classes which 
make up class C and so it must be a member of itself after all. In 
either case there is a contradiction. 

According to the theory of types, it is improper and, in fact, meaning¬ 
less to talk about such a class C. Similar paradoxes, which are sup¬ 
posedly resolved in Principia Mathematica, may involve propositions 
rather than classes. A very simple one is the following sentence: 

This statement is false. 

If false, it is true; and if true, it is false! 

Although it is generally recognized by mathematical logicians that 
the Principia Mathematica has made a magnificent contribution to 
the foundations of mathematical knowledge, still this work is far 
from being accepted as perfect. Research in mathematical logic 
continues at a prolific rate at the present time, and there are plenty 
of controversial issues to stimulate continued research. 


11-8 Formalist and intuitionist approaches to the foundations. 
Other systems of logic. One major controversy in the recent past 
has been between the formalist and intuitionist schools of thought in 
the foundations. 

The formalist school, started by David Hilbert (after completing 
his postulational study of geometry), has had an aim somewhat simi¬ 
lar to the Whitehead-Russell objective of carrying the foundation of 
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all mathematical knowledge down to a much more fundamental 
level than is customary. But whereas the Principia Mathcma- 
tica was content to start with logic, Hilbert claimed that the ulti¬ 
mate foundation lies not in logic but in prclogical objects — namely, 
marks or symbols — which are preliminary conditions for logical 
thinking, and about which we seem to have intuitive knowledge.* 

Hilbert and his followers used ideas of this kind to devise a forma- 
ized theory of proof, including within it a system of symbolic logic. 
The aim of the theory was to prove the consistency of the logical 
structure of ordinary mathematics. Inasmuch as the theory was 
outside of mathematics, it was termed metamathematics. 

Any hope of success in the formalist goal of such a far-reaching con¬ 
sistency proof was apparently quashed by K. Godel in his theory of 
consistency and completeness, dating from about 1930. Godel 
showed essentially that within a formalized deductive system such as 
Hilbert’s, it is impossible to prove consistency of the system by 
methods belonging to that system. Thus the consistency of this 
metamathematical system itself could not be guaranteed. This does 
not mean, however, that parts of Hilbert’s theory may not turn out to 
be of lasting value. 

Prior to Godel, Hilbert and the formalist school came under 
attack by the Dutch mathematician, L. E. J. Brouwer, leader of the 
intuitionists. Brouwer asserted that Hilbert was making mathe¬ 
matics degenerate into a game. Hilbert was willing to admit that 
his proof theory was similar to a game, but claimed that it was a 
game with a serious purpose for all of mathematics. 

The intuitionist point of view is opposed to the formalist emphasis 
on symbolism as the prerequisite to mathematical knowledge. The 
intuitionists believe that mathematical concepts have, or should 
have, psychological meaning in themselves, not through the medium 
of abstraction and symbolism. The concrete natural numbers and 
the principle of mathematical induction are key concepts in mathe¬ 
matical knowledge from the standpoint of the intuitionists. Further¬ 
more, in order to establish the existence of numbers with a specified 
property, it is not considered legitimate proof from their standpoint 


* For a comparison of the formalist and logicalist schools and the some¬ 
what vaguely defined postulational school, see E. R. Stabler, “An Interpreta¬ 
tion and Comparison of Three Schools of Thought in the Foundations of 
Mathematics,” The Mathematics Teacher , Vol. 28, 1935, pp. 5-35. 
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merely to reach a contradiction by assuming that for all numbers the 
property in question fails. Explicit construction of a number with 
the required property is demanded. This is understandable in view 
of the intuitionists’ denial of the validity of the law of excluded middle 
for infinite sets. 

In a sense, the intuitionists are extreme skeptics — in fact, so 
much so that they have been accused of casting doubt on the sound¬ 
ness of the foundations of modern mathematical analysis, a general 
term commonly used to designate calculus, differential equations, 
theory of functions, and related branches of mathematics. 

It is probably fortunate that most mathematicians have not taken 
these doubts too seriously. But the intuitionists as well as the 
formalists have helped spur on critical research in the foundations, 
which will be quite likely to have beneficial results for mathematical 
rigor and mathematical philosophy. 

For one thing, the intuitionist viewpoint has been an incentive to 
development of new systems of logic to conform with the intuitionist 
denial of the complete validity of the law of excluded middle. Such 
systems, of course, conflict both with classical logic and the White- 
head-Russell logic. 

Still other systems of logic go beyond the intuitionist logic in 
novelty. For example, many-valued logics and probability logics have 
been developed in which a proposition may have various shades or 
degrees of truth-values — sometimes infinitely many — between 
falsity and truth at the two extremes. It is quite conceivable that 
such systems of logic may have useful practical applications. In 
some cases, these have been developed especially for inductive and 
empirical methods in scientific inquiry.* 

On the more conservative side, a system of logic based on the con¬ 
cept of strict implication has been formulated.! The idea here was 
to replace the very broad definition of implication used in Principia 
Mathematica by a kind of implication which demands a more definite 
logical connection between two propositions. 

* For probability logic and inductive logic see, for example, H. Reichen- 
bach, The Theory of Probability, University of California Press, 1949, Chap¬ 
ters 10 and 11. 10 o 0 . 

t See C. I. Lewis and C. H. Langford, Symbolic Logic, Century Co., MM, 
also E. V. Huntington, “Postulates for Assertion, Conjunction, Negation 
and Equality,” Proceedings of the American Academy of Arts and Sciences, 

Vol. 72, 1937, pp. 1-44. 
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The discussion in this section has necessarily been sketchy because 
of the advanced nature of many of the topics. For a more adequate 
treatment we shall have to suggest supplementary reading; see, for 
example, the following additional references: 

E. T. Bell, The Development of Mathematics , McGraw-Hill, 1940, 
pp. 522-536. (This discusses logicalism, intuitionism, and formal¬ 
ism, including the work of Godel.) 

Orrin Frink, “New Algebras of Logic,” American Mathematical 
Monthly , Vol. 45, 1938, pp. 210-219. 

Saunders Mac-Lane, “S.ymbolic Logic,” American Mathematical 
Monthly , Yol. 46, 1939, pp. 289-296. (This contains a bibliographical 
summary of many topics and points of view in the foundations of 
mathematics and logic.) 

W. V. Quine, Methods of Logic , Henry Holt, 1950. (Section 41 dis¬ 
cusses Godel’s theory.) 

Hermann Weyl, “Mathematics and Logic,” American Mathe¬ 
matical Monthly , Vol. 53, 1946, pp. 2-13; “A Half Century of Mathe¬ 
matics,” ibid., Vol. 58, 1951, pp. 523-553. 

R. L. Wilder, “The Cultural Basis of Mathematics,” Proceedings 
of the International Congress of Mathematicians, Vol. I, American 
Mathematical Society, 1952, pp. 258-271. 

11-9 On mathematical knowledge from various foundational 
points of view. One thing seems certain as a result of our survey 
of mathematical foundations. No final proof of the consistency of 
ordinary mathematics (i.e., mathematics based on the real or com¬ 
plex number system or on Euclidean geometry) has .yet been achieved. 
It seems doubtful whether any such final proof is ever to be expected. 

Furthermore, no final agreement has been reached as to the “cor¬ 
rect system of logic to be used as the deductive instrument of 
mathematical proofs. Freedom of choice here seems somewhat 
similar to the freedom of choice available between Euclidean and 
non-Euchdean geometries. Thus there appears to be no necessity to 
think of the Whitehead-Russell type of approach to the concrete 
foundations of the number system as the only possible road to take. 
Some other approach may turn out to be preferable. 

Perhaps at the present stage of mathematical development we 
have to be content with the broad pragmatic point of view — that 
ordinary mathematics has achieved worth-while results from both 
the pure and applied standpoints. Surely great progress has been 
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made since the time of Euclid in two main directions: in building up 
powerful new s 3 r stems of mathematics adapted to many different 
purposes, and in delving down to make logical methods more rigorous 
though more flexible, and thus making the foundations of mathe¬ 
matics more secure. 

Whether we adopt the viewpoint of the postulationisls (as repre¬ 
sented for example by Huntington and the geometric foundational 
work of Hilbert), the logicalists (as represented by the Principia 
Mathematica of Whitehead and Russell), the formalists (as repre¬ 
sented by the proof theory and metamathematics of Hilbert and his 
follovers), the inluitionists (as represented by Brouwer), or some 
other point of view in the foundations, it seems clear that the whole 
structure of mathematics rests ultimately on unproved principles 
and on intuitively given concepts at some level. The best hopes for 
the security of mathematical knowledge seem to depend on the 
psychological integrity of the human mind, supplemented by the 
human capacity to improve ideas transmitted from one generation 
to the next. 


11-10 Retrospect. This text has avowedly been introductory and 
exploratory. Doubtless it has been guilty of redundancies in several 
places, but it has seemed desirable to emphasize certain ideas re¬ 
peatedly from a variety of points of view. (It is hoped that there 
has been no similar guilt from the standpoint of consistency.) 

A number of topics have been ignored or slighted which may well 
have deserved considerable discussion. Among these are various 
topics important for a more advanced understanding of the founda¬ 
tions of mathematics — for example, the theory of infinite sets, well- 
ordered systems, axiom of choice, transfinite numbers, and basic 
concepts of topology. 

On the philosophical side it might have been profitable to consider 
the relations of mathematics and language (including semantics), and 
of mathematics and art. Certainly a well-developed logical structure 
of mathematical ideas should have some of the esthetic characteris¬ 
tics of a work of art; and certainly the development of ideas in modern 
logic and mathematics calls for a special medium, a symbolism, in 
addition to the symbolism of ordinary language. Thus some charac¬ 
teristics common to mathematics and music should be immediately 
apparent. Music has been called both an art and a language, and 
“logical development” of musical ideas is often mentioned by music 
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critics. A useful comparison might be made between mathematical 
thought and musical thought, as represented by good examples of 
mathematical systems and musical compositions. We leave this, 
however, as an optional exercise for musicallj r inclined readers! 

For those readers who desire a recapitulation of both parts of the 
text, we need only mention several outstanding themes: (1) the 
importance of postulational organization and methods in both pure 
and applied mathematics, and their significance for science and many 
other fields of thought ; (2) the existence of key patterns of logical 
reasoning as used in logical systems and the urgent need of a critical 
attitude toward reasoning in numerous situations of common oc¬ 
currence; (3) the relative rather than absolute nature of the truth 
of theorems in mathematics or of statements purportedly deduced 
from assumptions in any domain of thought; (4) the lack of any 
absolute guarantee of consistency in ordinary mathematics and the 
ultimate dependence of mathematical security on intuitive concepts 
and the sanity of the human mind; (5) the determination of useful¬ 
ness of mathematical problems, concepts, and theories, by the extent 
to which these contribute to fruitful or unifying developments within 
mathematics or in other areas, regardless of whether the subject mat¬ 
ter concerned is classified as pure or applied; ((>) the evolving un¬ 
finished nature of mathematical, logical, and scientific knowledge. 
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Absolute truth viewpoint,1,8,11,23,24,109 
Adams and Leverrier, 106 
Addition, as undefined operation, 124-125 
Boolean, 193, 196, 200, 205, 207 
logical, 89, 94 ex., 194 
modulo, 5-8, 124, 126, 187, 215 
ring, in a Boolean algebra, 196, 200, 202- 
203 

Algebra, postulational basis of, 33-35 
Boolean, see Boolean algebra(s) 
of classes, 195 

of complex numbers, 238-241 
elementary, as a logical system, 123-128 
of propositions, 195-196 
traditional and modern (abstract), 148 
Alternate interior angle theorems, 11, 13, 
70, 71, 

Analytic geometry, 236-238 

Angle sum of a triangle, 11-13,86, 87 ex., 117 

Apollonius, 26-27 

Applied mathematics, 17, 26-27, 36-39, 102, 
116-119, 253 
Archimedes, 26 

makeshift angle trisection, 21, 22 ex. 
postulate of continuity, 234 
Aristotle, 44, 102 

Arithmetic, absolute truth viewpoint in, 

1-2, 23 

change of number base in, 8-10 
modulo, 5-8, 126, 133, 
postulational basis of, 33-35 
Associative postulates or properties, for 
classes, 93-94 

in arithmetic and algebra, 33-35 

in lattices, 225 

for propositions, 67 

Assuming the converse or opposite, fallacies 
of, 56, 73, 104 
Assumptions, 1, 13, 39 

in experimental observation, 110 
of logic, 46 

of theorv of relativity, 113-114 
Axioms, and postulates as preliminary as¬ 
sumptions, 24 

of equality or inequality, 24, 125 
Newton’s laws listed as, 108-110 
as “self-evident truths,” 11, 24 

Bending of light rays in eclipses, 115 
Birkhoff, Garrett, 221 


BirkhofF (George D.) and Beat ley, 238 
Boolean algebra(s), and lattices, 224-225 
class equalities related to, 90, 93-94 
equivalent to Boolean ring with unity, 
196-207 

inclusion in, 207-210 
logical equivalences related to, 67 
postulates and models for, 193-195 
theorems for, 196-204 
Boolean ring(s), 188, 189-193 
of four or eight elements, 204 ex. 
interpretations from logic, 191-192 
noncategoricalness of postulates for, 192 
of two elements, 188, 190, 192 
weak postulates for, 192-193 
with unity, 196-207 
Brower, L. E. J., 251, 254 

Calculus, differential and integral, 237- 
238 

Categoricalness of postulates, 162-166 
and completeness, 165 
for the finite geometry, 166, ex. 4 
for an idempotent field, 164-165 
in nonmathematical situations, 171-172, 
172 ex. 

Cayley’s theorem on finite groups, 183n 
Chain rule of inference, 53 
adapted to classes, 96 
Class(es), 24 ex., 88-101 

algebra of, 90, 195-196, 203-204, 210 
and cardinal number, 247 
complement of, 90, 195 
De Morgan’s laws for, 93-94 
determined by propositional function, 

88-91 

disjoint, 91, 96-97, 203 
dual equalities for, 93-94 
equality of, 88, 93 
fallacies involving, 99-101 
inclusion, 92, 95 

logical product, 89, 194-195, 203 
logical sum, 89, 194-195, 203 
null (empty), 90-91, 195 
rules of inference for, 95-98 
Russell’s paradox of, 250 
subclass, 92-93 
symmetric difference of, 203 
theory of, 247, 249 
universal, 90-91, 195 
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Closure postulates of properties, in modulo 
systems, 4, 126, 150 
in rational operations, 125-126 
Common-sense judgments, 16 
Commutative postulate(s) or properties, for 
classes, 93-94 

in arithmetic and algebra, 33-35 
independence of in groups, 176, 179-183 
in lattices, 225 
for propositions, 67 
Complement, of a class, 90, 195 
of an element in a Boolean algebra, 194 
Complemented lattice, 227 
Completeness of postulates, 160-162 
in nonmatheinatieal situations, 171-172 
Complex number system, 123 
in relation to postulates of signs and 
order, 138 

Confirmation, and assuming the con verse, 104 
of Einstein theory of relativity, 113-115 
and infirmation, 104-107 
of Newton’s laws, 106-107, 110 
of scientific postulates, 167 
“Congruent modulo m,” 7 n, 213-215 
Conjunction, 46—17, 191 
analogy with postulates of ordinary alge¬ 
bra, 67 

rules governing, 65, 66 
Consistencv, as primary qualification, 146- 
148 

of Boolean algebra postulates, 195-196 

of complex number system, 240-241 

of Euclidean geometry, 235 

of field postulates, 149 

of finite geometry postulates, 140-141 

of group postulates, 176 

and Hilbert’s formalist school, 250-251 

nonabsoluteness of proof of, 147 

in nonmathematical situations, 170-171 

of ordinary mathematics, 253 

of Peano’s postulates for natural num¬ 
bers, 246 

of Principia Mathematics, 249-250 
of Riemannian geometry, 16-17, 229-231 
of ring postulates, 187, 188 
in science, 167-168, 170 ex. 

Continuity postulate, 234 
need of in Euclid’s Elements, 31 
Contradiction, law of, 47, 59, 146-147 
Contrapositive of an implication, 59 
Converse of an implication, 56, 63 

Debates, postulational methods in, 40, 170, 
172 ex. 

Deductive logic, 43, 103 


263 

and general and particular propositions, 
45, 85 
Definition(s), 1, 13, 24 
in Euclid’s Elements, 27, 28 
independence of conditions iti, 158 
as necessary and sufficient condition, 64 
Definitional approach to the number sys¬ 
tem, 136-138, 241-247 
De Morgan's laws, for classes, 93, 94 
in abstract Boolean algebras, 199 
for propositions, 66 

Desargucs triangle theorem, 144 ex., 237 n 
Dewey, John, 103 
steps in reflective thinking, 104 
Disjunction, 46—17 

analogy with postulates of ordinary alge¬ 
bra, 67 

complete, 47, 191, 200 
De Morgan’s laws, 66 
rules governing, 65, 66 
Distributive lattice, 227 
Distributive postulates or properties 
in Boolean algebras, 193-195 
for classes, 93-94 
generalized, 35 
in lattices, 226-227 
left and right, 33-35, 132, 189 
for propositions, 67 
Division, by zero, 132, 133, 134 ex. 

defined,i31 
Divisors of zero, 7 

absence of in fields, 133, 151 ex., 155, 162 
in Boolean rings or algebras, 191, 204 ex. 
rings with, 187, 188, 189 ex. 

Double negation equivalence rules, 58 
Duality, in Boolean algebras, 196, 208 
in lattices, 222 

in partially ordered systems, 220, 222 
in postulates of rational operations, 130- 
131 

in projective geometry, 143, 144 
of propositions, 67, 143 
Duplicating the cube, 20, 21 

Einstein, A., 111-118 
equation E = me 2 , 115 ex., 168 
on laws of mathematics, 118 
on scientific assumptions, 114, 168 
theory of relativity, 11, 37,39 ex., 111-117 
Equality, axioms of, 24, 125 
of classes, 88, 92-94 
Equivalence of propositions, 57-59 
analogy with equality, 58 
and equality of classes, 93 
rules of inference for, 58-60, 66 
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Equivalence relations, 212-216 

separation of a set into subset by, 214 
in theory of numbers, 215 
Ether, as astronomical hypothesis, 112 
Euclid, Euclid’s Elements , 11, 26, 27-32 
definitions in, 27, 28 
equilateral triangle construction, 30 
evaluation of, 31-32 
parallel postulate of, 14n, 29, 231 ex. 
postulates, axioms, propositions, 28-29 
Euclidean geometry, 11, 16 

Hilbert’s postulates for, 232-235 
parallel postulate of, 13 
and physical space, 17, 19 ex. 
properties of, 18 

Excluded middle, law of, 47, 252 
Existential proposition, 81 
Experiment, and theory, 37-39, 102-107, 
111-115, 118 

Einstein’s viewpoint on, 113-115 
Newton’s viewpoint on, 108-110 
role of, 102-107, 110-115 
Exterior angle of a triangle, 15, 29 

Fallacies in reasoning, 55-57, 73-75, 99- 
101 

False propositions, 49, 161 
Famous problems of geometry, 20, 21 
Fermat’s theorem, 151 ex. 

Fields, and modulo systems, 150-151,151 ex., 
153 

idempotent, 154, 162-165, 190 
ordered, 152-154 
postulates for, 149 
Finite geometry, 139-145 
consistency of, 141 

interpretations of, 140, 141, 142, 142 ex. 
significance of, 144-145 
theorems of, 142, 143 

undefined terms of, and postulates for, 
139-140 

Finite set, 24 ex. 

Formalist school of thought, 250-251 
and Godel’s theory, 251 
Hilbert as leader of, 250-251, 254 
and metamathematics, 251 
Foundations of mathematics, 229-254 
schools of thought in: 
formalist, 250-251 
intuitionist, 251-252 
logicalist, 247-250 
postulationist, 251n, 254 
Fundamental rule of inference, 52 
adapted to classes, 95 
applied in high school geometry, 53 


Galois, 183 

Generalization rule of inference, 84-85 
Geometry, applied, 17 

as a branch of mathematics, 116 
as a branch of physics, 116 
Egyptian and Greek, 26 
famous problems of, 20, 21 
finite, 139-145 
idealized concepts in, 16 
pure, 16, 37 

studies in the foundations of, 11 
theoretical svstems of, 37 
Godel, K„ 162, 251, 253 
Gravitation, Einstein’s theory of, 114 
Newton’s law of, 37, 106, 107-110 
“Greater than’’ relation, 134 
Group(s), Abelian or commutative, 179, 

184 ex. 

fields described in terms of, 184-185 
finite, 176, 183, 183n 
incompleteness of group postulates, 183 
isomorphic, 183n, 184 ex. 
permutation, 181-183 
postulates for, Set I, 175-176 
subgroup, 183 ex. 
theorems for, 176-177 
weaker postulates, Set II, 178-179 

Hilbert, David, 32, 232-235, 250-251, 2.54 
Huntington, E. V., 193, 238-241 
Hvpothesis(es) confirmation of, 104, 107, 
113 

infirmation of, 105 
of an implication, 52 
Newton’s view of, 109-110 
in reflective thinking and scientific 
method, 104 
of a theorem, 48, 158 

Idempotent field, 154, 162-165, 190 
Idempotent postulate, 154-156, 188 
Identity postulate(s), 125, 149, 175, 178, 18) 
“If and only if,” 64 
Implication, 48-51 

abstract inclusion in Boolean algebras in¬ 
terpreted as, 207 
and logical inference, 52 
paradoxical principles of, 49 
strict, 252 

Inclusion, in Boolean algebras, 207-20J 
of classes, 92 

propositional interpretation of, 207 
Independence of postulates, 155-158 

defined, 156 _ 

for the finite geometry, 157, lo9 ex. 
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in nonmathematical situations, 171, 172, 
172 ex. 

in science, 168-169, 169 ex. 
testing for, 156-158, 159 ex. 

Indirect reasoning, and opposite converse 

rule, 70, 72 

reductio (id absurd uni, 51 ex., 73 ex., 249 
in reflective thinking and scientific 
method, 104-105 
three methods in, 70-72 
Inductive logic, 43, 85, 103, 252 
Infeld, Leopold, 112 
Inference, logical or deductive, 43 
and implication, 52 
rules of, 51-62, 84-88 
chain rule, 53 
double negation rule, 58 
fundamental rule, 52 
opposite converse rules, 59-62 
for quantified propositions, 84-88 
substitution rule, 59 
Infinite sets, 25 ex. 

Infirmation, 104-105, 111-112 
Interdeducibility of postulate sets, 160 
Interpretation of undefined terms in postu¬ 
late sets, 124, 126, 127 ex., 140, 141, 145 
Intuitionist school of thought, 84, 251-254 
Inverse postulates, 125, 149, 176, 178, 186 
Isomorphism, 163-165 

of idempotent fields and modulo 2 sys¬ 
tem, 163 

Kepler, 27 

laws of planetary motion, 108, 169 ex. 
Keyser, C. J., 41-42 


Lattice(s), 221-228 
absorption laws in, 226 
Boolean algebras ns, 224-225, 227-228 
complemented, 227 
distributive, 227 
duality principle for, 222 
illustrations of, 222-224 
meets and joins in, 221-222 
theorems, 225-228 
universal bounds in, 223, 225 
Law(s), Newton’s laws of gravitation and 
motion, 107-108, 108n, 109-110 
revision of, 110 

scientific, 107, 108, 110, 111 ex. 

“Less than” relation, 134 
Leverrier and Adams, 106 
Light, 111-113 

Michelson-Morley experiment, 112 
Lindemann, 22 
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Linear order, linearly ordered systems, 216- 
217, 219 ex. 

compared with partial order, 217 
postulates for, 216 
Lobachevski, 12n 
Lobachevskian geometry, 12-20 

characteristic properties of, 18 

Poincare’s model for, 231 
Logic, and relative truth, 44 
classical, 44, 47 
“correct " system of, 253 
deductive, 43, 45 
inductive, 43 
intuitionist, 252 
many-valued, 252 
probability, 252 

symbolic, formal, or mathematical, 44 
Vvhitehead-Hussell foundation for, 247-250 
Logical fallacies, 55-57, 73-75, 99-101 
Logical inference, 43 

Logical organization (see Postulational or¬ 
ganization) 

Logical principles, general, 47, 58 
Logical reasoning, 11, 16, 24, 43-101, 103- 
105 

Logical system(s), 26-42 

Einstein theory as, 37, 113, 114 
as end products in mathematics, 105 
geometry as collection of, 116 
Newton’s theory of universe as, 37, 108 
in pure and applied mathematics, 36-39 
in science, 37-39 

Many-valued logics, 252 
Margenau, H., 169 

Mathematical induction principle, 242, 251 
Mathematical knowledge, 1-25 
from foundational points of view, 253-254 
Mathematics, and art or music, 254 
applied, 17, 26-27, 36-39, 102, 116-119 
Egyptian and Greek, 26 
foundations of, surveyed, 229-254 
geometry as a branch of, 116 
inductive and intuitive methods in, 105 
logical systems in, 105, 116 
nature of facts and truth in, 1, 23, 24 
propositional functions and quantified 
propositions in, 81 

pure, 16-17, 26-27, 36-37, 44, 102, 116- 
119, 144-145, 229, 247, 253-254 
research in, 105 
Maxwell, Clerk, 169 
Mercury, deviation of, 115 
Metamathematics, 162, 251, 254 
Michelson-Morley experiment, 112 
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Model (s), and categoricalness of postulate 
sets, 161 

of Boolean algebra postulates, 194-195 
and completeness of postulate sets, 161 
and consistency of postulate sets, 147 
of Riemannian geometry, 231 
of a set of criteria, 172 
Modulo arithmetic, 5-7, 126, 133 
Modulo systems, 5-8, 126, 127 ex., 133 
and equivalence relations, 213-215 
and fields, 149-154* 188, 192 
and rings, 187, 188, 189 ex., 192 
and theory of numbers, 7, 213-215 
Modulus, 6 

Motion, Newton’s laws of, 106, 108-111, 
112-113 

Multiplication, as undefined operation, 
124-125 

logical, 89-90, 94 ex., 194 
modulo, 6-8, 124, 187, 215 

Necessary or sufficient conditions, 63-65, 
85-86, 87 ex., 92 

“if and only if,” for necessary and suf¬ 
ficient, 64 
Negation, 46 

double negation rule, 58, 60, 93 
for quantified propositions, 86 
Negative elements and rules of signs, 134-136 
Neptune, 106-107 
Newton, Sir Isaac, 107-111 
law of gravitation, 106, 107-111, 114-115 
laws of motion, 106-108, lOSn, 111-113 
Philosophiae Natural is Principia Mathe- 
matica, 108-109, 111 ex. 
reliance on Euclid and Apollonius, 26-27 
theory of universe and Einstein theory as 
logical systems, 37 
Non-Euclidean geometries, 11-20 
angle sum theorems, 12, 86-87, 117 
applied to binocular vision, 17 
consistency of, 16-17, 229-231 
Lobachevskian, 12, 14, 19, 231 
parallel postulates of, 14 
and physical space, 17, 19 ex., 116-117 
properties of, 18 

Riemannian, 12, 14, 15,16-17,19,229-231 
value of, 19 

Non sequitur fallacy, 73 
Non valid arguments 55-57, 73-75, 99-101 
Non valid forms of inference, 56, 100 
Number system, complex, 123 

definitional and postulational approaches 
to, 136-138 

Huntington’s postulates for, 238-241 


Numbers, cardinal, 247, 249 
fields of, 150 
irrational, 137 
natural, 135, 241-247 
rational, 123, 126, 127, 137, 138, 150, 216 
real or complex, 123, 138, 150, 216, 241 
transcendental, 22 

Observation, role of in scientific method, 
102-107, 110-115 
Odd and even integers, 6, 25 ex. 
Operations, and isomorphism, 163-164 
rational, postulates of, 123-138 
undefined, 124 

Opposite, of an implication, 56 
of numbers or elements, 4-5, 125, 127-130, 
133, 150 

Opposite converse, and rules of inference for 
classes, 96, 97 ex. 
of an implication, defined, 59 
rules of inference, 59-60, 71-72, 105, 209 
“Or,” exclusive sense of, 46 
nonexclusive sense of, 47 
Order, linear, 216-217, 219 ex. 
partial, 217-221 

relations, and postulates of signs and 
order, 134-136, 216 
Ordered fields, 152-153 

Parentheses, theorems for removing, 130 
Partial order, partially ordered systems, 
217-221 

compared with linear order, 217 
duality principle for, 220, 222 
and lattices, 221, 222 
meets and joins in, 221, 222 
postulates for, 218 
upper and lower bounds, 221, 222 
Peano, G., 241 

Peano’s postulates, for natural numbers, 
241-247 

consistency of, 246 

and development of number sj’stem, 242, 
246 

relation to Huntington’s postulates, 241 
relation to Principia Mathematica, 247,249 
Physical space (world or universe), 16, 19, 
113, 114 

competing descriptions of, 17, 37, 116, 117 
Einstein’s geometry for, 114, 116 
and ether hypothesis, 111, 112 
Physics, classical and modern, 113-114 
geometry as a branch of, 116-117 
logical unification in, 169 
Poincare, Henri, 231 
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Polya, G., 105 
Positive elements, 134-136 
closure postulates for, 134 
Post hoc ergo -propter hoc fallacy, 74 
Postulate sets, categoricalness, 162-166, 

166 ex. 

completeness, 160-162 
concrete interpretation satisfying, 145 
consistency, 145-148 
inconsistency, 146, 161 
independence, 155-158 
interdeducibility of, 160 
model of, 147 

noncat egoricaluess, 165-166 
Postulates for: algebra of complex numbers, 
238-239 

Boolean algebras, 193-194 

Boolean rings, 188, 192-193 

equivalence relations, 213 

Euclidean geometry, 28-29, 232-234 

fields, 149-150 

finite geometry, 139-140 

groups, Set I, 175-176 

groups, Set II, 178-179 

idempotent fields, 154 

linear order, 216 

natural numbers, 242 

ordered fields, 152-153 

partial order, 218 

rational operations, 123-127, 149 

rings, 186-187 

signs and order, 134 

Postulates, as key principles of logical sys¬ 
tems, 24, 39, 166 

discounted as “self-evident truths,” 11,24 
sis propositional functions, 124, 140, 145, 
147 

redundant, 155-158, 169-171, 172 ex., 173 
ex. 

vacuously satisfied, 176n, 212 
weakness of, 159-160 

Postulational methods or concepts, in non- 
Euclidean geometry, 229-232 
in nonmathematical situations, 170-172 
in science, 167-169 

Postulational organization, 36-42, 108, 110, 
113-114, 116, 167-169 
characteristic features of modern, 145 
in Euclid, 27-33 
value of, 38-42 

Postulational system (see Logical system, 
Postulate sets, Postulates) 

Principia Mathematica, 44-48, 53, 59n, 84- 
85, 247-250, 254 
consistency of, 250 


primitive ideas and propositions, 247- 
249 

Probability logic, 252 

Problems, and reflective* thinking, 103-105 
famous, of geometry, 20-23 
mathematical, 22, 105, 144-145 
scientific, 106, 111, 118 
unsolved, 22 

Projective geometry, 143-144, 237 
Proof, 1, 13, 48 

analytic method of, 54 
and disproof, 155, 161-162, 172 
indirect (sec Indirect reasoning) 
Propositional function(s), 77 
class determined by, 88 
defined, 78, 78 n 
of more than one variable, 83 
postulates as, 124, 140 
relation to propositions, 78, 79, 80,80 ex., 
81 

satisfaction of, 78, 79, 80, 80 ex., 81, 88 
Propositions, algebra of, 191-192, 195-196 
composite, 45, 46, 78 m 
conjunction of, 46 
disjunction of, 46, 47 
equivalent, and equality of classes, 93 
existential, 81, 87 ex. 
general, 45, 76 
implication, 48 
logically equivalent, 57, 58 
negation of, 46 
particular, 45, 76 

and propositionul functions, 78, 79, 80 ex. 
quantified, 77, 80, 81, 82, 83, 83 ex. 
true and false, 45, 192, 195 
universal, 81, 87 ex. 

Pure mathematics, 16-17, 26-27, 36-39, 44, 
102, 116-119, 144-145, 229, 247, 253- 
254 

Quantifiers, existential and universal, 81-83 
rules of inference involving, 84-86 
theorems concerning, 85-87 

Reciprocal, 125, 150-151, 189 

Reductio ad absurdutn principle, 51, 73 ex., 
249 

Reflective thinking, 103-105 

Relations, 211-218 

antisymmetric, 217-218 
asymmetric, 212, 217 
determinate, 216 
dual, 220 

equivalence, 212-216 
irreflexive, 211-212, 216 
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reflexive, 211-213, 218 
symmetric, 211-213, 217 
transitive, 212-214, 216, 218 
Relative truth point of view, 24, 44, 116- 
118 

Relativity, Einstein theory of, 111-117 
Residue classes, 7 n, 215 
Riemann, 12 n, 117 
Riemannian geometry, 12-20 
characteristic properties of, 18 
consistency of, 16-17, 229-231 
and an imaginary world, 16-17 
Rings, 186-193 

Boolean, 188, 189-193, 196-207 
commutative, 187, 190 
fields characterized as, 188 
postulates for, 186-187 
theorems for, 189 
with divisors of zero, 191 
with unity element, 187 
Ruler-and-compass constructibility, 20-23, 
183, 236-237 
Rules of inference, 51-62 
Russell, Bertrand, 44-45, 84, 247 

Science and scientific method or knowledge, 

102- 119 

historical view, 102-103 

inductive and deductive procedures in, 

103- 105 

logical systems in, 38-39, 108-110, 169 
postulational concepts in, 167-169 
role of theory and experiment in, 37-39, 
102-107, 111-115, 169 
scientific and mathematical truth, 118 
scientific laws, 107-111 
scientific theories, 36-39, 102, 110-111, 
116-119 

“Self-evident truths,” 11, 24 
Sets, finite and infinite, 24 ex. 

(see also Class) 

Social progress, lag of, 41 
Space, imaginary types of, 16-17, 116 
physical, 16-17, 19, 111-114, 116-117 
visual, 19 

Specialization rule of inference, 84-85 
Spinoza, 40, 42 ex. 

Scpiaring the circle, 20-23, 237 
Statistical fallacies, 74 

Statistical inference, evidence, generaliza¬ 
tions, 110, 117 
Stone, M. H., 188n, 210 
Subclass, 92 
proper, 93 

Substitution rule of inference, 59 


Subtraction, 4, 5, 128, 130 ex. 
defined, 129 

theorem leading up to, 128 
Sufficient condition, 63-65, 85-86, 87 ex., 92 
Syllogism, classical, 96 

principle in Principia Mathematical , 53 
Symbolism, formalist and intuitionist view 
of, 251 

value of, in logic, 44 
Symmetric difference of classes, 203 

Tarski, A., 162 

Theorems in relation to postulates, 24, 145 
Theory of numbers, 7n, 151 ex., 213-215 
Transitive postulate or property, 135, 216 
Trichotomy postulate, 134, 152 
Trisection of an angle, 20-23, 86, 237 
True and false propositions, 45-47, 192, 196 
Truth, mathematical and scientific, 24, 44, 
117-118 

tables, 50, 51 ex. 

Truth and falsity, absence of in abstract 
postulates, 124, 140 

Undefined terms, 28, 39, 124, 139-140, 145 
Uniqueness, of division, 131 

of identity and universes in a group, 
176-177 

of identity elements in a field, 159-160 
of meet and joins in a partially ordered 
system, 221 

of subtraction, 128-129 
of zero, universe, and complements, 196- 
197 

Unity element, 125, 136, 186-189 
Boolean rings with, 202, 204-207 
Universal bounds, 223, 225-228 
Universal class, 90-91, 195 
Universal postulate, 194-195 
Unsolved mathematical problems, 22, 23 
Uranus, 106 

Usefulness of theoretical problems, 144-140 


Valid argument, 55-57 
Veblcn, O., 32 

Weakness of postulates, 159-160, 178-179 
Whitehead, A. N., 44-45, 84, 247 
Whitehead-Russell, foundation of logic, 
247-250, 252-254 


Zero, element or symbol, 4-7, 
division by, 132-133 
divisors of, 7, 133, 151 ex., 
188, 189 ex., 191, 204 ex. 
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155-156, 162, 



